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NOTE 1. LINEAR SYSTEM

Finite vs. Infinite Duration Signals

A discrete signal x[n] is finite duration if there exists two integers -∞ < N1 ≤ N2 < ∞,

such that x[n] ≠ 0 only for N1 ≤ n ≤ N2.

Otherwise, it is of infinite duration.

Right-sided, Left-sided, and Two-sided Signals

The terms apply only to infinite duration signals.

If there exists an integer N1 such that x[n] ≠ 0 only for n ≥ N1, then x[n] is right-sided.

If there exists an integer N2 such that x[n] ≠ 0 only for n ≤ N2, then x[n] is left-sided.

If x[n] is neither right-sided nor left-sided, then it is two-sided.

Causal and Anti-Causal Signals

A signal x[n] is causal if x[n] = 0 for all n < 0.

A signal x[n] is anti-causal if x[n] = 0 for all n > 0.

4.   Zero phase, linear phase and nonlinear phase signals

Zero Phase: Left-right symmetry around sample number zero.

Linear Phase: Left-right symmetry around sample number other than zero. Linear phase signal

can be changed to zero phase one by simple shifting.

Nonlinear Phase: without left-right symmetry.

5.   Time Delay

                           x[n]                    One Sample Delay                    x[n-1]

System (Transform, Mapping): A Relationship between Input and Output.

7.   Linear System S can be characterized by the following conditions:

Homogeneity:

For constant k,

if system S satisfies S(x[n]) = y[n],

then  S(kx[n]) = kS(x[n]) = ky[n].
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Additivity:

If S(x1[n]) = y1[n], and S(x2[n]) = y2[n]

Then S(x1[n] + x2[n]) = S(x1[n]) + S(x2[n]) = y1[n] + y2[n]

Commutative:

for linear systems A and B

A(B(x[n])) = B(A(x[n]))

Any System violates above-mentioned three rules, is a nonlinear system.

8.    Shift (Time) Invariance System:

if  S(x[n]) = y[n],   then   S(x[n + i]) = y[n + i].

9.    Energy of signal x[n]: ∑
∞

−∞=
=

n

nxE
2

][ .
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NOTE 2. Convolution

Convolution – most important technique in DSP, by combining two (or more) signals to form a

third output.

Signal Filtering (Estimation), Function Approximation

Interpolation

Prediction (extrapolation)

Definition 1: Delta Function (Unit Impulse) 


 =

=
others

n
n

,0

0,1
][δ

Standard Function 


 ≥

=
others

n
nu

,0

0,1
)(

δ[n] = u[n] - u[n - 1]

∑
∞

=
−=

0

)(][
k

knnu δ

Definition 2: Impulse response h[n] of linear system S. The signal that exits a system when a

Delta Function (unit impulse) is the input.

                              δ[n]                       Linear System                      h[n]

h[n] = S(δ[n])

Any sequence x[n] can be represented by weighted Delta function

∑
∞

−∞=
−=

k

knkxnx )()(][ δ

Definition 3: Periodic Sequence

x[n] = x[n + N]
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Example:

sin[2πf(n+N)] = sin[2πfn],    f  is normalized frequency.

Definition 4: Convolution ][][][ nxnhny ∗=

                          x[n]                           Linear System h[n]                           y[n]

The impulse response of the system expresses the relation between input and output.

∑
∞

−∞=

−=
j

jixjhiy ][][][

Convolution Sum (Linear System).
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NOTE 3.  Convolution Properties

Properties of Delta function: δ[n] is identity for convolution,

][][][ nxnnx =∗δ

][][][ nkxnknx =∗ δ

][][][ inxinnx +=+∗δ

Properties of Convolution (Convolution is a linear system)

Commutative: ][][][][ nanbnbna ∗=∗

Associative: ]}[][{][][]}[][{ ncnbnancnbna ∗∗=∗∗

Distributive: ]}[][{][][][][][ ncnbnancnanbna +∗=∗+∗

Transference between the Input and Output

Suppose ][][][ nhnxny ∗= ,

If L is a linear system and   x1[n] = L{x[n]},   y1[n] = L{y[n]}

Then  ][][][ 11 nhnxny ∗=

5. (Auto-Regression): ∑
−

=
−=

1

0

][][][
M

k

knxkany

For Example: y[n] = x[n] - x[n-1] (first difference)

6. (Moving Average): ∑
−

=
−+=

1

1

][][][]0[][
M

k

knykbnxbny

For Example: y[n] = x[n] + y[n - 1] (running sum)

7.        Central Limit Theorem: ][...][][][ nxnxnxny ∗∗∗=

8. Correlation: Convolution = Cross-Correlation ][][][ nbnanc −∗=

Autocorrelation: ][][][ nananc −∗=

Detector (Not Restoration).

Low-Pass Filter h[n]: ∑ ≠
n

nh 0][ ,  ∑ =−
n

n nh 0][)1(

Cutoff the high-frequency components (undulation, pitches), smooth the signal
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High-pass Filter h[n]: ∑ =
n

nh 0][

Only preserve the quick undulation terms

Delta function: All-pass filter ][][][ nnxnx δ∗=
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NOTE 4. Fourier Representation

Any continuous periodic signal ⇔ sum of properly chosen sinusoidal functions

Gibbs Effects: Problem of non-smooth continuous

4 Categories of Fourier Representation ( ω = 2πf )

(1) Aperiodic Continuous Fourier Transform

∫
+∞

∞−

−= dtetxfX ftj π2)()(

Aperiodic

Frequency f ∈ R Continuous

Time (Shift) t ∈ R Continuous

(2) Periodic Continuous Fourier Series  (Frequency Response)

∑
+∞

−∞=

−=
n

fnjenxfX π2)()(

Use to Characterize the Filters and Signals. Response

Periodic X(f) = X(f + 1)

Frequency  f ∈ R  Continuous

Time (Shift) k ∈ Z  Discrete

Aperiodic Discrete Time Fourier Transform

∫
+∞

∞−

∆−= dtetxkX ftkj π2)()(

Aperiodic

Frequency k ∈ Z Discrete

Time (Shift) t ∈ R  Continuous

(4) Periodic Discrete Fourier Transform

∑
−

=

−=
1

0

/2][][
N

i

NkijeixkX π

)/2sin()/2cos(/2 NkijNkie Nkij πππ −=−
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∑
−

=
=

1

0

)/2cos(][][
N

i

NkiixkX π ∑
−

=
−

1

0

)/2sin(][
N

i

Nkiixj π

Periodic X(k + N) = X(k)

Frequency  k ∈ Z  Discrete

Time (Shift) n ∈ Z  Discrete

Frequency Response Frequency Transform of Sequence h[n]

∑
∞

−∞=

−=
k

jkekhH ωω ][)(

Inverse Frequency Transform

∫−
=

π

π
ω ωω

π
deHkh jk)(

2

1
][

Continuous

Periodic H(ω + 2π) = H(ω)

≠ Discrete Fourier Transform (DFT)

Ideal Low-pass Filter
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≤
=

2
||

2
,0

2
||,1

)(
πωπ

πω
ωH

Inverse Frequency Response
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π
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π
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)(

2

1
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2

Not Causal

Technically CAN NOT be Realized

Cut-off cause Gibbs Oscillation
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Frequency Transform of Convolution

∑
∞

−∞=
−==

k

knhkxnxnhny ][][][*][][

 Y(ω) = X(ω)H(ω)
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NOTE 5. Properties of Frequency Response

Periodic Continuous Fourier Series

∑
+∞

−∞=

−=
n

njenxX ωω )()(

Frequency Response of Convolution

∑
∞

−∞=
−=∗=

k

knhkxnxnhny ][][][][][

 ⇓

Y(ω) = X(ω)H(ω)

H(ω) = Y(ω) / X(ω) Transfer Function of the Linear System

|H(ω)| = [Im H(ω)2+Re H(ω)2]1/2 Magnitude of Transfer Function

Arg(H(ω)) = arctan(Im H(ω)/Re H(ω)) Phase of Transfer Function

Even Symmetry around Point Zero x[n] = x[-n]

∑
+∞

−∞=

−=
n

njenxX ωω )()(

= ∑
∞

=

− −++
1

)][][(]0[
n

njnj enxenxx ωω

= ∑
∞

=

− ++
1

)]([]0[
n

njnj eenxx ωω

= ∑
∞

=
+

1

)cos(][2]0[
n

nnxx ω

Real Spectrum

Phase Arg(H(ω)) = 0 Zero-phase Signal

Odd Symmetry around Point Zero x[n] = -x[-n],  x[0] = 0
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∑
+∞

−∞=

−=
n

njenxX ωω )()(

= ∑
∞

=

− −++
1

)][][(]0[
n

njnj enxenxx ωω

=∑
∞

=

− −
1

)]([
n

njnj eenx ωω

= - ∑
∞

=1

)sin(][2
n

nnxj ω

Complex Spectrum

Phase Arg(H(ω)) = -π/2

Even Symmetry around sample number N other than zero x[N+n] = x[N-n]

∑
+∞

−∞=

−=
k

kjekxX ωω )()(

= ∑∑
∞

+=

−
−

−∞=

−− ++
1

1

][][][
Nk

kj
N

k

kjNj ekxekxeNx ωωω

= ∑
∞

=

−−− +++
1

)]([][
n

njnjNjNj eeNnxeeNx ωωωω

= })cos(][2][{
1

∑
∞

=

− ++
n

Nj nNnxNxe ωω

Complex Spectrum

Phase Arg(H(ω)) = -Nω Linear-phase Signal

Odd-symmetric signal Generalized linear-pase signal

Even/Odd Decomposition of any Real Signal x[n]

Even Symmetryxe[n] = (x[n] + x[-n]) / 2

xe[n] = xe[-n]

Odd Symmetry xo[n] = (x[n] - x[-n])/2

xo[n] = -xo[-n]
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Even Symmetry Sequence xe[n] generate real spectrum

Odd Symmetry Sequence  xo[n] generate complex spectrum

(4)  x[n]                          X(ω)

x[-n]                          X(ω)
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NOTE 6. Digital Fourier Transform (DFT)

Periodic Continuous Fourier Series of x[n], n = 0, N -1

∑
−

=

−=
1

0

][)(
N

n

njenxX ωω

Let ω = 2πk / N,     k = 0, N -1

∑
−

=

−
= ==

1

0

/2
/2 ][|)(][

N

n

Nknj
Nk enxXkX π

πωω

Periodic Discrete Fourier Transform of Real Signal

)/2sin()/2cos(/2 NkijNkie Nkij πππ −=−

∑
−

=
=

1

0

)/2cos(][][Re
N

i

NkiixkX π       ∑
−

=
−=

1

0

)/2sin(][][Im
N

i

NkiixkX π

Periodic Character

X[k + N] = X[k]

Inverse Discrete Fourier Transform

∑∑∑
−

=

−
−

=

−

=
=

1

0

/2/2
1

0

1

0

/2 }][{][
N

n

NkmjNknj
N

k

N

k

Nkmj eenxekX πππ = }]{[
1

0

/)(2
1

0
∑∑

−

=

−
−

=

N

k

Nnmkj
N

n

enx π

Because 




≠
=

=∑
−

=

−

nm

nmN
e

N

k

Nnmkj

,0

,1

0

/)(2π

Then ][][
1

0

/2 mNxekX
N

k

Nkmj =∑
−

=
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∑
−

=
=

1

0

/2][
1

][
N

k

NknjekX
N

nx π

Simplified Algorithm

∑
−

=

−−=−
1

0

/)(2][][
N

n

NnkNjenxkNX π = ∑
−

=

1

0

/2][
N

n

Nknjenx π

Re X[N - k] = Re X[k] Im X[N-k] = -Im X[k]

| X[N - k] | = | X[k] |,  Arg(X[N - k]) = -ArgX[k]

∑
−

=
=

1

0

/2][
1

][
N

k

NknjekX
N

nx π = ∑∑
−

=

−

=
−

1

0

1

0

)/2sin(][Im
1

)/2cos(][Re
1 N

k

N

k

NknkX
N

NknkX
N

ππ

cos(2π(N - k)n / N) = cos(2πkn / N)

sin(2π(N - k)n / N) = -sin(2πkn / N)

x[n] = {Re X[0] + Re X[N / 2] cos(nπ)} / N

+ ∑∑
−

=

−

=
−

12/

1

12/

1

)/2sin(][Im
2

)/2cos(][Re
2 N

k

N

k

NknkX
N

NknkX
N

ππ
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NOTE 7: CHARACTERISTICS OF DFT

Linear: If ][][][ 21 nbxnaxnx += ,  then ][][][ 21 kbXkaXkX += .

Circular Shift:

Time: ][])[( /2 kXemnxDFT Nkmj π−=−
Frequency: ][])[( /2 kXelkXIDFT Nnlj π=−

Circular Convolution

If ∑
−

=
−=∗=

1

0
2121 ][][][][][

N

m

mnxmxnxnxny , then ][][][ 21 kXkXkY = .

If  ∑
−

=
−=∗=

1

0
2121 ][][

1
][][][

N

m

mkXmX
N

kXkXkY , then ][][][ 21 nxnxny = .

Non-Overlap Condition
][1 nx : L non-zero,

][2 nx : M non-zero

The zero-extended period duration  1−+≥ MLN

Inverse DFT (can be implemented using the same program of DFT)
∗−

=

−∗
−

=





== ∑∑

1

0

/2
1

0

/2 ][
1

][
1

][
N

m

Nmn
N

m

Nmnj emX
N

emX
N

nx ππ

DFT: ∑
−

=

−=
1

0

/2][][
N

m

NmnjemxkX π

Symmetry Theorem
If  ][])[( kXnxDFT = , then ][])[( kXnxDFT −=−

][
][

nx
N

kX
DFT −=







Initial State

Frequency Domain ∑
−

=
=

1

0

][]0[
N

n

nxX

Time Domain ∑
−

=
=

1

0

][
1

]0[
N

k

kX
N

x

Zero Extension
Time Domain

If 




−≤≤
−≤≤

=
1,0

10],[
][

rNnN

Nnnx
ng  ,   then 





==

r

k
XngDFTkG ])[(][

Frequency Domain

If 




−≤≤
−≤≤

=
1,0

10],[
][

rNnN

NkkX
kY  ,  then 1,0,

1
])[(][ −=





== rNk

r

n
x

r
kYIDFTny .
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Discrete Cosine Transform
Orthogonal Transform
Symmetry-Periodic Extension

][][ nxnx =−

JPEG (Joint Photographic Expert Group)
MPEG (Moving Picture Expert Group)

DCT ∑
−

=





 +=

1

0 2
)12(

cos][][
2

][
N

n N

kn
nxka

N
kX

π

IDCT ∑
−

=





 +=

1

0 2
)12(

cos][][
2

][
N

k N

kn
kXka

N
nx

π

where 






==
else

k
ka

,1

0,
2

2
][

DCT and IDCT share the same transformation kernel
Real spectrum, can be implemented by 2N-dot FFT, smaller boundary effects.



PHYS 7397  DIGITAL SIGNAL PROCESSING FOR SCIENTISTS

Dr. Zhuoer Shi, zshi@uh.edu, Department of Physics, University of Houston

17

NOTE 8 ADDITIONAL STATEMENT ON DFT

Parseval Relation











+



+=

=

∑

∑∑
−

=

−

=

−
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12/

1

2
2

2

1

0

2
1

0

2

][2
2

]0[
1

][
1

][

N

k

N

k

N

n

kX
N

XX
N

kX
N

nx

Let ]0[
2

1
]0[ XX = , ]2/[

2

1
]2/[ NXNX =

∑∑
=

−

=
=

2/

0

2
1

0

2
][

2
][

N

k

N

n

kX
N

nx

New IDFT Equation







 −+−+= ∑ ∑

−

=

−

=

12/

1

12/

1

)/2sin(][Im2)/2cos(][Re2)1](2/[Re]0[Re
1

][
N

k

N

k

n NknkXNknkXNXX
N

nx ππ

Let ]0[
2

1
]0[ XX = , ]2/[

2

1
]2/[ NXNX =

{ }∑
=

−=
2/

0

)/2sin(][Im)/2cos(][Re
2

][
N

k

NknkXNknkX
N

nx ππ

Convolution Equivalence of DFT
Let Nknj

k enh /2][ π=

0

1

0

|][][]0[][][ =

−

=

∗=−= ∑ nk

N

i
k nhnxihixkX

Time Sampler of All Filters is 0.

Frequency Response

Nkjj

kjjNN

n

Nnkjjn
N

n

jn
kk ee

ee
eeenhH /2

21

0

/2
1

0 1

1
][][ πω

πω
πωωω −

−−

=

−
−

=

−

−
−=== ∑∑

Magnitude Response

)/2/sin(

)2/sin(
|][|

Nk

kN
Hk πω

πωω
−

−=

Center Frequency  
N

k
k

πω 2= .

Frequency Leakage: when signal frequency ω  is between kω  and 1+kω .
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NOTE 9 FOURIER TRANSFORM PAIR

1. Frequency Response (FR)
• Delta Function

If x[n] = δ[n], then X(ω) = 1.
If x[n] = δ[n - m], then X(ω) = e -jωm .

• Square Function

Example 1:

If x[n] = 1, n = 0, M-1, then ω

ω

ω j

Mj

e

e
X −

−

−
−=

1
1

)(  and 
)2/sin(
)2/sin(

|)(|
ω

ωω M
X =

Example 2:

If x[n] = 1, |n| = 0, M,  then 
)2/sin(

)2/)12(sin(
)(

ω
ωω += M

X .

If y[n] = x[n - M], then Y(ω) = X(ω) e -jωM

If y[n] = x[n] ejan, then Y(ω) = X(ω - a)

2.  Discrete Fourier Transform (DFT)
• Delta Function
Time Region

If x[n] = δ[n], n=0, N – 1, then X[k] = DFT(δ[n]) = 1, k=0, N – 1.

If x[n] = δ[n - m], n=0, N – 1,  then X[k] = DFT(δ[n - m]) = e -j2πkm/N , k=0, N – 1.
Magnitude |X[k]| = 1,
Phase Arg(X[k]) = arctan[tan(-2πkm/N)]

Frequency Region

If X[k] = δ[k],  k = 0, N – 1,   then 
N

kIDFTnx
1

])[(][ == δ ,  n = 0, N – 1.

If X[k] = δ[k - M], k = 0, N – 1,   then NnMje
N

kIDFTnx /21
])[(][ πδ == ,  n = 0, N – 1.

• Square Function

Time Region:

Example 1: x[n] = 1, n = 0, M – 1

)/sin(

)/sin(

1

1
][ /)1(

/2

/21

0

/2

Nk

NkM
e

e

e
ekX NMkj

Nkj

NkMjM

n

Nnkj

π
ππ

π

π
π −

−

−−

=

− =
−

−== ∑

)/sin(
)/sin(

|][|
Nk

NkM
kX

π
π=
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Example 2:

If x[n] = 1,  n = 0, M  and  x[n] = 1,  n = N - M, N – 1,

then 
)/sin(

)/)12(sin(
][

Nk

NMk
kX

π
π +=

Frequency Region:
If X[k] = 1, when k = 0, M;  and X[k] = 1, when k = N - M, N – 1,

then  
)/sin(

)/)12(sin(11
][

1
/2

0

/2

Nn

NMn

N
ee

N
nx

N

MNk

Nkn
M

k

Nknj

π
πππ +=





 += ∑∑

−

−==

     DFT(x[n - M]) = X[k]e-j2πkM/N

     IDFT(X[k - M]) = x[n]ej2πnM/N



PHYS 7397  DIGITAL SIGNAL PROCESSING FOR SCIENTISTS

Dr. Zhuoer Shi, zshi@uh.edu, Department of Physics, University of Houston

20

NOTE 10. FAST FOURIER TRANSFORM

FFT: Fast implementation of DFT

Signal Length N = 2L

Let x1[r] = x[2r],  x2[r] = x[2r + 1],  r = 0, N/2 - 1

∑∑
−

=

+−
−

=

− ++=

=
12/

0

/)12(2
12/

0

/)2(2 ]12[]2[

])[(

][

N

r

Nkrj
N

r

Nkrj erxerx

nxDFT

kX

ππ

∑∑
−

=

−−
−

=

− ++=
12/

0

)2//(2/2
12/

0

)2//(2 ]12[]2[
N

r

NrkjNkj
N

r

Nrkj erxeerx πππ

= X1[k] + X2[k]e-j2πk/N 

(N/2 dot FFT !!!)
1. For k = 0, N / 2 – 1,

X[k] = X1[k] + X2[k]e-j2πk/N ,  k = 0, N / 2 - 1

2. For k = N / 2, N – 1,
    Because
    X1[k + N / 2] = X1[k], X2[k+N/2]=X2[k],  e-j2π(k + N/2)/N =  -e-j2πk/N

X[k + N / 2] = X1[k] - X2[k]e-j2πk/N , k = 0, N / 2 - 1

Butterfly Algorithm

X1[k] X1[k] + X2[k]e-j2πk/N   (X[k])

 X2[k]× e-j2πk/N X1[k] - X2[k]e-j2πk/N    (X[k + N/2])

One Butterfly: generates 2 Dots of DFT
Each Layer: N / 2 Butterflies

Each Butterfly: 1 multiply + 2 add
Layer Number:L = log2N

Calculation Efficiency:

1. FFT Cost = (N / 2) × L × (1 Multiply +  2 Add) = NN
2log2  Multiply + Nlog2N Add

2. DFT Cost = N2 Multiply + N(N - 1) Add
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NOTE 11. FFT Application

Fast Convolution
For x[n] ∗ h[n],  x[n], n = 0, M - 1 and h[n], n = 0, L - 1.

1. To Avoid Overlap, Zero-Extention
Choose N = 2J ≥ (M + L - 1)





−=
−=

=
1,,0

1,0],[
][

NMn

Mnnx
nx





−=
−=

=
1,,0

1,0],[
][

NLn

Lnnh
nh

2. Do FFT

X[k] = FFT(x[n]), H[k] = FFT(h[n]),   k = 0, N - 1

3. Multiplication  Y[k] = X[k]H[k]

4. IFFT ∑
−

=
=

1

0

/2][
1

][
N

k

NknjekY
N

ny π

= ∑
−

=

−
1

0

/2)/][(
N

k

NknjeNkY π

)/][(][ NkYFFTny =

Calculation Efficiency Comparison

Traditional Convolution  y[n] = ∑i=0, L-1 x[n-i]h[i], n = 0, L+ M – 2.

Multiply: (L + M - 1) × L
Add: (L + M - 1) × (L - 1)

FFT Convolution
(1) FFT(x[n]) + FFT(h[n]) + FFT(Y[k]/N)

Multiply: (3N / 2) log2N
Add:  3Nlog2N

(2) (X[k]H[k]) + (Y[k] / N)
Multiply: 2N

Fast Correlation

x[n], y[n], n = 0, M - 1
z[n] = x[n] ∗ y[-n] = ∑i = 0, M - 1  x[i]y[i + n]
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Same Routine! (Zero-Extension + FFT)

Just ][][][ kYkXkZ =

Calculation Efficiency

Traditional Correlation (Only Count Multiply!!)
Cost =  M(2M - 1) Multiply

FFT Correlation
Cost= (3N / 2) log2N + 2N   Multiply

Worst Case: Signal length of x[n], y[n]
M = 2L + 1

Then Extended Length:  N ≥ 2M – 1 = 1 + 2L + 1

Thus, N = 2L + 2

FFT Cost = (6L + 20) 2L Multiply,
while
Traditional Cost = (1 + 2L)(1 + 2L + 1) Multiply

When L ≥ 5, M ≥ 33 dots, (N ≥ 128)
FFT Method will be more Efficient than Traditional calculation.
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NOTE 12. MULTIRESOLUTION SPACES

Operator: 

Down Sampling: If y[n] = x[Mn], then Y(ω) = ∑
−

=

−1

0

)
2

(
1 M

k M

k
X

M

πω

Up Sampling: y[l] = 


 =

others

Mnlnx

,0

],[
,  then Y(ω) = X(Mω)

Scaling Function )(xφ  is an Approximating Function .

If { }Znnx ∈− |)(φ  is a Rieze basis of V0. Namely, exist unique sequence { }ZnnC ∈|)(0 , for

any function 0)( Vxf ∈ , make ∑ −=
n

nxnCxf )(][)( 0 φ .

Two-Scale Difference Equation ∑ −=
n

nxnhx )(][2)2/( φφ

Construct the Multiresolution Approximation
(1) 1−⊂ mm VV

(2) 1)2()( −∈⇔∈ mm VxfVxf

(3) m
m

m VnxfVxf ∈−⇒∈ )2()(
(4) Exist two constants A and B, 0 < A ≤ B, that

A || f || ≤ ∑n |C0[n]|2 ≤ B || f ||

Multi-Resolution Approximation  (From Fine to Coarse)

For any )()( 2 RLxf ∈ ,

000 ,)(][)( VfornxnCxfP
n

∑ −= φ

m
n

m
mm VfornxnCxfP ,)2(][)( ∑ −= −φ

Ideal Low-Pass Function is a Scaling function

( )xSincx πφ =][

∑ −




=

n

nx
n

Sincx )(
2

)2/( φπφ






=

22

1
][

n
Sincnh

π
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NOTE 13. WAVELET TRANSFORM

)2(2)( 2/
, nxx mm
nm −= −− φφ ,        )2(2)( 2/

, nxx mm
nm −= −− ψψ .

∑ −=
n

nxnhx )(][2)2/( φφ ,        ∑ −=
n

nxngx )(][2)2/( φψ .

1][ =∑
n

nh , 0][ =∑
n

ng

Scaling Transform

∫
∞

∞−
== dxxxfxxfnC nmnmm )()()(),(][ ,, φφ

Let kxy j −= −2

{ }

∑
∑

∑

+−

−−−−

−−

−−

=

−−=






 −==

−=

k
knm

k

jm

k

mm

mm
nm

xkh

knxkh

kykhy

nxx

)(][2

)22(2][2

)2(][22)(2

)2(2)(

2,1

)1(2/)1(

2/2/

2/
,

φ

φ

φφ

φφ

∑
∑

+=

=

=

−

+−

k
m

k
knm

nmm

knCkh

xxfkh

xxfnC

]2[][2

)(),(][2

)(),(][

1

2,1

,

φ

φ

Wavelet Transform

∫
∞

∞−
== dxxxfxxfnD nmnmm )()()(),(][ ,, ψψ

Dj[k]=<f, ψj,k>
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{ }

∑
∑

∑

+−

−−−−

−−

−−

=

−−=






 −==

−=

k
knm

k

jm

k

mm

mm
nm

xkg

knxkg

kykgy

nxx

)(][2

)22(2][2

)2(][22)(2

)2(2)(

2,1

)1(2/)1(

2/2/

2/
,

φ

φ

φψ

ψψ

∑
∑

+=

=

=

−

+−

k
m

k
knm

nmm

knCkg

xxfkg

xxfnD

]2[][2

)(),(][2

)(),(][

1

2,1

,

φ

ψ

Properties of Orthonormal Bases

][)(),( kkxx δφφ =−

0)(),( =− kxx ψφ
][)(),( kkxx δψψ =−

1)( =∫
∞

∞−
dxxφ ,      0)( =∫

∞

∞−
dxxψ

If 0)( Vxf ∈  ,

∑∑∑ +==
l

l
n

n
i

i xlDxnCxiCxf )(][)(][)(][)( ,11,11,00 ψφφ  



PHYS 7397  DIGITAL SIGNAL PROCESSING FOR SCIENTISTS

Dr. Zhuoer Shi, zshi@uh.edu, Department of Physics, University of Houston

26

NOTE 14. DIGITAL IMPLEMENTATION

DISCRETE WAVELET DECOMPOSITION

∑

∑
−=

==

−

+−

i
m

i
nimnmm

nihiC

xihxfxxfnC

]2[][2

)(][2),()(),(][

1

2,1, φφ

∑

∑
−=

==

−

+−

i
m

i
nimnmm

nigiC

xigxfxxfnD

]2[][2

)(][2),()(),(][

1

2,1, φψ

WAVELET RECONSTRUCTION

1−=⊕ mmm VWV

mm VfP ⇒  , mm WfQ ⇒ fPfQfP mmm 1−=+

∑∑

∑

+=
+=

= −−−

l
lmm

i
imm

mm

n
nmmm

xlDxiC

fQfP

xnCfP

)(][)(][

)(][

,,

,111

φφ

φ






 −+−=






+





=

+=

=

∑∑

∑ ∑∑ ∑

∑∑

∑

−+−−+−

−−

−−−−

l
m

i
m

l k
nmlkmm

i k
nmikmm

l
nmlmm

i
nmimm

nm
i

immm

lnglDinhiC

xxkglDxxkhiC

xxlDxxiC

xxiCnC

]2[][]2[][2

)(),(][2][)(),(][2][

)(),(][)(),(][

)(,)(][][

,12,1,12,1

,1,,1,

,1,111

φψφφ

φψφφ

φφ

Decomposition ∑ −= −
i

mm nihiCnC ]2[][2][ 1  ,  ∑ −= −
i

mm nigiCnD ]2[][2][ 1 .

Reconstruction 




 −+−= ∑∑−

l
m

i
mm lnglDinhiCnC ]2[][]2[][2][1 .



PHYS 7397  DIGITAL SIGNAL PROCESSING FOR SCIENTISTS

Dr. Zhuoer Shi, zshi@uh.edu, Department of Physics, University of Houston

27

For Computer Implementation

Decomposition ∑ −= −
i

mm nihiCnC ]2[][][ 1  ,  ∑ −= −
i

mm nigiCnD ]2[][][ 1 .

Reconstruction 




 −+−×= ∑∑−

l
m

i
mm lnglDinhiCnC ]2[][]2[][2][1

Perfect Reconstruction Condition

[ ])()()()()()( πωπωωωωω −−+= ∗∗ XHXHHA

[ ])()()()()()( πωπωωωωω −−+= ∗∗ XGXGGB

For Perfect Reconstruction:

[ ] [ ])()()()()()()()()()(

)()()(

πωωπωωπωωωωωω
ωωω

−+−+++=

+=
∗∗∗∗ GGHHXGGHHX

BAX

0)()()()(

1)()(
22

=−+−

=+
∗∗ πωωπωω

ωω

GGHH

GH

Conjugate Quadrature Filter (CQF)

Let

[ ])12()()( +−∗ ±−= MjeHG ωπωω

[ ])12()()( +∗ ±−=− MjeHG ωωπω

Then   0)()()()( =−+− ∗∗ πωωπωω GGHH

1)()(

1)()(
22

22

=−+

=−+

πωω

πωω

GG

HH

CQF Example (Let M = 0)
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ωπωω jeHG −∗ −= )()(    ,   ( ) ]1[1][ 1 khkg k −−= −

ωπωω jeHG −∗ −−= )()( ,    ( ) ]1[1][ khkg k −−=

Operator: Down Sampling

][][ Mnxny =

∑
−

=

−=
1

0

)
2

(
1

)(
M

k M

k
X

M
Y

πωω

Proof:

∑∑
−

=

−

=

−−=
1

0

1

0

/)2(][
1

)(
M

k

N

l

Mlkjelx
M

Y πωω ∑ ∑
−

=

−

=

−=
1

0

1

0

/2/][
1 N

l

M

k

MkljMlj eelx
M

πω

Only when l = Mn ,  Me
M

k

Mklj =∑
−

=

1

0

/2π

else  0
1

0

/2 =∑
−

=

M

k

Mklje π   (think Why ??)

Thus ∑
−

=
=

1/

0

][)(
MN

n

njeMnxY ωω

][][ Mnxny =

Operator: Up Sampling



 =

=
others

Mnlnx
ly

,0

],[
][

)()( ωω MxY =

Proof:

∑ −=
l

ljelyY ωω ][)( )(][ ωω MXenx
l

Mnj == ∑ −
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LAST  REVIEW  NOTE

1. Linear System

Finite vs. Infinite Duration Signals

Right-sided, Left-sided, and Two-sided Signals

The terms apply only to infinite duration signals.

Causal and Anti-Causal Signals

Zero phase, Linear phase and Nonlinear phase signals

Time Delay.

Linear System:

(1) Homogeneity.

(2) Additivity.

(3) Commutative.

Shift (Time) Invariance System.

Energy and Stability.

2. Convolution

Delta Function δ[n].

Standard Function u[n].

]1[][][ −−= nununδ

∑
∞

=
−=

0

)(][
k

knnu δ

Impulse response h[n].

The signal that exits a system when a Delta Function (unit impulse) is the input.

h[n] = S(δ[n])
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Convolution ][][][ nxnhny ∗=

∑
∞

−∞=

−=
j

jixjhiy ][][][

Properties of Delta function:  δ[n] is identity for convolution.

][][][ nxnxn =∗δ

][][][ nkxnknx =∗ δ

][][][ snxsnnx +=+∗δ

3. Fourier Representation

Fourier Response

∑
+∞

−∞=

−=
n

njenxX ωω )()(

∫−
=

π

π
ω ωω

π
deXnx jn)(

2

1
][

)2()( πωω += XX

Discrete Fourier Transform (DFT)

][][ nxNnx =+

∑
−

=

−=
1

0

/2][][
N

i

NknjenxkX π

∑
−

=
=

1

0

/2][
1

][
N

k

NknjekX
N

nx π

][][ kXNkX =+

Frequency Response of Sequence h[n]

∑
+∞

−∞=

−=
n

njenhH ωω )()(

)(
)(

)(
ω
ωω

X

Y
H =

22 )(Re)(Im)( ωωω HHH += Magnitude of Transfer Function
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( ) 





=

)(Re
)(Im

arctan)(
ω
ωω

H

H
HArg  Phase of Transfer Function

Ideal Low-pass Filter










≤<

≤
=

πωπ

πω
ω

2
,0

2
,1

)(H

π

π

k

k

nh







= 2
sin

][ ,      h[2k] = 0.

Frequency Transform of Convolution

][][][ nxnhny ∗= ,     then )()()( ωωω HXY =

∑
+∞

−∞=

−=
n

njenxX ωω )()(

][][ nxny −= ,       )()()( ωωω −= ∗ XorXY

4. Fourier Pairs

Frequency Response

Delta Function

x[n] = δ[n] , X(ω) = 1

x[n] = δ[n - m], ωω jmeX −=)(

Square Function

Example 1:

x[n] = 1,   n = 0, M –1

ω

ω

ω j

jM

e

e
X −

−

−
−=

1
1

)(
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Example 2:

x[n] = 1,  |n| = 0, M













 +

=

2
sin

2
)12(

sin
)(

ω

ω

ω

M

X

y[n] = x[n - M], Y(ω) = X(ω)e-jωM

y[n] = x[n]ejan, Y(ω) = X(ω - a)

DFT

Delta Function

X[k] = DFT(δ[n]) = 1

X[k] = DFT(δ[n - m]) = e-j2πkm/N

X[k] = δ[k],   
N

nx
1

][ = .

X[k] = δ[k - M], 
N

e
nx

NnMj /2

][
π

= .

Square Function

x[n] = 1, n = 0, M - 1

)/sin(
)/sin(

1
1

][ /)1(
/2

/2

Nk

NkM
e

e

e
kX NMkj

Nkj

NkMj

π
ππ

π

π
−

−

−

=
−

−=

x[n] = 1,  n = 0, M ;   and x[n] = 1, n = N - M, N – 1.

)/sin(
)/)12(sin(

][
Nk

NMk
kX

π
π +=

Frequency Region:

X[k] = 1, when k = 0, M ;

X[k] = 1, when k = N - M, N – 1.

Then 
)/sin(

)/)12(sin(1
][

Nn

NMn

N
nx

π
π +=
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     DFT( x[n - M] ) = X[k]e-j2πkM/N

     IDFT( X[k - M] ) = x[n]ej2πnM/N

5. FAST FOURIER TRANSFORM

Signal Length N = 2L

Let x1[r] = x[2r],  x2[r] = x[2r + 1],  r = 0, N / 2 – 1.

 X[k] = X1[k] + X2[k]e-j2πk/N ,  k = 0, N / 2 – 1.

 X[k + N/2] = X1[k] – X2[k]e-j2πk/N , k = 0, N/2 – 1.

Butterfly Algorithm

X1[k] X1[k] + X2[k]e-j2πk/N   (X[k])

                     +

                      –

X2[k]  e-j2πk/N  X1[k] – X2[k]e-j2πk/N    (X[k + N/2])

One Butterfly: generates 2 Dots of DFT

Each Layer: N/2 Butterflies

Each Butterfly: 1 multiply + 2 add

Layer Number:L = log2N

Calculation Efficiency:

FFT Cost = (N/2) × L × (1 Multiply + 2 Add)

  = NN
2log2  Multiply + Nlog2N Add

DFT Cost = N2 Multiply + N(N –1) Add
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Filter

Finite Impulse Response (FIR) filter – Finite Convolution

Infinite Impulse Response (IIR) filter – Recursion

Low-pass, High-pass, Band-pass, and Band-reject filters

6. Wavelet

Operator: Down Sampling

y[n] = x[Mn]

Y(ω) = ∑
−

=

−1

0

)
2

(
1 M

k M

k
X

M

πω

Operator: Up Sampling

y[l] = 


 =

others

Mnlnx

,0

],[

Y(ω) = X(Mω)

)2(2)( 2/
, nxx mm
nm −= −− φφ ,        )2(2)( 2/

, nxx mm
nm −= −− ψψ .

∑ −=
n

nxnhx )(][2)2/( φφ ,        ∑ −=
n

nxngx )(][2)2/( φψ .

1][ =∑
n

nh , 0][ =∑
n

ng

Decomposition ∑ −= −
i

mm nihiCnC ]2[][2][ 1  ,  ∑ −= −
i

mm nigiCnD ]2[][2][ 1 .

Reconstruction 




 −+−= ∑∑−

l
m

i
mm lnglDinhiCnC ]2[][]2[][2][1 .

For Computer Implementation

Decomposition ∑ −= −
i

mm nihiCnC ]2[][][ 1  ,  ∑ −= −
i

mm nigiCnD ]2[][][ 1 .

Reconstruction 




 −+−×= ∑∑−

l
m

i
mm lnglDinhiCnC ]2[][]2[][2][1
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Perfect Reconstruction Condition

0)()()()(

1)()(
22

=−+−

=+
∗∗ πωωπωω

ωω

GGHH

GH

Conjugate Quadrature Filter (CQF)

[ ])12()()( +−∗ ±−= MjeHG ωπωω

Then   0)()()()( =−+− ∗∗ πωωπωω GGHH

1)()(

1)()(
22

22

=−+

=−+

πωω

πωω

GG

HH

CQF Example (Let M = 0)

ωπωω jeHG −∗ −= )()(    ,   ( ) ]1[1][ 1 khkg k −−= −
.

ωπωω jeHG −∗ −−= )()( ,    ( ) ]1[1][ khkg k −−= .


