NUMERICAL ANALYSIS AND SCIENTIFIC COMPUTING
PREPRINT SERIA

Numerical solution of a phase field model
for polycrystallization processes in binary
mixtures

R. H. W. Hoprre J. J. WINKLE

PREPRINT #63

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF HOUSTON

JaNuARy 2019



Computing and Visualization in Science manuscript No.

(will be inserted by the editor)

Numerical solution of a phase field model for polycrystallization

processes in binary mixtures

Ronald H.W. Hoppe!'? and James J. Winkle? *

! Institute of Mathematics, University of Augsburg, D-86159 Augsburg, Germany
2 Department of Mathematics, University of Houston, Houston, TX 77204-3008, U.S.A.

The date of receipt and acceptance will be inserted by the editor

Abstract. We consider the numerical solution of a phase
field model for polycrystallization in the solidification of
binary mixtures in a domain {2 C R2. The model is based
on a free energy in terms of three order parameters: the
local orientation © of the crystals, the local crystallinity
¢, and the concentration ¢ of one of the components of
the binary mixture. The equations of motion are given
by an initial-boundary value problem for a coupled sys-
tem of partial differential equations consisting of a reg-
ularized second order total variation flow in @, an L?
gradient flow in ¢, and a W12(2)* gradient flow in c.
Based on an implicit discretization in time by the back-
ward Euler scheme, we suggest a splitting method such
that the three semidiscretized equations can be solved
separately and prove existence of a solution. As far as
the discretization in space is concerned, the fourth order
Cahn-Hilliard type equation in ¢ is taken care of by a
CO Tnterior Penalty Discontinuous Galerkin (C°TPDG)
approximation which has the advantage that the same
finite element space can be used as well for the spatial
discretization of the equations in @ and ¢. The fully dis-
cretized equations represent parameter dependent non-
linear algebraic systems with the discrete time as a pa-
rameter. They are solved by a predictor corrector con-
tinuation strategy featuring an adaptive choice of the
time-step. Numerical results illustrate the performance
of the suggested numerical method.

1 Introduction

Polycrystallization involves several mechanisms that oc-
cur in the solidification of materials on a microscale such
as the nucleation of crystals, the formation of spherulites,
and the growth of mosaic eutectic structures. The math-
ematical modeling of multistage crystallization processes
can be done by a phase field approach based on a free
energy in terms of various order parameters (cf., e.g.,

* The authors acknowledge support by the NSF grant
DMS-1520886.

the monograph [43] as well as the survey papers [25,28]
and the references therein). An important order param-
eter for modeling the complex crystalline morphology is
the orientation field which monitors the local crystal-
lographic orientation. The first orientation field phase
field model has been developed by Kobayashi, Warren,
and Carter [31,47] describing the growth of anisotropic
single-crystal particles of different orientations in two di-
mensions. The free energy involves two order parameters
describing the local orientation angle and the local de-
gree of crystallinity. The equations of motion are given
by an L? gradient flow and a total variation flow. An
extension of that model for the polyystallization of bi-
nary alloys has been provided by Granasy et al. where
the free energy is given in terms of an orientation field,
the local degree of crystallinity, and a concentration field
which describes the volume fraction of one of the com-
ponents of the binary mixture (cf. [22,23]; see also [24,
26,27]). The equations of motion are given by an initial-
boundary value problem for a coupled system of partial
differential equations consisting of two nonlinear second
order parabolic equations (in the orientation and the
local degree of crystallinity) and one nonlinear fourth
order parabolic equation of Cahn-Hilliard type (in the
concentration). We note that Cahn-Hilliard systems for
phase separation taking into account mechanical effects
such as the Cahn-Larché system [32-34] have been in-
tensively investigated in the literature (see [6,10,14,15,
19,20,29,35-39]). In particular, [19] analyzes the Cahn-
Larché system as a W12(2)* gradient flow. Likewise,
the total variation flow and its regularization have been
widely studied as well (cf., e.g., [1-3,8,9,13,18,45]).

In this paper, we will study the numerical solution of
a slightly modified version of this model which consists
in replacing the total variation flow of the orientational
field by some regularized version. The paper is orga-
nized as follows: In section 2, we specify the free en-
ergy associated with the three field phase field model
as well as the equations of motion and introduce the
concept of a weak solution. Following [19], we formu-
late the equation of motion for the concentration field
as a W1H2(£2)* gradient field. In section 3, we perform



an implicit time discretization and splitting of the phase
field model. The splitting allows to consider the orien-
tation field, the phase field representing the local degree
of crystallinity, and the concentration field separately at
each time step. In fact, it is shown that the time-discrete
equations represent the necessary optimality conditions
for the minimization of energy functionals assigned to
each time step. Section 4 is devoted to the discretization
in space. The fourth order Cahn-Hilliard type equation
is discretized by a (nonconforming) C° Interior Penalty
Discontinuous Galerkin (C°TPDG) approximation (cf.,
e.g., [11,12,17,48]. The advantage is that the same finite
element space can be used for a spatial discretization of
the orientation field and the phase field representing the
local degree of crystallinity. The fully discretized equa-
tions can be seen as parameter dependent nonlinear alge-
braic equations with the discrete time as the parameter.
For the numerical solution, in section 5 we suggest a pre-
dictor corrector continuation strategy featuring an adap-
tive choice of the time step size ( cf. [16,30]). Finally, in
section 6 we present some numerical results illustrating
the performance of the suggested splitting method.
Throughout this paper, we use standard notation and
results from Lebesgue and Sobolev space theory (cf.,
e.g., [46]). Moreover, for a positive weight function w
we denote by BV (f2;w) the Banach space of functions
of bounded weighted total variation (cf. [4,21])

var,u({2) := sup {f/uV -q dx,
2

q € Cy(%R?), g < w in 2},

equipped with the norm

lull B (250 I:/ wlu| dx + var,u(2).
Q

2 The phase field model

For the mathematical modeling of the polycrystallization
of binary mixtures we use a phase field approach where
the free energy functional is given in terms of

— an orientation field © which locally describes the
crystallographic orientation.

— a structural order parameter ¢ which measures the
local crystallinity (volume fraction of the crystalline
phase),

— a concentration field ¢ (volume fraction of one of the
components of the binary mixture).

Setting z = (¢, ¢, ©), the free energy reads as follows:

2T 2
PG = [ (% s(ve.00 Vo + 55 [VeP + ()
(7
w(e)Tg(¢) +w(@)(fs(e,T) + HT (re +[VO[*)'/* +

(1= w(@)f1(e,T)) da.
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Here, 2 C R? is assumed to be a bounded convex domain
with boundary I' = 942 of class C2. Moreover, T (in °K)
refers to the temperature of the binary mixture.
fo(-,T) and fs(-,T) stand for the Helmholtz free energy
densities of the pure liquid and the pure solid phase

%%
Jun.T) = SE (- S0 @+ @)
23 +6u(T)), neR,
-1
T) := =M
ﬁL( ) 511 T](é/) ’
Fs(n ) i= S50 (7 = 55+ BT +
25+ Bs(T)), meR,
_ 7p(9)
Bs(T) = 55%,
Ty,

where T’ ](V[L ) and T](V}q ) are the melting temperatures of the
components of the binary mixture and Wy > 0, Ws > 0
as well as B, > 0,85 > 0 are scaling parameters. We
assume that

T <1 <1
On the other hand, we may split fs(-,7T") according to

fS(n?T):fS,l(n’T)'i_fSﬁ(an)? (3)

where fg,;(n,7),1 <i<2,n€R, are given by

fs1(n,T) ::%ﬁ (772 - g(g + B(T))n +

25+ A(T) +a),

w,
fsa(n,T) = — = Far’,

and a € R is chosen by means of

2 3
a> <Bs(T)(Bs(T) — 3)-
9 2
The function s = s(n,v),n = (n,m2)T € R%,y € R,
refers to the anisotropy function

s(m,v) =1+ sg cos(msd — 277y), (4)
— 7T/2 ) if m= 0,
] arctan(xc, (n2/m)) , otherwise

Here, 0 < sp < 1 is the amplitude of the anisotropy of
the interface free energy, mg is the symmetry index (e.g.,
m, = 4 for fourfold symmetry), and x., € C*(R),0 <
€q < 1, is a smooth approximation of x(z) = |z|,z € R,
with xe, (z) = x(2), |2] > €4, XL, (£ea) = £1, X, (£ea) =
0, and x.,(0) =0, e.g., we may choose

Xe, () = . . ||, |z] = €a
€a Leta? — Se8at + e %28 | |z <ey
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We note that 9 is related to the inclination of the nor-
mal vector of the interface in the laboratory frame. The
function w is given by

wL_ngnS_Eu)
ar +Brn+yLn? +0rn® . —ew <n <0
(1—=nwr +nws ,0<n <1 ,
ar+ Brn+ RN +0rN? , 1<n < 1+e,
ws+ ey, 1 +ew <7

w(n) =

where wg > wy, > 0 are the free energy scales of the two
components, the parameter ¢,, satisfies 0 < ¢, < wy,
and

ap =wr, fr=ws—wr,

Yo = €32 (260 (ws — wr) — 3c4),

6r = 5> (ewl(ws —wr) — 2e4,),

ar = wp — 52280 (wg —wr) + (ws — wg) + 1),
Br = e,2(e% + 4gy, + 3)(ws — wr),

Yr = —£,°(2en(ws —wy) + 3(ws — wg) — 3),

5R = 6;2((105 — UJL) — 2)
The function g is the quartic double-well function

gon) = 7 (=)

The function w is given by

w(n) =
e ,m<0
e +22 =3 41— ) +0* ,0<n <1,
1767’77721

where 0 < &, < 1, interpolating between (0,e,) and
(1,1 —&,). Moreover, the constant H > 0 stands for the
free energy of the low-angle grain boundaries and 0 <
Ko < 1 is a regularization parameter. We will comment

on the choice of kg in Remark 4.1 below. Finally, sé and

€2 are positive constants depending on the interface free
energy, the interface thickness, and the melting points of

the constituents of the mixture.

Remark 2.1. The integral [,,(ko + [VO|?)Y/2 dz in (1)
can be interpreted as the regularized weighted total vari-
ation

Varff(j&;@(ﬁ) = (5)

sup{ / (—OV - q+ w2 (w(@) — al*)/? dr,
(]

q € CG(%R?), |a| < w(¢) in 2} (6)

The following properties of the functions fr, fs1,s,w,g,
and w will be frequently used in the subsequent sections

frn.T) 20, fsai(n,T) =0, neR, (7a)
1—50<s(my)<1l+sy, neR’~yeR, (7b)
0<wp—ey <w(n) <ws+ew, 1nER, (7c)
9(n) =20, neR, (7d)
er<wm) <l-—e,, neR. (7e)

(7f)

Denoting by My > 0, M. > 0, and Mg > 0 the mobilities
associated with the phase field variables ¢, ¢, and @, the
dynamics of the crystallization process are given by the
evolution equations

9 oF

ot - M¢ %: (83)
Jdc oF

00 oF

ot = — Me 50’ (8c)

where &£ OF g—F

550 3¢ and §5 are the partial Gateaux deriva-

tives of the free energy functional F' with respect to the
three phase field variables.
Computing the partial Gateaux derivatives, the phase
field model represents an initial-boundary value prob-
lem for a system of evolutionary partial differential equa-
tions consisting of two nonlinear second order parabolic
equations in @ and @ coupled to a Cahn-Hilliard type
equation in c. We refer to

= h(¢p,c) — 2T Ac,
w'(e)Tg(¢) +w($) fs(e,T) +
(1-w(¢)fr(c,T)

(o, c)
h(o,c) :

as the generalized chemical potential. We set a(n,~y) =
(aij(n,7))?,—, with

ai11(n) = a22(n,v) = s(n, 7)27

ds(n,7)

az(n,v) = —a21(n,7y) = —5(777’7)8719-

We further define

r(6,¢,0) = w(e)Tg'(6) +«'(6) (fs(e, T) -
fu(e,T) + HT (ko + \V(9|2)1/2),

. 0s(Ve,0)

and specify appropriate boundary conditions and ini-
tial conditions for all phase field variables. Setting @Q :=
2 % (0,tp), X ;=T x (0,tp), where tz > 0 is the final
time, and specifying appropriate boundary conditions
and initial conditions for all phase field variables, the



initial-boundary problem reads

%? — MoHTYV - (w()(xo + [VOP)1/2VO) + (9a)

M@ Z(¢, @)‘v¢|27 in Q7

00— My (37V - ((V6,0)V6) ~1(6,¢.6)), nQ
(9b

oc

a =V- (MpVM((ﬁ,C)) in Qa

nr-w(d)(ke +|VO)"V2VO =0 on X,
nr-a(Ve,0)Vo=0 on X,

nr-Ve=0, np-Vu(p,c) =0 on X,
O(-,0) = 6°,&(-,0) = °, ¢(-,0) =" in 2. (9g

Remark 2.2. The system in the orientation angle © and
the local degree of crystallinity ¢, but without the con-
centration field ¢, is known as the Kobayashi-Warren-
Carter model[31,47]. The existence of a solution has been
established in [40] by means of an implicit discretization
in time of a relaxed system and a non-trivial passage
to the limit (cf. also [41] for the existence of an energy-
dissipative solution). However, to our best knowledge,
the existence of a solution of the full system (9a)-(9g)
has not yet been shown.

Remark 2.3. We note that the Gauss’ theorem and the
second boundary condition in (9e) imply the existence
of a constant ¢, € R such that 2|7 [, ¢(z,t) dt = cqao
for almost all ¢ € (0, 7.

A weak solution of (9a)-(9g) is a quadruple (O, ¢, ¢, w)
such that

0 cwhl(n),

00 9¢ Oc 9
E’E’EGL (£2)

b, c,w € WH2(12),

and for all

v € W), v e WH2(02),2 <i < 4,

it holds

(%ga v1)o,n + MeHT (w(¢)(ke +

IVOI*)"1/2VO,Vu)o.q

- M(—)(Z(@@)WW?,W)O,Q =0,

d
(52 va)o.0 + My (3T(a(V9, )V, Voo
+ (T(¢7 c, 9)7 ’02)0,9) = 07

dc
(av
(w, U4)0,Q = €§T(V07 v1)4)0,0 + (h(o, c), U4)o,9-

v3)0,2 + Mc(Vw, Vuz)o o =0,
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The Cahn-Hilliard type equation (9c) can be written as
a W12(£2) -gradient flow with respect to a specific inner
product. We define A=1f, f € W12(2)", as the solution
u € WH2(0Q) of

—(Vu, Vv)o o = (f,v) v e W (0).

wlh2@2)* wh2w)’

The unique solvability follows from the Lax-Milgram
Lemma in virtue of the Poincaré-Wirtinger inequality
for convex domains [7,42]

_ 1
v — |02~ /v dzljo,0 < = IVollo.e, veWB2(82).
e
We define an inner product on W2(2)" according to
(f,9)a-1 = (VAT [,VAT g)o.0. (10)

Using Young’s inequality with ¢ > 0, for u € Wh2($2)
we find

[ull§ o = (Vu, VA  u)g 0 < (11)
_ 1
IVullo.o[ VA  ullo,0 < el Vullg o + EHUHQA—L

Moreover, it holds

[vlla-s = vllie, veWh(9).

In view of (8b) and (10) it follows that for v € W12(2)
it holds
OF B

<%7 U>W1,2(Q)*7W1,2(Q) -

0
— M, (Va(e), Voho.o = (A7 5 0o =
dc dc
— (VA_1§7VA_1U)07Q = _(vi)A*U

i.e., in this setting %

energy functional F.

is the steepest descent of the free

3 Discretization in time and the splitting scheme

We perform a discretization in time with respect to a
partition of the time interval [0,¢p] into subintervals
tm-1,tm],1 < m < M,M € N, of length 7, := t,, —
tm_1. We set V := BV (£2;w(¢™ 1)) and assume that
O™l € BV (2;w(¢™?)), o™ € WH2(2),and ¢! €
W12(£2) are given.

We introduce the energy functional

My Tm 1 m—
Fn(6) 1= 116 -6 g +
MoTm Fi1(¢™ ", 0) + Moty Fia(¢™ 1, 0),

Fia(¢™71,0) == HT varj2 .. ., 0(12),
Fio(¢™,0) =

2
i)

(s(Vom 1,02V 4 g(¢7 ")) d,
2

2
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where vargf)¢,n_1) O(£2) is the regularized weighted total

variation as given by (5).
We define ©™ € V as the minimizer of F]™"™ according
to

(@) = jnf FIY(6). (12)

Lemma 3.1. The energy functional F™"™ is coercive
onV.

Proof. We have

1 . 1 1,

O -0 By 2 HOl g~ 16" . (13)
Moreover, observing (4), we get

HT Mgty / s(Vo™ 0PV P de > (14)
(9]
HTMeo(1 = 50)*7m | V™ I3 0
Combining (13) and (14) gives

F{n,‘rm(@) 2 (15)
1
11618.0 + HT Mo, varle) _,,0(2) +
HTMo(1 — 50)*7ml| Vo™ I3 o +

_ 1 _
HTMer, [ g(6™ 1) do— 516713 0.
2

from which we conclude, observing BV (£2;w(¢™™ 1)) C
L*(2;w(¢™ 1)) C L*(£2) and

vargzz,)n,l)Q(Q) > var,(gm-1)0(£2).

The functional F172(¢m*1, ©) is not convex in O in con-
trast to the remaining part of F{""™ as given by

m, T, 1 — -
F7(0) = 5”9 — O™ §.2+ Momm Fia(¢™",0).

Lemma 3.2. The energy functional FY'y"™ has the fol-

lowing semicontinuity property: If ©, € V,n € N, and

O™ eV such that

6, =+ 0™ (N3 N — o0) in LU (2,w(¢™ 1)),1 < ¢ < 2,

then it holds

uarfd‘}j?n,l)em(()) < lim Nair?—fmo varL’?Z},,,,l)Qn(Q).

(16)

Proof. We refer to Theorem 3.2 in [4].

Theorem 3.1. The unconstrained minimization problem
(12) has a solution @™ € V.

Proof. To prove the existence of a local minimizer, let
(On)nen, O € V,n € N, be a minimizing sequence. Due
to the coercivity of Flm 1™, the sequence is bounded and
hence, there exist N’ € N and @™ € V such that for
N 3 n — oo it holds (cf. Theorem 5.1 in [4])

On = O™ in LY(2,w(¢™ 1)), 1 < q< 2,
6, — O™ in L*(02).

(17a)
(17b)

In view of (17a) we have (16). Further, it follows from
(17b) that

o™ =™ Mg <lm  inf [|©, — O™ o
o0

N'3n—
(18)
Due to the continuity of s we also have
S(V¢m71, @n)Z N S(ngmfl7 6m)2

almost everywhere in {2 as N 3n - oco.

Moreover, the sequence {s(V¢™ ™1, 60,)|Ve™ 12},
is uniformly integrable and s(V¢™ 1 @™)2|[V¢™ 1|2 €
L'(£2). The Vitali convergence theorem (cf., e.g., [44])
yields

Fi20™ ¢™ ) = lim  F9(On, 0™ "). (19)

N 3n—o0
Hence, (16),(18), and (19) imply
F™(0™) < lim inf, 0o F1 ™ (On), (20)

which allows to conclude.

The necessary optimality conditions for (12) are given as
follows:
0€ 0™ —0" '+ Morm(Fi2) (¢" 1, 0™) +
M@Tm a}7‘1,2((25"1717 @m)’
where (Fy2)(¢™ 1,0™) is the Gateaux derivative of
Fi2(¢™71, ) at O™ and 9F; 1(¢™™1,0™) is the sub-
differential of Fy 1(¢™™1,+) at @™ in the sense of convex
analysis. According to [2] we have
OF 1 (¢™ 1,0™) ={~V -z | z € H(div, 2),
z = HT (ko + |VO™|?)"1/2vO™
almost everywhere in {2, np-z=0on I'}.
The weak formulation amounts to the computation of

o™ € Whi(02) c V such that for all v; € Whi(02)n
L*°(£2) it holds

(@™ — 0™ v)o 0+ MeHTT,, /w(qﬁm’l) (21)
2
(ko + VO™ >)71/2v0™ . Vo, dx +
M@ejTTm/z(cb’"*l,@m)|v¢m*1|2v1 dx = 0.
2



Next, with @™ € V from Theorem 3.1, we consider the
energy functional

T (e) =
1 m—12 m—1 m
5 H¢ - ”0,9 + M¢TmF2(¢ac ,© )a

F2(¢7 Cmilaem) =
2
[ (G55 stwo.0m2 9o +
2
w(c™NTg(¢) +w(@)(fs (™' T) + HT (ke +

HT (k6 + VO™ )2 + (1 = w(@)) f ("7, T) ) da.

We define ¢™ € WH2(2) as the minimizer of F,"™
according to

Fm,Tm m — f
5 (™) et o)

FT(9). (22)

Lemma 3.3. The functional Fy"™
Wh2(92).

1S coercive on

Proof. By Young’s inequality we find

2
0,02

1 - 1 1o
S 16— "B 2 19130 — 5 6™

Further, we use the splitting (3) of fs(c,T) and take
advantage of (7) to conclude

M, Tm gpT’ 1
F}"7(9) 2 My~ (1 = 50)* [ V3.0 + 116013, -
(23)

Wg T 1 —
(1- 5T)M¢GTTmHC 8.2 — 3 6™ 15 o

The coercivity is an immediate consequence of (23).

The functional F;"™ is not convex in ¢, but it can
be split into a convex part Fy;™™ and non-convex part

FJ5™ according to

Fy™(e) =

1 T eeT’ m

3 6= " o+ M= m [ (V0.0 VP dr,
2

B (6) 1= Mot [ (w(e To(0) +

0
w(@)(fs(c™ 1, T) + HT (ko + |VO™|?)'/? +

(1- w(¢>)fL(cm—1,T>) da.

Lemma 3.4. For a sufficiently small index of anisotropy
s0 > 0 the functional Fy'\™™ is convex in ¢.

Ronald H.W. Hoppe and James J. Winkle

Proof. The convexity of the first part || — ¢™ g /2

of Fy'y™™ in ¢ is obvious. In order to prove convexity of
the second part, for fixed v € R we set

g1(n) == (1 = socos(ms?) — 2m7)))* (0} +n3),

where n = (n1,72) and 9 is given by (4). Computing
the second partial derivatives 82¢; /8777?, 1<i<2, and
8%g1/(0m10m2), it can be shown that for sufficiently small
so the Hessian of g; is positive definite, i.e., there exists
a > 0 such that

2

P g 2 T 9
L > _ )
Z On:0m; §ij > al]” forall & = (£1,6)" €R

i,j=1

Theorem 3.2. For a sufficiently small index of anisotropy
S0 > o the unconstrained minimization problem (22) has
a solution ¢™ € WhH2(0).

Proof. Let {¢n}n, dn € WH2(2), be a minimizing se-
quence, i.e., it holds

F " (¢n) —  inf

T
pew2(0) 2 ()

(n—o00). (24)

Due to the coercivity of Fy "™ the sequence {¢,}y is
bounded in W12(£2). Hence, there exists a weakly con-
vergent subsequence, i.e., there exist N € N and ¢™ €
Wh2(0) such that ¢, — ¢™ (N 3 n — oo) in Wh2(02).
The Rellich-Kondrachev theorem implies strong conver-
gence in LP(£2) for any 1 < p < oo and hence, there

exists a subsequence N" ¢ N such that

1"
¢n — ¢ almost everywhere in 2 as N 3> n — oo.

Setting
h(9) == w(c™ )T g(¢) + w(e)(fs(c™ 1, T)
HT (ke + VO™ )2 + (1 - w(¢) fr (e, T),

the continuity of g,w, and w implies

h(dn) = h(¢™) a.e. in 2 as N 35 n — co.

Moreover, the sequence {h(¢y )}y is uniformly integrable
and h(¢™) € L'(£2). The Vitali convergence theorem
gives

Fgflz’ﬂ" (pn) — FgrzlﬁTm (¢™) as N’ 51— . (25)

Obviously, the functional F3'y ™ is continuous on W'-2(2)
and thus lower semicontinuous. Since it is convex ac-
cording to Lemma 3.4, it is weakly lower semicontinuous
which gives

Now, (24),(25), and (26) imply that ¢ satisfies (22).
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The necessary optimality conditions for the unconstrained
minimization problem (22) give rise to the following non-
linear second order elliptic boundary value problem

(6" = 6" 1) = Myrn (2T - (a(Ve™,0™)V6™) +
(o™, ™ 9"‘)) =0 in £,
nr-a(p™)Ve™ =0 on I

whose weak solution is: Find ¢™ € W12(£2) such that
for all v, € WH2(02) N L>(2) it holds

(6™ — ™ va)o,0 +
My, (EiT(a(V¢m7 O™V¢™, Vs oo +

(r(¢™, ™, @m)7U2)0,Q) =0.

(27)

Given O™ € V and ¢™ € W12(02) as the solutions of
(12) and (22), we finally consider the energy functional

m,T, 1 m— m m
FyVT(e) = 3 e — ™ Ao + Mo Fa(¢™, ¢, 0™),
e2T

Fa(om,c,6m) = [ (555 Ve + w(eTy(e™) +
2

W(6™)(fs(e,T) + (1= w(6™)frle,T)) do

and define ¢™ € WH2(2) as the minimizer of F3"™
according to

My Tm my . M, Tm
Bt = it BN (29
Let us assume that the time-step size 7, satisfies
2T
< 29
T M.aWg (29)

Lemma 3.5. Under the assumption (29) the functional
F3"™™ s coercive on W12((2).

Proof. As in the proof of Lemma 3.3 Young’s inequality
yields

1

1 _ 1 _
5 le= e A 2 ¢ el = 5 e .

Again, we split fg(c,T) by means of (3) and take advan-
tage of (7) and (11) with € = 27 /4. We thus obtain

2
T
664 |Ve|? do +

Fi"mm(e) > MCTm/ (30)

2
( 1 - M.aWg

1, e
1~ g ) lelaes = 5lem s

Under the assumption (29) the assertion follows from
(30).

Again, the energy functional F3"™™ is split into a convex
part F37™™ and a non-convex part Fyy ™

1 e2T
3 le=em s+ Mo, [ 52
02

Fyi™(e) = Ve|? dr,

B (0) = Mot [ (w(0)Tg(6™) + (6™ fs(e.T)

2

+ (1= w(@™) fu(e,T)) da.
The convexity of F3';™ is obvious.

Theorem 3.3. Under the assumption (29) the uncon-
strained minimization problem (28) has a solution c¢™ €
W2(0).

Proof. Let {cy}n,cn € WH2(£2), be a minimizing se-
quence, i.e., we have

Fy"™ (c,) = inf ™ (c)
ceV,

(n—o0). (31)

Since Fy" A s coercive, the sequence {¢, }i is bounded
in W12(£2). Consequently, there exists a weakly conver-
gent subsequence, i.e., there exist N € N and ¢™ €
WL2(0) such that ¢, — ¢™ (N 3 n — o0) in WhH2(0).
In view of the Rellich-Kondrachev theorem we have strong
convergence in LP(£2) for any 1 < p < co. It follows that

there exists a subsequence N” ¢ N such that

. "
¢, — " almost everywhere in 2 as N > n — co.

Setting £(c) = w(e)Tg(¢p™) + w(d™)(fs(c, T) + (1 —
w(@™)) fr(e,T), the continuity of fr, fs, and w implies

U(cn) — £(c™) almost everywhere in {2 as N’ 3n — oco.

Moreover, the sequence {¢(c,,) };y is uniformly integrable
and ¢(c™) € L'(£2). The Vitali convergence theorem
yields

EST (en) = Fy5™ (™) as N'an—=o0o. (32
The functional F3'y™ is continuous on W' (£2) and thus
lower semicontinuous. Due to its convexity it is weakly
lower semicontinuous whence

F?Tl’Tm(Cm) < lim ian/anangjl,Tm (C’ﬂ) (33)

From (31),(32), and (33) we deduce that ¢ satisfies (28).
The necessary optimality conditions for the unconstrained

minimization problem (28) lead to the following nonlin-
ear elliptic boundary value problem

™ =™ - Mo, Aw™ =0 in 02, (34a)
w™ = p(e™, ™), (34b)
nr-Ve" =0, np-w™ =0 onl. (34c¢)



The weak formulation of (34a)-(34c) is to find ¢™ €
WL2(02),w™ € W12(£2) such that for all v3 € W12(£2)
and vy € WH2(02) N L>(N) it holds

(Cm — Cm_lav3)0,9 + Mch/vwm . v’U3 dz = Oa

2
(35a)

(W™, v4)0,0 = EiT/ch - Vg dz + (35b)
17}

/ h(¢™, c™)vy dx.

2

4 Discretization in space

Let 7, be a geometrically conforming, shape-regular,
simplicial triangulation of 2. We denote by £ and &/
the set of edges of 7;, in the interior of 2 and on the
boundary I, respectively, and set &, := ShQ U 5{: . For
K €7, and E € &, we denote by hx and hg the diame-
ter of K and the length of E. Denoting by Py(T),k € N,
the linear space of polynomials of degree < k on T, for
k > 2 we define

Vh = {’U}L (S CO(Q) | vh|K € Pk(K)v K S 771}7

and note that V;, ¢ H(£2), but V}, ¢ H?(£2). For inte-
rior edges E € &7 such that E = Ky NK_, Ky € T,
and boundary edges on I" we introduce the average and
jump of Vuy, according to

{(Vop}g = %(V’Uh|EmK+ + Vvh|EmK7> L Ec&,(R)
V'Uh‘E , B e 5h(F)
[ Vorlenk, — Vorlenk_ » E € En(2)
[Vorlg = { + Vorls | E € En(I)

The average { Avp, } g and jump [Avy] g are defined anal-
ogously. We further denote by ng the unit normal vector
on E pointing in the direction from K to K_.

In order to motivate the C°IPDG approximation of the
implicitly in time discretized Cahn-Hilliard type equa-
tion (35), for w* € V}, and u}’ € V3, we consider (34a),
(34b) elementwise, i.e.,

wi' = —2T A + h(o", ),

= M.t Awy*  in K € Tp(02).

(36a)
(36b)

e — et

We multiply (36a) by z;, € Wy, := {wy, € L*(2) | wa|x €
Pi(K),K € Tp(£2)} and integrate over K:

/wZLzh dr =

K

—EgT/Achmzh dm+/h(¢hm7chm)zh dx.
K

K

(37)

Ronald H.W. Hoppe and James J. Winkle

An application of Green’s formula yields

/Ac}fzh de =

K

- /VCZ” -Vzp, dr + /naK -Veptzy ds.
K oK

On the other hand, multiplying (36b) by vy € V} and
integrating over K gives

/(CZL — c;?_l)vh dx = MCT,,,L/Aw,th dx. (39)
K

K

By another application of Green’s formula we obtain
/Awhmvh dx = /wﬁ”Avh dx + (40)
K K

/naK -Vwp'vp, ds — /w,ﬁ”naK - Vuy, ds.

0K 0K

It follows from (37)-(40) that

/w;,”zh dx = EfT(/Vc;L” -Vzp, do — (41a)
K

K

/naK Ve, ds) + /h(qﬁZ”,c}f)zh dz,

oK K

/(CT — & oy do = MCTm(/whmmh dz + (41b)
K K

/naK -Vwytvp, ds — /wZ"n@K -V, ds).
oK oK

Summing over all K € Ty in (41a) and (41b), we obtain
the weak formulation of the mixed formulation (36a),
(36b). A general C°DG approximation is based on the
weak formulation of the mixed formulation and charac-
terized by numerical flux functions €3} and wjy. We
are looking for a pair (¢}, wp") € Vi, x Wy, such that for
all (vp, zp) € Vi, x Wy, it holds

Z /w,’fzh dr = 2T Z (/VCT-Vzh dx —

KeTn(2) i KeTn(2) §
(42a)
/HaK - Cezh, ds) + Z /h(cb;",c;")zh dx,
OK KeTn(2) i
S [ —er o da = (42b)
KETh(Q)K

M.t Z

wy' Avy, dx — /ﬁ}g}{naK - Vop ds).
KeTn() K oK
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In particular, for the C°IPDG approximation the numer-
ical flux functions €j} and w3y are given by
0
&5 lp = { {(Vei}e . B €&

0,Ee&l (43a)

D = agT({Au;y}E —ahz'ng - [chE)7 (43b)

where a@ > 0 is a penalty parameter. This particular
choice of the numerical flux functions allows to eliminate
wy* from the system (42a),(42b). In fact, if we choose
2z, = Awy, in (42a), we obtain the following C'IPDG
approximation of the implicitly in time discretized Cahn-
Hilliard type equation for the concentration field:

Find ¢j* € V}, such that for all v, € V}, it holds

YLon)on,  (44)

where the COIPDG semilinear form a?(-,-) is given by

(e vn)0.0 + Tm af G (i, vn) = ()~

a,?G(ch, vp) = (45)
M.y (53T / Acy Avy, da + / (6, cp) Avy dx)
KeTn(92) K K
— Mc€§T Z ({Ach}E ng - [V’Uh]E ds
Ee&n() g
— M.e2T Z ng - [Vch}E{Avh}E) ds
Ee&, ()
+ aM.e2T Z h,;l ng - [Vepl|g ng - [Vou g ds.
EE&L () =

The advantage of the C°IPDG approximation is that
the finite element space V}, can be used as well for the
spatial discretization of the implicitly in time discretized
equations (21) for the orientation angle and (27) for the
local degree of crystallinity. In particular, for the former
one we are looking for @} € V}, such that

(Oh" s vn)o,2 + (46)
Mo HT T (w(¢ ) (ke + [VOR*)2VOR, Vup)o,0
+ Moe3 T (2(d) ", OV ey 2 vn)o,0 =

©7 L un)o.,  vn € V.

On the other hand, the latter one amounts to the com-
putation of ¢;* € V}, such that

(&7 vn)o.0 + Myt (2T(a(V 63, OF) VR, Von)oo +
(47)

(r( ?70?—17@?)7%)079) = ()" " vn)o,2,  vh € Vi

The existence of solutions @}, ¢7*, and c}* of the fully
discretized equations (46),(47), and (44) can be shown
in a similar way as in the previous section.

Remark 4.1. The regularization parameter kg should be
chosen according to ke = O(h) in order to obtain the
same qualitative approximation properties as for the un-
regularized problem (cf..e.g., [5]).

5 Predictor corrector continuation strategy

The numerical solution of (44) ,(46), and (47) amounts
to the successive solution of three nonlinear algebraic
systems. We assume V3, = span{y1, - ,¢n, }, No € N,
such that

Np, Np, Np,
m __ m . mo__ m i mo__ m .
Oy = E T1,;%55 op = E Lo jPjs Ch = E T3 ;Pj-
j=1 j=1 j=1

Setting

— m m T -
X 7(1'7,',1"" ami,N;,,) ’ 1§Z§37

the algebraic formulation of (44),(46), and (47) leads to
the three nonlinear systems
Fuo(x] tm) =0, 1<k<3, (48)

where F, : RVr x RN x Ry — RN, 1 <k <3, and the
components Fy, ;,1 < i < Ny, are given by

Np
Fii(x(",tm) = Zij(¢j7@i)O,Q +
j=1
Np,
m m—1 m
M@HTTmle,j(w(ﬁ I(XT)Ve;, Voi)oo +
j=1
Np,
Moe3Trm(2(x5" ", x1") Y 2 'Vl 0io,e —
k=1
Np
> 2l e i),
j=1
Np,
Fai(x3',tm) = ngfj(%aﬁpi)o,(z +
j=1
Np,
My (37 a3 (alxg', xX) Vo3, Veoi)oo +
Jj=1
Np,
(r(x;”,X?‘17X?L)7wi)o,g) DL TR IR
j=1
Np,
Fy (x5 tm) = vag,y(@j,%)o,(z +
j=1
Np, Np,
T a7 (D akes,00) = D 255, ei)o.a:
j=1 j=1

where

Ny, Ny,
2(x3 x0T =200 2l o Y aher),
k=1 k=1

Np,

b(xT") = (ko +| Y 2 Viprl*) 712,
k=1
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Np Ny,
a(x5",x7") = a()_ @5y Veor, ) aier),
k=1 k=1

r(xg,xy X" =
Np,

Np Np
m m—1 m
T(E 2,k Pk> E T3k 901@'75 1R Pk)-
k=1 k=1 k=1

The nonlinear systems (48) can be solved by Newton’s
method, but the problem is the appropriate choice of
the time step sizes 7,1 < m < M, in order to guar-
antee convergence of Newton’s method. In fact, a uni-
form choice 1,,, = T/M only works, if M is chosen suf-
ficiently large which would require an unnecessary huge
amount of time steps. In particular, this applies to the
nonlinear system (48) for k = 1 reflecting the singular
character of the second order total variation flow prob-
lem. An appropriate way to overcome this difficulty is to
apply a predictor corrector continuation strategy with
an adaptive choice of the time steps (cf., e.g., [16,30]).
Given the triple (x7"~*, x5!, x5"™1), the time step size
Tm—1,0 = Tm—1, and setting £ = 0, where £ is a counter
for the predictor corrector steps, the predictor step for
(48) consists of constant continuation leading to the ini-
tial guesses

x"F = XL 1 <6 <3, by = bt T (49)

We set i = 1, where 1 < ¢ < 3 is a counter for the nonlin-
(m,k,v;) _

ear system. Setting further v; = 0 as well as x;

(m,k) - ) .
X; , for v; < viae, where vp,q, > 0 is a pre-specified

maximal number, the Newton iteration

Fé(xg'rn,k,ul)7tm)AXZ("m,k,Vl) _ —Fi(Xg’m’k’Vz),tm), (50)

Xgm-,k,l/i+1) _ Xng%Vi) + Axgm"k’yi)7 v; >0,

serves as a corrector whose convergence is monitored by
the contraction factor

m,k,v;
ey _ AXE|

T (51)
| Ax™ )|

k,v;
where Axgm’ i)

step

is the solution of the auxiliary Newton

F/l (X’Em,k,ui)7tm)Axgnz,k,Vi) _ Fl(xgm,k,untl)’tm).

(52)

If the contraction factor satisfies

1
2 b
we set v; = v; + 1. If v; > Vpas, both the Newton iter-
ation and the predictor corrector continuation strategy
are terminated indicating non-convergence. Otherwise,
we continue the Newton iteration (50). If (53) does not
hold true, we set k = k + 1 and the time step is reduced
according to

AR < (53)

V2-1

Tm,k—1, T’min)y
NV S |

(54)

T,k = max(

Ronald H.W. Hoppe and James J. Winkle

where T, > 0 is some pre-specified minimal time step.
If 7ok > Tmin, we set 4 = 1 and go back to the prediction
step (49). Otherwise, the predictor corrector strategy is
stopped indicating non-convergence. The Newton itera-
tion is terminated successfully, if for some v; > 0 the
relative error of two subsequent Newton iterates satisfies

”xgm,k,u;) . Xgm,k,u;‘—l) ”

n <e (55)
et

for some pre-specified accuracy ¢ > 0. In this case, we
set i = i+ 1. As long as i < 3, we continue with the
Newton iteration for the next nonlinear system. If i > 3,
we set

mo—x(MEYD <<, (56)

X4

and predict a new time step according to

k)0
Ty = min( min (vV2-1) HAXZ('m )”
me 1<i<3 9 A(m,k,0) | (m,k,0) my’
=059 2/, [[%; = x|l

amp) T,k
(57)

where amp > 1 is a pre-specified amplification factor
for the time step sizes. We set m = m + 1 and begin
new predictor corrector iterations for the time interval
[ty trmt1)-

6 Numerical results

We have applied the splitting scheme to two examples,
namely the crystallization of a single crystal (Example
1) and the crystallization of four single crystals with dif-
ferent orientation angles (Example 2). In both examples
the physical domain has been 2 = (0.8 um,0.8 um)?,
and we have chosen the same physical data, i.e., inter-
face free energy constants, temperature and mobilities,
constants for the Helmholtz free energy, and constants
for the anisotropy function s and the functions w and w
as displayed in Table 1 - Table 5.

For the finite element approximation we have chosen
a uniform grid of mesh width A, polynomial degree k,
penalty parameter o for the C°ITPDG approximation of
the Cahn-Hilliard type equation, and regularization pa-
rameter kg for the regularization of the second order
total variation flow problem as shown in Table 6. The pa-
rameters for the predictor corrector continuation strat-
egy are given in Table 7.

H
1.0-1073

€¢ Ec
3.0-10" | 40-107 53

Table 1. Physical data: Interface free energy constants.
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T Mo M, M.
298.15 | 1.0 | 1.0-10% [ 1.0-10 *

Table 2. Physical data: Temperature and mobilities.

WL BL T
4.0 9.15-1072 | 273.15

Table 3. Physical data for the Helmholtz free energy I.

Ws Bs T
4.0 —1.31-10"% | 343.15

Table 4. Physical data for the Helmholtz free energy II.

So ms wi, ws Ew Epr
0.04 4 0.5 005 [ 1.0-107° | 1.0-1073

Table 5. Physical data: Anisotropy function s, function w,
and function w.

Example 1. We consider the growth of a single crystal
which is initially occupying a subdomain {2y around the
center of the computational domain 2. The initial data
are given by

Q0 — 127, zxz€8
™ 11.04+0.05 7, elsewhere ’
x € Qo

g (10,
h ™1 0.0, elsewhere ’

0 _ 1.0 5 S QO

=1 0.5+ 0.05 , elsewhere ’

where the values for ©) and ¢ outside 2y are chosen
randomly.

Fig. 1. Example 1: Anisotropic growth of a crystal. Orien-
tation angle (top) and local degree of crystallinity (bottom)
at initial time t = 0 sec (left), at time ¢ = 2.07 - 1072 sec
(middle), and at time ¢t = 1.38 - 107! sec (right).

h k o Ko
8.8-10" 7 um 2 125 | 1.0-1073

Table 6. Computational data for the C°IPDG approxima-
tion: mesh width, polynomial degree, penalization parameter,
and regularization parameter.

Vmazx Tmin g amp
50 1.0-10°° [ 1.0-10°° 1.2

Table 7. Computational data for the predictor corrector con-
tinuation strategy: maximum number of Newton iterations,
minimum time step size, relative accuracy of Newton itera-
tions, and amplification factor for new time step size.

The initial configuration for @, and ¢y, is shown in Fig-
ure 1 (left), whereas Figure 1 (middle) and Figure 1
(right) display the values at the intermediate time t =
2.07 - 1072 and the time ¢t = 1.38 - 10~!. For O}, red’
represents the orientation angle 1.2 7w and for ¢, ’red’
and ’blue’ represent the local degrees of crystallinity 1.0
and 0.0, respectively. We see that the crystal grows in
time with a narrow interface featuring steep gradients,
in particular for the orientation angle which is typical
for second order total variation flow problems.

Fig. 2. Example 1: Anisotropic growth of a crystal. Ori-
entation angle (left), local degree of crystallinity (middle),
and concentration field (right) at initial time ¢ = 0 sec
(top), at time ¢t = 2.07 - 1072 sec (middle), and at time
t=1.38-10"" sec (bottom).

Figure 2 displays a top view of the three phase field
variables @y, ¢y, and ¢, at initial time ¢ = 0 (top), the
intermediate time ¢ = 2.07- 1072 (middle), and the time
t =1.38-107! (bottom). The coloring for ©, and ¢y, is
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Predictor-Corrector guided TimeStep

Time Step (scaled secs)

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
Iteration step

Fig. 3. Example 1: Performance of the predictor corrector
continuation strategy.

the same as in Figure 1. For the concentration ¢y, 'red’
indicates ¢, = 1.0 and ’blue’ stands for ¢;, = 0.0. As to be
expected, the region where ¢, = 1.0 increases according
to the growth of the crystal, whereas outside that region
we observe the typical spinodal decomposition for Cahn-
Hilliard type equations.

The performance of the predictor corrector continuation
strategy is shown in Figure 3 which displays the adap-
tively chosen time step sizes as a function of the itera-
tions. The appropriate choice of 7, is most critical for
the fully discrete © equation, since the original @ equa-
tion represents a very singular diffusion process. As it
turned out, the predicted time steps for the fully dis-
crete @ equation have been frequently rejected and sub-
sequently reduced by the adaptive algorithm, whereas
the then predicted time steps for the fully discrete ¢ and
¢ equations have been always accepted.

Example 2. We consider the growth of four single crys-
tals of different size and orientation which are initially
occupying subdomains §2;,1 < ¢ < 4, around the cen-
ter of the computational domain (2. The initial data are
given by

127, xz€f)
107, xeﬁg
@2: 087, z€fl,
067, x€fy

0.9+ 0.05 7 , elsewhere

¢0_ 1.0,$€Qi,1§i§4,
h=700, elsewhere

bl

0o _ 1.0, zcf
“h =) 0.540.05 , elsewhere

where the values for @2 and c?L outside U?zl 0; are cho-
sen randomly.

Figure 4 (left) shows the initial configuration for ©}, and
¢n, whereas Figure 4 (middle) and Figure 4 (right) dis-
play the values of these phase field variables at the in-
termediate time ¢t = 7.51 - 1072 sec and at the time
t = 1.54-107! sec. The coloring for the local crystallinity
¢, is the same as in Example 1. As far as the orientation
angle Oy, is concerned, 'dark red’, ’light red’, ’light blue’,

Ronald H.W. Hoppe and James J. Winkle

Fig. 4. Example 2: Anisotropic growth of four crystals of
different size and orientation. Orientation angle (top) and
local degree of crystallinity (bottom) at initial time ¢ = 0 sec
(left), at intermediate time ¢ = 7.51 - 10™2 sec (middle), and
at time ¢t = 1.54 - 107! sec (right).

and ’dark blue’ stand for 1.2 7, 1.0 m, 0.8 7, and 0.6 ,
respectively. We see the crystals grow in time (Figure 4
(bottom middle)) with the two bigger crystals merging
into each other (Figure 4 (bottom right)). The orien-
tation follows the crystal growth developing upper and
lower facets with narrow interfaces and steep gradients
in between (Figure 4 (top middle and top right)).
Figure 5 provides a top view of the three phase field
variables Oy, ¢y, and ¢ at the initial time ¢ = 0 sec
(top), at the intermediate times ¢ = 5.0- 1072 sec (below
top), t = 7.51-1072 sec (above bottom), and at the time
t = 1.54 - 107! sec (bottom). The coloring for ©;, and
¢p, is the same as in Figure 4 and the coloring for the
concentration c¢p, is the same as in Example 1.

Finally, Figure 6 displays the performance of the pre-
dictor corrector continuation strategy. We observe sig-
nificantly more reductions of the time step sizes as in
Example 1. In particular, strong reductions occur when
the domains merge into each other.

7 Conclusions

We have provided a numerical approach for the solu-
tion of a phase field model describing polycrystalliza-
tion processes in binary mixtures. The three pillars of
this approach are a splitting method in time, a finite
element discretization in space including a C°IPDG ap-
proximation of the Cahn-Hilliard type equation for the
concentration field, and a predictor corrector continua-
tion strategy for the numerical solution of the fully dis-
cretized problem. The numerical results illustrate that
the approach is capable to capture the essential features
of pattern formation in polycrystalline growth processes.
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