PHY S 7397 DIGITAL SIGNAL PROCESSING FOR SCIENTISTS

NOTE 1. LINEAR SYSTEM

Finitevs. Infinite Duration Signals
A discrete signal X[n] isfinite duration if there exists two integers -oo < N; < N, < oo,
such that Xx[n] # 0 only for N;< n < No.

Otherwisg, it is of infinite duration.

Right-sided, Left-sided, and Two-sided Signals

The terms apply only to infinite duration signals.

If there exists an integer N, such that x[n] # 0 only for n = Ny, then x[n] is right-sided.
If there exists an integer N, such that x[n] # 0 only for n < N,, then x[n] is left-sided.
If x[n] is neither right-sided nor |eft-sided, then it is two-sided.

Causal and Anti-Causal Signals
A signal x[n] iscausal if x[n] =0foral n<O.
A signal x[n] is anti-causal if x[n] =0foraln>0.

4. Zero phase, linear phase and nonlinear phase signals

Zero Phase: Left-right symmetry around sample number zero.

Linear Phase: Left-right symmetry around sample number other than zero. Linear phase signal
can be changed to zero phase one by simple shifting.

Nonlinear Phase: without |eft-right symmetry.

5. TimeDéday

X[N] ——p| OneSampleDelay |—— - x[n-1]

System (Transform, Mapping): A Relationship between Input and Output.

7. Linear System S can be characterized by the following conditions:
Homogeneity:

For constant Kk,

if system S satisfies ~ S(x[n]) = y{nl,

then  S(kx[n]) = kS(x[n]) = ky[n].
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Additivity:
If S(aln]) =yaln], and  S(x[n]) = y2[n]
Then  S(xa[n] +xz[N]) = S(xa[n]) + S(xz[n]) = y1[n] + y2[N]

Commutative:

for linear systems A and B

A(B(x[n])) = B(A(X[n]))
Any System violates above-mentioned threerules, is anonlinear system.

8. Shift (Time) Invariance System:
if SX[n]) =yIn], then S(x[n+i]) =y[n+i].

9. Energy of signal x[n]: E= i|x[n]|2.

Dr. Zhuoer Shi, zshi@uh.edu, Department of Physics, University of Houston



PHY S 7397 DIGITAL SIGNAL PROCESSING FOR SCIENTISTS 3

NOTE 2. Convolution

Convolution — most important technique in DSP, by combining two (or more) signals to form a
third output.

Signal Filtering (Estimation), Function Approximation
Interpolation
Prediction (extrapolation)

n=0
Definition 1:  Delta Function (Unit Impulse)[n] = L.
EP, others
n=0
Standard Functiom(n) = =+
%), others

dn] = u[n] - u[n - 1]

un] = Zd(n -k)

Definition 2:  Impulse respondgn] of linear systen®. The signal that exits a system when a
Delta Function (unit impulse) is the input.

Jdn —®»| Linear Systepm—— h[n]

h{n] = S(Jn))

Any sequence[n] can be represented by weighted Delta function

00

qnl= 3 x(K)3(n-k)

k=-00

Definition 3:  Periodic Sequence

X[N] =x[n+ N]
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Example:
sin[27f(n+N)] =sin[27#n], f isnormalized frequency.

Definition4:  Convolution y{n] = h[n] Ox[n]

x[n] —— | Linear Systemh[n] — p Vy[N]

The impulse response of the system expresses the relation between input and output.

Mil= S hjIdi - ]

j:—oo

Convolution Sum (Linear System).
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NOTE 3. Convolution Properties

Properties of Delta function: Jn] isidentity for convolution,
n]Le[n] = X{n]

X n] Oké[n] = kqdn]

] O[n+i] =x{n+i]

Properties of Convolution (Convolutionis alinear system)
Commutative:  a[n] Ch[n] = B[ n] Ua[n]

Associative:  {@[n] L[]} O n] = a n] X b[n] O n]}
Distributive: @[ n] Oo[n] + a[n] Cic[n] = a[n] X b[n] + ¢[n]}
Transference between the Input and Output

Suppose yin] = x{n] Oh(n],

If Lisalinear systemand xi[n] = L{X[n]}, yi[n] = L{y[n]}
Then yiln] = x,[n] Ch[n]

5. (Auto-Regression): yin] = MZ)la[ K]x[n—K]

For Example:  y[n] = x[n] - x[n-1] (first difference)

6. (Moving Average): y[n] =b[0]X{n] +h§b[k]y[n—k]

For Example:  y[n] = x[n] + y[n - 1] (running sum)

7. Central Limit Theorem: y[n] = x[n] Ox{n] L... X[ n]
8. Correlation:  Convolution = Cross-Correlation ¢[n] = a[n] C[—n]

Autocorrédation: c[n] =a[n] Oa[—n]
Detector (Not Restoration).

Low-Pass Filter h[n]: Z h[n] 0, Z (-)"h[n] =0

Cutoff the high-frequency components (undulation, pitches), smooth the signal
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High-pass Filter h[n]: Z H[n] =0

Only preserve the quick undulation terms

Deltafunction: All-passfilter  x{n] =x{n] CJ¢[n]
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NOTE 4. Fourier Representation

Any continuous periodic signal = sum of properly chosen sinusoidal functions

Gibbs Effects: Problem of non-smooth continuous
4 Categories of Fourier Representation ( w= 27f)

Q) Aperiodic Continuous Fourier Transform
X(f)= I_*“x(t)e‘l'z’“dt

Aperiodic
Frequency fOR Continuous
Time (Shift) tOR Continuous

) Periodic Continuous Fourier Series (Frequency Response)

+00

X(f)= Zx(n)e’jznfn

e
Useto Characterize the Filters and Signals. Response
Periodic X(f) = X(f+ 1)

Frequency fOR Continuous

Time (Shift) kOZ Discrete

Aperiodic Discrete Time Fourier Transform

X (k) = I_+:x(t)e’j2’m“dt

Aperiodic
Freguency kO Zz Discrete
Time (Shift) tOR Continuous

4 Periodic Discrete Fourier Transform

N-1

X[k] = ;X[i]e—jzmm

e 12N = cog(27ki | N) — jsin(27ki / N)
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X[k] = le[i]cos(zmi IN) - j21><[i]sin(27t<i/N)

Periodic X(k + N) = X(k)
Frequency kO z Discrete
Time (Shift) nOZ Discrete

Frequency Response Frequency Transform of Sequence h[n]

H(w) = Zh[k]e e

k=—co

Inverse Frequency Transform

1 -
Hk]l=—( H(w)e*dw
[K] sz_n (w)

Continuous
Periodic H(w+ 27) = H(w)
# Discrete Fourier Transform (DFT)

Ideal Low-pass Filter

T
k3
H(w) =0

D Tkl

Inverse Frequency Response

. [KT
n sin

1 | 1 7 02
hk]=—[ H(w)e"dw=— 2" dw=—F""-—
(k] ZITI"T (@) ZITLZT kmr
Not Causal

Technically CAN NOT be Redlized

Cut-off cause Gibbs Oscillation
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Frequency Transform of Convolution

yin] =h[n]* x{n] = ix[k]h[n—k]

Y(a) = X(W)H(w)
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NOTE 5. Properties of Frequency Response

Periodic Continuous Fourier Series

+00

X(@=3% x(n)e 1"

n=-oo

Frequency Response of Convolution

yin] =h{n] Oxn] = iX[k]h[n —k]

k=—00

o
Y(@) = X(@WH(w)

H(w) = Y(w) I X(w) Transfer Function of the Linear System

H(c)| = [Im H(c)*+Re H(w)*]¥2 Magnitude of Transfer Function
Arg(H(w)) = arctan(Im H(«w)/Re H(w)) Phase of Transfer Function

Even Symmetry around Point Zero x[n] = x[-n]

X(w) = iox(n)e’j““
=X[0] + “Z(x[n]e‘j“‘ +X{-nje'")
=X[0] + ix[n](e'““ +e)

=X[0] +2§x[n] cos(an)

Real Spectrum
Phase Arg(H(w)) =0 Zero-phase Sgnal

Odd Symmetry around Point Zero X[n] =-X[-n], x[0] =0

10
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X(w) = iox(n)e’j““

n=-oo

=X[0] + i(x[n]e’j“’“ + X{-nje’™")
=3 Anl(e - e)

=-2jix[n]sin(cm)

Complex Spectrum
Phase Arg(H(w)) = -772

Even Symmetry around sample number N other than zero x{N+n] = x[N-n]

+00

X(@=3% x(k)e 1«

k=—00

=x[NJe " + fo[k]e”’“‘ + Y e

k=N+1

=X N]e /N +g 1N ix[n +N](e'" +e71“")

n=

= N AN] + 2§x[n+ N] cos(an)}

Complex Spectrum
Phase Arg(H(w)) = -Nw Linear-phase Signal
Odd-symmetric signal Generalized linear-pase signal

Even/Odd Decomposition of any Real Signal x[n]

Even Symmetryx[n] = (X[n] + x[-n]) / 2
Xe[N] = xd[-N]

Odd Symmetry x,[n] = (X[n] - x[-n])/2
Xo[N] = -Xo[-N]
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Even Symmetry Sequence x¢[n] generate real spectrum
Odd Symmetry Sequence X,[n] generate complex spectrum

(4) Xn ——» X(«)

XN ———» X(w)

Dr. Zhuoer Shi, zshi@uh.edu, Department of Physics, University of Houston



PHY S 7397 DIGITAL SIGNAL PROCESSING FOR SCIENTISTS

NOTE 6. Digital Fourier Transform (DFT)

Periodic Continuous Fourier Series of x[n], n= 0, N -1
N-1 .

X(w) = Z)X[n]e’“‘“
n=

Let w=27K/N, k=0, N-1

X[K] = X() | p=2m/n = Z_)X[n]e’jz’*‘“’“‘

Periodic Discrete Fourier Transform of Real Signal
e 17M/N = cog(27ki / N) — jsin(27ki / N)

ReX[K] = Nix[i]cos(znki INY  [ImX[K] = —NZlAi]gn(zmi/N)

Periodic Character
X[k + N] = X[K]

Inverse Discrete Fourier Transform

= 2nmIN _ e i 2mknI Ny j2rkmIN = 2k(m-n)/ N
Z}X[k]ej ™= Z){Z)X[n]e J }e’ = Z)x[n]{zjej }
Because ¥ gizkmnin o BN M=N
; . mM#n
N-1 .
Then Z}X[k]ejz"k’“’N = Nx{ ]

13
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N-

Al = g (ke

Simplified Algorithm
N-1 N-1
X[ N — k] - Zx[n]e—jZN(N—k)n/N — Zx[n]ejann/N

ReX[N-K =ReX[K ImX[N-K =-ImX[K]

IXIN-K [=]X[K |, Arg(XN - K]) = -ArgX[K]

X(n] :%NZ?X[k]ejz’*‘”’N =%§ReX[k] cos(27&kn/ N) —%NZ) mX[k]sin(27kn/ N)

cos(27EN - K)n / N) = cos(27kn / N)
sin(274N - K)n/ N) = -sin(27&n / N)

X[n] ={ReX[0] + ReX[N/ 2] cos(n7)} / N

N/2-1 2 N/2-1

+ 2 ZReX[k] cos(27kn/ N) - Z'ImX[k]sm(ann/ N)

14
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NOTE 7: CHARACTERISTICS OF DFT
Linear: If x[n] = ax,[n] +bx,[n], then X[K] = aX,[k]+bX,[K].

Circular Shift:
Time DFT(Xn-m]) =e ?*"NX[K]
Frequency: IDFT(X[k —1]) =e"*™/N X[K]

Circular Convolution
N-1

It yin] = %, [n] Ox,[n] = le[m]xz[n —m, then Y[K] = X, [K]X,[K].

1 YIK] = XIKIOXIKI = 5 XXk rm] then yin] = [l

Non-Overlap Condition

x[n]: L non-zero,

X,[Nn]: M non-zero

The zero-extended period duration N=L+M -1

Inverse DFT (can be implemented using the same program of DFT)

N-1 ) -1
X[n] :i X[m]eJZI'mn/N :i qu]e—Zrmn/N g
N £ N[ & [

N-1 .
DFT:  X[K] = Z)x[m]e”z”“”’“‘
Symmetry Theorem

If DFT(X[n]) = X[K], then DFT(X{-n]) = X[~K]

DFT[B—XIEIk] [H: (-1

Initial State
N-1
Frequency Domain X[0] = Z XN

1 N-1
TimeD i 0=—> X[k
imeDomain  X[0] N ;} [K]

Zero Extension
Time Domain

. 0<ns<N-1
if o[n] = Sﬁ”] NZ':; 1+ then GIK = DFT(g[ni) = XEE[H

cr
Frequency Domain
k], OsksN-1
it vk = XK  then yin] = IDFT(V[K) == x2H k=0rN-1.
%), N<n<rN-1 rort

15
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Discrete Cosine Transform
Orthogonal Transform
Symmetry-Periodic Extension

X —=n]=xn]

JPEG (Joint Photographic Expert Group)
MPEG (Moving Picture Expert Group)

2 & 2n+1)krmr
DCT X[k]—\/%a[k];x[n]cos[B(T[H
_ 12 2n+1)kmr
IDCT An]_\/%;a[k]X[k]cos[E‘T[H
07

where a[lk]=H 2+ K70

H else

DCT and IDCT share the same transformation kernel
Real spectrum, can be implemented by 2N-dot FFT, smaller boundary effects.

16
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NOTE 8 ADDITIONAL STATEMENT ON DFT

Parseval Rdation

> b’ = 5 (X1

1 2 N R 2H
_NEX[OH ; XEE% +2 5 XK
Let X[O]=%X[O], X[N/2]:%X[N/2]

> b = 55 X

New IDFT Equation
1 N/2-1 N/2-1 D
XN :NEReX[O] +ReX[N/2](-D)"+2 Z Re X[k] cos(27kn/ N) -2 ZImX[k]sin(ann/N)D
0 = = 0
1

1
V2 V2
N/2

x(n] =% %{ReX[k] cos(27kn/ N) = Im X[K]sin(27kn/ N)}

Let X[0]=—— X[0], X[N/2] = X[N/2]

Convolution Equivalence of DFT
La hk[n] = ejZIkn/N

X[K] = szx[ilhkm—i] =
Time Sampler of All FiltersisO.

Frequency Response
- —jnw - —inw j2mk/N 1_e_ijej2’k
Hle] =5 hlnle” =r;e‘ e = gz
M agnitude Response
sin(Na /2 -7k
|H, [ [ 2 )
sin(w/2-7k/N)

Center Frequency ¢, = 2{:‘:( .

Frequency L eakage: when signal frequency « is between @, and a,,, -
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NOTE 9 FOURIER TRANSFORM PAIR

1. Frequency Response (FR)
» Délta Function

If X[n] = Jnl, then X(c) = 1.
If x[n] = gn-m], thenX(w)=e?".

e Square Function

Example 1:

_a oM .
If x[n] =1, n=0, M-1, then X(w) :1e—_, and | X (w) |:M
1-e' sin(w/ 2)

Example 2:

sin(a(2M +1)/2)
sin(w/ 2) '

If yin] =x[n-M], then Y(&) = X(«) €7

If yn] =x[n] €*", then Y(w) = X(w- a)

If x[n] =1, [n|=0, M, then X(w) =

2. Discrete Fourier Transform (DFT)
» Délta Function
Time Region
If x[n] = dn], n=0,N -1, then X[k] = DFT(Jn]) =1, k=0, N —1.

If x[n] = gn - n{, n=0, N —1, then X[K] = DFT(Jn - n{) = e #*™ k=0, N —1.
Magnitude [X[K]| = 1,
Phase Arg(X[K]) = arctan[tan(-27&km/N)]

Frequency Region

If X[k = K], k=0,N—1, then x[n]=IDFT(5[k])=%, n=0N-1

If X[K] = gk - M|, k =0,N -1, then xn] =IDFT(J[K]) :%ejz”"““N , n=0,N-1.
e Square Function
Time Region:
Examplel: x[n]=1,n=0,M -1
X[k] :M_le—jka/N :1_e_J2nkM/N :ejnk(l—M)/N Siﬂ(]'kM /N)
— -i27kIN :

; l-e sin(7k/ N)

sin(7kM /' N
| X[k [ SNKM TR

sin(7k/ N)

18
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Example 2:

Ifxn] =1, n=0,M and x[n]=1, n=N-M,N-1,
then X[K] = sn(nk(ZM +1)/N)
sin(7k/ N)

Frequency Region:
If X[K] =1, whenk=0,M; andX[k] =1, whenk=N-M,N-1,

M N-1 . +
then X[n] :iageﬂnknm + Zezmnm H:ign(m(ZM D/ N)
N L& «f= [ N sin(n/N)

DFT[n - M]) = X[k]e!*"N
IDFT(X[k - M]) = x[n]&*™

19
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NOTE 10. FAST FOURIER TRANSFORM
FFT: Fast implementation of DFT
Signal Length N = 2"

Let xa[r] =x[2r], x[r] =x[2r+1], r=0,N/2-1

X[K]

=DFT(X{n])
N/2-1 ) N/2-1 )

- Zx[zr]e—Jer(Zr)k/N + Z><[2r+1]e_J2ﬂ(2r+l)k/N
Nr/:2—l - N/2-1

— )<[2r]e—j2nk/(N/2)+e—j2m/N Zx[zr +1]e—j2nrk/(N/2)
r=i

r =i

= Xy[K] + Xo[K]e??*N

(N/2 dot FFT 1)
1.Fork=0,N/2 -1,

X[K] = Xq[K] + X [Ke?™™ k=0,N/2-1

2. Fork=N/2,N-1,
Because . .
Xa[k + N/ 2] = X4[K], Xo[k+N/2]=X,[K], &2+ NIN= gt

X[k + N/ 2] = XK - Xj[Ke"”™™ k=0,N/2-1

Butterfly Algorithm

Xa[K] p Xa[K] + X[kl ™ (X[K])

XK x €N | Xj[K] - X[KleP*N (X[k + N/2])

One Butterfly: generates 2 Dots of DFT
Each Layer: N/ 2 Butterflies

Each Butterfly: 1 multiply + 2 add
Layer Number:L = log:N

Calculation Efficiency:
1. FFT Cost =N/ 2) xL x (1 Multiply + 2 Add) =|\y2Iog2 N Multiply + Nlog,N Add

2. DFT Cost =N? Multiply + N(N - 1) Add
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NOTE 11. FFT Application

Fast Convolution
For x[n] Oh[n], x[n], n=0,M-1andh[n],n=0, L - 1.

1. To Avoid Overlap, Zero-Extention
ChooseN=2'>(M+ L- 1)

_n], n=0,M -1
X[n]_%), n=M,N-1

Chin], n=0,L-1
hinl =
"] %), n=L,N-1
2. DoFFT

X[K] = FFT(qn]), H[K = FFT(h[n]), k=0,N-1
3. Multiplication Y[K] = X[KIH[K]

N-1

4. IFFT y[n] =%;Y[k]ej2m”’N

=Zm/ N)e—jZﬂmlN

yin] = FFT(Y[K]/N)
Calculation Efficiency Comparison
Traditional Convolution y[n] = Yi= -1 X[n-i]h[i], n=0, L+ M - 2.

Multiply: (L+M-1)xL
Add: L+M-1)x(L-1)

FFT Convolution
(1) FFTKN)) + FFT(H[Nn]) + FFT(Y[K]/N)

Multiply: (3N/2) logN
Add: 3Nlog;N

(2) (XIKIHK]) + (YIK] /' N)
Multiply: 2N

Fast Correlation

x[n], y[n, n=0,M - 1
Zn] =xn] Oy[-n] = Yi=om-1 Xi]y[i + n]

21
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Same Routine! (Zero-Extension + FFT)
Just Z[K] = X[K]Y[K]
Calculation Efficiency

Traditional Corrdation (Only Count Multiply!!)
Cost = M(2M - 1) Multiply

FFT Correation
Cost= (3N / 2) log,N + 2N Multiply

Worst Case: Signal length of x[n], y[n]
M=2"+1

Then Extended Length: N22M —-1=1+2"!
Thus,N=2-*2

FFT Cost = (6 + 20) 2 Multiply,
while
Traditional Cost = (1 +'3(1 + 2 %) Multiply

WhenL = 5,M = 33 dots, Nl = 128)
FFT Method will be more Efficient than Traditional calculation.

22
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NOTE 12. MULTIRESOLUTION SPACES

Operator:
1N w-27k
D Sampling: If =x[Mn], thenY(«w) =— ) X
own Sampling y[n] =x[Mn], then Y() M;} ( M )
_ qdn], |=Mn
Up Sampling: yil] = , then Y(w) = X(Mw)
) others

Scaling Function ¢(X) isan Approximating Function .

23

If {¢(x— n)|nC Z} isaRieze basis of V. Namely, exist unique sequence {Co(n) [nO Z}, for

any function f(x) OV, make f(x) = ZCO[n](o(x—n).
Two-Scale Difference Equation ¢(x/2) = ZZ h[n]g(x—n)

Construct the Multiresolution Approximation

(1) \AREAVA

2 f(OVv, = f(2x)0V

(3) f(xOv, O f(x-2"n)0OV,

4 Exist two constants A and B, 0 < A < B, that
Allfll< ZalColnlF<B Il

Multi-Resolution Approximation (From Fineto Coarse)

Forany f(x)0OL*(R),
Pf(x) = ZCO[n](o(x—n), for V,

P f(x)= ZCm[n]qo(Z'mx—n), for V_

Ideal Low-Pass Function is a Scaling function
¢[xX]=S nc(nx)

@(x12) = ZSinc[B%[@(x—n)
1
WM—ESmggg
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NOTE 13. WAVELET TRANSFORM

B0 =27227X=1), Y (0= 22" ).
@x/2) =25 Nnlgx-n),  @(x/2)=25 glnlg(x-n).

Zh[n] =1, Zg[n] =0

Scaling Transform

Caln] = (£ (%), @n(0) = [ T ()0 ()lx

Let y=2"x-k
Bon(¥) =272 (27" x— 1)

=27 2gyy) = 22 %Z hK]g(2y - k)%
[ U

- 5 4]

= \/EZ h k]¢m—L2n+k (X)

CalN] = ( (), ()

=2 Z hEKI( F (X)) Bt o ()
=2 Z h[K]C,,[2n+K]

Wavelet Transform
D[] = (£ (9, Yna (X)) = [ F (XWfnn (X)I6

Di[KI=<f, ¢t
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Yrn(9) = 27 2(2"x =)

=272y (y) = 272 %Z olkl@(2y - k)%
0 0

=2y ok " g2 x- 2n -}

=42 Z K11 onek (X)

D[] = (£ (X), ¥ (X))
= \/EZ g[k]< f (X)1 ¢m—l,2n+k (X)>

:ﬁz gIKIC,[2n+K]

Properties of Orthonormal Bases

(), o(x—K)) = 8TK]
(), w(x-K)) =0
W), w(x=K)) = K]

Todx=1, [ @(x)dx=0
[ .

If f(x) 0V,
F() =2 Clila; (9 =3 Cilnlg, () + Z Dy[l¢, (X)
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NOTE 14. DIGITAL IMPLEMENTATION

DISCRETE WAVELET DECOMPOSITION

Coln] = (£ (%), @on(X)) = < f(x,v2y h[i]com-m+2n(x)>
=2 C,[ilhli - 2n]

D, [N] = (X), (X)) = < f(x,v2y g[i]¢m.1,i+2n(x)>
=2y C,,[ilgli - 2n]

WAVELET RECONSTRUCTION

V. OW, =V, .
PfOV ,Q fOW Pf+Q f=P f

I:>m—lf = Z Cm—l[ n](om—],n (X)
=P f+Q,f
= Culilgn, () + Z D,.[11¢,, (X)

Cm—l[ n] = <Z Cm—l[i](om—l,i (X)’ (om—l,n (X)>
= Z Cm[i]<¢m,i (X)’(om—l,n (X)> + Z Dm[|]<wm,l (X)’¢m—1n(x)>

26

=y cmmélﬁ LN (x),¢m.1,n(x)>§+ 3 Dmm%ﬁz ORI sz (x),qom.l,n(x»g

=ﬁ§zcm[i]h[n—2i]+zDm[I]g[n—ZI]E

Decomposition C_[n] :\/EZCm_l[i]h[i -2n], D_[n] :\/EZCm_l[i]g[i—Zn].

Reconstruction C._,[n] = \/EEHIZ C.lilNn-21+ Z Dm[l]g[n—ZI][H
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For Computer I mplementation

Decomposition C,[n] = ¥ C,[illi ~2n] , D,[n]= Y C, filgli ~2n].

ion C =2x0y C_[i]lh[n-2i I —ZIH
Reconstruction C__,[n] [HZ [1hNn |]+ZDm[]g[n ][

Perfect Reconstruction Condition

A(w) = H (@)|H (@) X (@) + H (- m) X (- )]
B(w) = G(w)|G (@) X (@) + G (- m) X (w~- 1)

For Perfect Reconstruction:

X(a) = Alw) +B(w)
= X (@)[H (@)H (@) + G(@)G (@) [+ X (w+ m[H (@)H (w- ) + G(e) G (w-11)]

H () +|G(w) =1
H (w)H “(w- 1) + G(w)G(w—-m) =0

Conjugate Quadrature Filter (CQF)
Let

G(w) =H D(a)—iT)l_i e—jw(2M+l)J

G(w-m=-H D(a))l_i ejw(2M+l)J

Then H(w)H(w- ) +G(w)G(w-m) =0

H (cu)|2 +|H (a)—lT)|2 =1
G(@) +|G(w-m)|" =1

CQF Example (Let M =0)

27
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G(w) = HY(w-me® , glk] = (-1)™ h1-K]
G(w) = -HYw-me, g[K] = (-1 h1-k]

Operator: Down Sampling

yin] = xMn]

1N w-27K
Y(w _V;,X( )

Proof:

1 M-AN- . 1 N4 . M-1
Y(C()) :szx[l]e—](w—b'k)llM :VZX[I]e—JoJ/M ZeJZI'kI/M

M -1

Only when| = Mn, Z}ejz"k”“" =M

M-1
dse Zelzm"M =0 (think Why ??)

N/M-L .
Thus Y (w) = Z X Mn]e'*"

n=

yin] = xMn]

Operator: Up Sampling

_[n], I=Mn
M= %) others

Y(a) =x(Ma)

Proof:

Y(w) = Z yilje '« = Z X nje” M = X (Mw)

28
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LAST REVIEW NOTE
1. Linear System

Finitevs. Infinite Duration Signals
Right-sided, Left-sided, and Two-sided Signals
The terms apply only to infinite duration signals.

Causal and Anti-Causal Signals
Zero phase, Linear phase and Nonlinear phase signals
Time Delay.

Linear System:
(1) Homogeneity.
(2) Additivity.
(3) Commutative.

Shift (Time) Invariance System.
Energy and Stability.

2. Convolution

Delta Function Jn].
Standard Function u[n].
¢[n] =u[n] —u[n-1]

un] = Zd(n -k)

Impulse response h[n].
The signal that exits a system when a Delta Function (unit impulse) is the input.

h{n] = S(qn))
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Convolution  y[{n] = h[n] X n]
il = hiildi - ]
=2
Properties of Delta function: Jn] isidentity for convolution.
¢[n]Exn] = Xn]

xn]ke[n] = k]
X n]é[n+s] =x[n+g]

3. Fourier Representation
Fourier Response

X (w) = on(n)e_ jon

n=—oo

-1 ine
Xn] = o f;X(w)e dw
X(w) = X(w+2m)
Discrete Fourier Transform (DFT)
X{n+NJ=xn]
X[K] = NZZlX[n]e—jann/N

— 1 - j2rkn/N
] —N;jxlk]e

X[k +N] = X[k]

Frequency Response of Sequence h[n]
Hw =}y h(n)e™'*"

Y(@)

H(w) = X (@)

H (@)| = /ImH (w)? +ReH (w)®  Magnitude of Transfer Function
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ImH (w)

Arg(H (w)) = arctan e (@)

@ Phase of Transfer Function

Ideal Low-pass Filter

e

H(w) =0

53, g<|w|srr
sinHiTH

hn=—32 0

., h[2K =0.
o [2K]

Frequency Transform of Convolution
yin] =h[n]Ox{n], thenY(«) = X(a)H(a)

X (w) = on(n)e_ jan

n=—oco

yinl=x-nl,  Y(w)=X"(w) or X(-w)

4. Fourier Pairs

Frequency Response

Delta Function

x[n] =dnl, X(w) =1

x{n] = qn - m, X(w)=¢e™

Square Function

Example 1:
xnN=1, n=0,M-1
1-g M@

X(@)= 1-e®
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Example 2:
x[n=1, n|=0,M

SmeuH
X (w) = 0 0
sin [H

[

N

N

yInl = x[n - M], Y(e) = X(c)e'"
yln] = x(nle™, Y(e) = X(w- a)

DFT
Delta Function

X[K] = DFT(dn]) =1

X[K] = DFT(Jn - m]) = g?*™

1
XK = dK, Hn]=-.
gl 2ZmM/N

XK = dk-M], X[n] = N

Square Function
xnN=14,n=0,M-1

X[k] _ 1_e—j2rkM/N _ej,-k(]__M)/N Sln(FkM /N)
T4 _ aj2kIN T :
l-e sin(7k/ N)

XN =1, n=0,M; andx[n]=1,n=N-M,N-1.
sin(7k(2M +1)/ N)

XK == g

Frequency Region:

X[K =1, whenk=0,M;

XK =1, whenk=N-M, N-1.
in(r N

Then X1 :ism(rn(ZM D/N)

N sn(n/N)
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DFT(X[n - M] ) = X[k]e?2*MN
IDFT( X[k - M] ) = x[n]&?™™

5. FAST FOURIER TRANSFORM

Signal Length N = 2-

Let xa[r] =x2r], x[r] =x[2r +1], r=0,N/2 -1.

| X[K] = Xq[K] + X[Kle™?™™ k=0,N/2-1|

| X[k + N/2] = X,[K] — XJ[Ke®™™ k= 0,N/2 - 1|

Butterfly Algorithm
Xa[K] X[K] + X K& (X[K])
+
Xo[K] | 2N | Xi[K] — Xo[K]e¥N (X[k + N/2])

One Butterfly: generates 2 Dots of DFT
Each Layer: N/2 Butterflies

Each Butterfly: 1 multiply + 2 add

Layer Number:L = log:N

Calculation Efficiency:
FFT Cost =/2) xL x (1 Multiply + 2 Add)

=N/log, N Multiply + NiogN Add

DFT Cost =N* Multiply + N(N —1) Add

33
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Filter

Finite Impulse Response (FIR) filter — Finite Convolution
Infinite Impulse Response (IIR) filter — Recursion
Low-pass, High-pass, Band-pass, and Band-reject filters

6. Wavelet
Operator: Down Sampling
yinl = x[Mn]
1N w-27k
V(@) =— » X( )
M & M
Operator: Up Sampling
Odn], | =Mn
il =
) others
Y(@) =X(Mw)

Gon () =222 -1N), W, (¥) =222 x—n).
Ax/2) =25 Nnlgx-n),  @(x/2)=25 glnlg(x-n).

SHn=1, Y gn=0

DecompositionC,_[n] =+/2 Y Coalilli=2n] , D,[n] =42 Y Cualilgli —2n].
i = ijAn-2i I -2 H

ReconstructionC,__,[Nn] \/EEHZCm[l] [n 2|]+ZDm[]g[n ][

For Computer Implementation

DecompositionC,[n] = $ C,,,[ilhli ~2n] , D,[n] =y C,[ilgli ~2n].

ionC =2x0y C_[i]lh[n-2i I —ZIH
ReconstructionC,__,[n] [HZ S[1hNn |]+ZDm[]g[n ][
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Perfect Reconstruction Condition

H () +[G(w) =1
H (w)H “(w- 1) + G(w)G(w-m) =0

Conjugate Quadrature Filter (CQF)
G(w) = H(w-mt e M|

Then H(w)H(w- ) +G(w)G(w-m) =0

H (cu)|2 +|H (a)—lT)|2 =1
G(@) +|G(w-m)|" =1

CQF Example (Let M =0)

G(w) = HYw-me® , glk]= (-1 h1-K].
G(w) = -HYw-me @, gk]=(-1)h1-kK].
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