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A SPLITTING SCHEME FOR THE NUMERICAL SOLUTION OF
THE KOBAYASHI-WARREN-CARTER SYSTEM

R.H.W. HOPPE! AND J.J. WINKLE?

ABSTRACT. We consider a splitting method for the numerical solution of the
regularized Kobayashi-Warren-Carter (KWC) system which describes the
growth of single crystal particles of different orientations in two spatial di-
mensions. The KWC model is a system of two nonlinear parabolic PDEs rep-
resenting gradient flows associated with a free energy in two variables. Based
on an implicit time discretization by the backward Euler method, we suggest
a splitting method and prove the existence as well as the energy stability of
a solution. The discretization in space is taken care of by Lagrangian finite
elements with respect to a geometrically conforming, shape regular, simplicial
triangulation of the computational domain and requires the successive solution
of two individual discrete elliptic problems. Viewing the time as a parameter,
the fully discrete equations represent a parameter dependent nonlinear system
which is solved by a predictor corrector continuation strategy with an adaptive
choice of the time step size. Numerical results illustrate the performance of
the splitting method.

1. INTRODUCTION

The Kobayashi-Warren-Carter (KWC) system is an orientation field based multi-
phase field model describing the growth of single crystal particles of different ori-
entations in two spatial dimensions. It has been originally suggested in [19, 31] (cf.
also [25, 32]) and further studied in [14, 15, 16]. We refer to the monograph [25] for
further references. The KWC model is a system of two nonlinear parabolic PDEs
representing gradient flows associated with a free energy in two variables, namely
the orientation angle and the orientation order (local degree of crystallinity). In
particular, the equation with regard to the orientation angle is a second order total
variation flow. A mathematical analysis of the KWC system has been provided in
[11, 18, 21, 22] mainly focusing on results concerning the existence of a solution.
Splitting methods for the numerical solution of PDEs go back to the seminal work
[24] and have been further studied in [28] (cf. also the monographs [13, 30] and the
review article [20] as well as the references therein).

In this paper, we consider a standard regularization of the total variation flow
and focus on an approximation of the thus regularized KWC system by a splitting
scheme based on an implicit discretization in time by the backward Euler method.
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The splitting allows to treat the problems in the orientation angle and the orien-
tation order independently at each time step. We prove the existence and energy
stability of a solution. For discretization in space we use Lagrangian finite elements
with respect to a geometrically conforming, shape regular, simplicial triangulation
of the computational domain. Considering the time as a parameter, the fully dis-
crete nonlinear equations represent a parameter dependent nonlinear system which
is solved by a predictor-corrector continuation strategy (cf. [6, 17]). This strategy
consists of constant continuation as a predictor and Newton’s method as a corrector
and features an adaptive choice of the time step. Numerical results are provided
that illustrate the performance of the splitting scheme.

In this paper, we use standard notation from Lebesgue and Sobolev space theory
(cf., e.g., [29]) and the theory of functions of bounded variation (cf., e.g., [1, 7, 12])
and functions of weighted bounded variation (cf. [2]). In particular, for a bounded
domain Q C R?,d € N, we refer to LP(2),1 < p < oo, as the Banach space of p-th
power Lebesgue integrable functions on € with norm || - [|o p.o and to L>(£2) as the
Banach space of essentially bounded functions on 2 with norm || - ||p,c0,0. Given a
Muckenhoupt weight function w of class Ay, 1 < p < o0, [23, 27|, the space LP(;w)
is the Banach space of weighted p-th power Lebesgue integrable functions w on €2
with norm [|ullo p.w.0 = (fow|ulP dx)'/P.

Further, we denote by W*?(Q),s € Ry, 1 < p < oo, the Sobolev spaces with norms
|l - ls,p.0- We note that for p = 2 the spaces L*(Q) and W*2(Q) = H*(Q) are
Hilbert spaces with inner products (-,-)o2,0 and (-,-)s2.0. In the sequel, we will
suppress the subindex 2 and write (-,-)o,,(-;*)s,0 and || - |lo.. | - ||s,o instead of
()02, ()s2.0 and || - flo20, | - [s,2,0-

Moreover, for a Muckenhoupt weight function w of class A; we denote by BV (£2; w)
the Banach space of functions u € L!(Q;w) such that

var,u(Q) ;= sup {— /uV -q dr,q € C}(Q;R?),|q| <w in Q} < oo,
Q

equipped with the norm

HUHBV(Q;w) = ||u||0,1,w,§2 + var,u(Q).

2. THE KOBAYASHI-WARREN-CARTER SYSTEM

The Kobayashi-Warren-Carter system is an orientation field based multi-phase
field approach where the associated free energy functional is given in terms of an
orientation field ©, which locally describes the crystallographic orientation, and a
structural order parameter ¢, which is called the orientation order and describes
the local degree of crystallinity. For a bounded convex domain 2 with boundary
I' = 092 the free energy reads as follows:

(1) F©.0) = [ (570,07 [Vo] +9(6) do+ H [ w(e)|Ve) da.
Q

Q
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Here, the function s = s(n,7),n = (n1,72)" € R?, 7 € R, refers to the anisotropy
function

(2.2a) s(m,v) =14 sg cos(mg? — 27m7y),
71'/2 5 if m = 0,

(2.2b) - { arctan(xe, (n2/n1)) , otherwise

where 0 < s9p < 1 is the amplitude of the anisotropy of the interfacial free
energy, mg is the symmetry index (e.g., mg = 4 for fourfold symmetry), and
Xe, € C*(R),0 < g, < 1, is a smooth approximation of y(z) = |z|,z € R, with
Xeo (7) = Xx(2), 2] > €a, XL, (Fea) = £1,xI, (Fea) = 0, and x.,(0) = 0, e.g., we
may choose

o], |2| > eq
23 Xr) = _ _ 7r| ’
( ) Xaa( ) { 15 1$2*%5a3$4+%€a"936,|$|§€a

We note that 9 is related to the inclination of the normal vector of the interface
in the laboratory frame. The constant H > 0 stands for the free energy of the
low-grain boundaries. The function g is the quartic double-well function

1
(24) g(m) =3 n* (L=n)%,
and the function w is given by
e ,n<0
(25)  wm) =< e +22-3)n* —4(l—e)*+n*,0<n<1 , neR,
l—¢,,n2>1

where 0 < &, < 1, interpolating between (0,¢,) and (1,1 — &,). Moreover, the
constant H > 0 stands for the free energy of the low-angle grain boundaries. The
functions g and w have the following properties

(2.6a) g(n) >0, neR,
(2.6b) gr <wm) <l—¢g,, nekR.

The second integral in (2.1) has to be interpreted as the weighted total variation

(2.7) /w(¢)|V@| dx = var,©(Q), © € BV(Q;w).
Q

We note that the contribution of © to the free energy gives rise to a second order
total variation flow. An appropriate way to handle the difficulties associated with
that term is to provide a regularization by means of a regularization parameter
0 < ko < 1, i.e., instead of (2.1) we consider the regularized free energy

(2.8)
F(0.0) = [ (5(76.0)* [V +9(0)) du+ H [ w(6)(sa -+ (VO da,
Q

Q
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For the second integral in (2.8) we have (cf. [1, 10] for BV functions):

(2.9)
/w(qb)(/@@ + VO dz = varl®©)O(Q), © € BV (Q;w),
Q
Var((f@)@(ﬂ) =

Sup{/(—@v ca+rg (@) —la*)"? dz, g € CHLR?), |a] < w(@) in Q).
Q

We split the regularized free energy (2.8) according to

(2.10) F(©,¢) = F(©,9) + F?(0,9),
FO(©.9) = [ (s(96,0)7 Vo[’ +9(6)) d.
Q

F?(0,¢) :== Hvarre)0(Q).

Denoting by My > 0 and Mg > 0 the mobilities associated with the phase field
variables ¢ and ©, the dynamics of the crystallization process are given by the
evolution inclusion

90 sF)
(2.112) 57 tMo—5=(0,0) € — Mo 0oF*(0,0),

and the evolution equation

d¢ oF
2.11b — = — My —(0,0).
(2:1b) o= M, 550,09
Here, 6?—5) and %: are the partial Gateaux derivatives of F(') and F with respect
to © and ¢, whereas 9o F stands for the subdifferential of F(?) with respect to
O.

The phase field model (2.11a),(2.11b) can be formally written as an initial-boundary
value problem for a system of evolutionary partial differential equations consisting
of two nonlinear second order parabolic equations in © and ¢. We set a(n,v) =

(aij(n,7)): j=; with

(2.12)
ann(n,y) = aga(n,7) = s(n,7)%  a12(n,y) = —axn(n,y) = —S(n,v)%'

We further define

(213) £(6,0) i= Mos(V,0) “ 520

r(¢,0) :=g'(¢) + w'(¢)H (ke + [VOI*)/2,

Setting @ := Q x (0,T), ¥ := T x (0,T), where T > 0 is the final time, and
specifying appropriate boundary conditions and initial conditions for all phase field
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variables, the initial-boundary problem reads

00

(2.14a) 7 = Mo HYV - (w(9)(re + [VOI*)71/2V6) + 2(¢,0)| Vo *,
Qi) %= MY (a(V6,0)V6) - Myr(6,0), i Q

(2.14c) nr - w(¢)(ke + |[VO[>)"/2VO =0 on X,

(2.144) nr-a(Ve,0)Vp =0 on X,

(2.14e) ®(-,0) = 3", ©(-,0) =0° in Q.

A weak solution of (2.14a)-(2.14e) is a pair (O, ¢) with

(2.15a) 0 c WhH(Q) N L>(Q), % € L*(Q),

(2.15b) ¢ € WH2(Q) N L (Q), g‘f € L*(Q),

such that for all
v € WHHQ)NL®(Q), vy € WHE(Q) N L®(Q)

it holds
00 2\—1/2
(2.16a) " de+ H | Mew(¢)(ke + |VO[?) VO - Vv dx
Q
- [#(6.0)90P v dx =0,
Q
¢
(2.16b) Svado+ [ M, (a(ws, O)Veé - Vs + r(, @)ug) dz = 0.
Q Q
Remark 2.1. The mobilities Mg and Mg may depend on ¢ according to
(2.17a) My = M(6) = My(1 - w(9)), Mo >0,
(2.17b) Mo (¢) = xM(¢), x=0.5or x =0.05.

In this case, we replace Mg in (2.16a) by Mo(¢p) and My in (2.16b) by M(¢).

3. THE SPLITTING SCHEME

We consider a discretization in time with respect to a partition of the time
interval [0,T] into subintervals [t,—1,tm],1 < m < M, M € N, of length 7, :=
tm — tm—1. We denote by ©" and ¢™ approximations of ©® and ¢ at time t,, and
discretize (2.16) implicitly in time by the backward Euler method: Given @m_l

V(Q;w(¢™ 1)) and ™1 € WH2(Q),1 < m < M, compute O™ € BV (Q;
and ¢™ € W12(Q) such that it holds

(1)
(3.1a) O™ — 0" + Moy, 5§® (O™, ¢™) € —Mgdo FP (O™, ¢™),
§F
(3.1b) " — " = —MyT—— (O™, ¢™).

oo
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The splitting scheme for the solution of (3.1) is such that we first compute O™ € V
as the solution of

SFM
(32a) O™ —O@™ !4 Mo —o—(07,¢" 1) € ~MeoTmde F@ (@™, ¢ 1),
and then compute ¢™ € W12(Q) satisfying
_ OF o m
(3:2b) P — " = *M¢Tm%(@ ™).

We will prove that both (3.2a) and (3.2b) have a solution by showing that the
equations are the necessary optimality conditions of unconstrained minimization
problems admitting local minimizers. We begin with (3.2a) and we introduce the
energy functional

(3.3) F™m () :

1
5”6 - @m_1||(2),§2 + Tm Fl(@a¢m_1)7

F1(97¢m—1) = HM@ V&I’gﬂ(zzn,l)@(ﬂ) +

Mo [ (s(V6m 1 @27 P 4 (6" 1)) da.

Q

Theorem 3.1. The energy functional F{™"™™ : V — R has a local minimizer O™ &
V, e,

(3.4) F () = inf FI"™ (),

Proof. We first show that the energy functional F™"™ is coercive on V. We have

1 . 1 1,
(35) S10 =030 > Ll0l3 0 — 510" 3.

Moreover, observing (2.2), we get

(3:6) Mo [ (V6" ©2(Tm I do 2 Mo(l - so)? [V6™ [
Q
Combining (3.5) and (3.6) gives
m,T, 1 K
(37 F"(0) 2 18l q + HMern varl o)., 0(Q) +

2
0,0

_ m— 1 e
Mol = 50| 6"} g+ Mar [ g(6™ 1) do 3 6m|
Q
from which we conclude, observing BV (Q;w(¢™ 1)) C L?*(Q;w(¢™ 1)) C L3(Q)
and varl(j(zzn,l)@(ﬁ) > var,(gm-1)0(Q).
The functional F;(0,$™ 1) is not convex in ©. We split it according to
Fi(0,¢™ 1) = F11(0,¢" ") + F12(0,¢™ 1),
where F 1(0,¢™ 1) and Fy 2(0,¢™ 1) are given by

F11(0,¢™7") i= HMe var'"S), ., 0(9),

Fia(®,6"™ 1) i= Mo [ (s(V6™ 1 00Vem 1+ 96" ) da,

Q
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and we define
M, Tm 1 m— m—
(3-8) Fym(©):=3[0-6 Y50+ mm Fra(0,6™71)

To prove the existence of a local minimizer, let (©,)nen, O, € V,n € N, be a
minimizing sequence. Due to the coercivity of F 1”71’7"", the sequence is bounded and
hence, there exist N' ¢ N and ©™ € V such that for N 3 n — oo it holds (cf.
Theorem 5.1 in [2])

(3.9a) 0, — 0™ in LI1(Q,w(@™)),1 < q¢< 2,
(3.9b) 0, — 0™ in L*(Q).

In view of (3.9a) we have the following semicontinuity property (cf. Theorem 3.2
in [2])

(3.10) varl®) L 0™(Q) <lim  inf varie) ,10,(9).

omt) N'3n—o0 w(em=1)
Further, it follows from (3.9b) that

(3.11) [©™ — 0™ ! o < lim inf [|©, - 0" 3 -
N'3n—o0

Due to the continuity of s we also have
Mes(Vo™™1,0,)* = Mes(Ve™ ™', 0™)?

almost everywhere in € as N" 3 n - oco.

Moreover, the sequence {Mgs(V¢™ 1, 0,,)2[Ve™ 1|2} v~ is uniformly integrable
and Mgs(Ve™™1,0™)2|Ve™ 12 € LY(Q). The Vitali convergence theorem (cf.,
e.g., [26]) yields

(3.12) Flp(@™,¢™ ) = lim  F12(0,,¢™").

N’ 3n—o00
Hence, (3.10)-(3.12) imply
(3.13) Flm"r’"’ (™) < lim infn_>OOF1m’Tm (©n),

which allows to conclude. O

Next, we consider the energy functional
M, Tm 1 m— m
(3.14) F(9) = 5 Mo = 6™ Hla + i Fa(07, 0),

F(07,0) 1= My [ (5(76.07)7 [Vo +9(0)) di +
Q
HM, vargi(zzn)@m(ﬁ).

Theorem 3.2. For sufficiently small sy > 0, the energy functional Fy ™™ : W12(Q) —
R has a local minimizer o™ € WH2(Q), i.e.,

My Tm (4T : My Tm
(3.15) Fy (¢™) = ¢€V%/I}f2(ﬂ) Iy (¢)-
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Proof. We first show that the functional F"™™ is coercive on W%(Q): By Young’s
inequality we find

1 _ 1 1
(3.16) 3 ¢ — ¢ g > 1 18l15.0 — 3 6™ 13-

Further, we take advantage of (2.6) to conclude

M, Tm 1 1 m—
B17)  FT(8) = Myer(1 = 50)* 1| VeIl + 7140150 — 5 6™ 5.0-

The functional F»(©™, ¢) is not convex in ¢, but it can be split into a convex part
F51(©™, ¢) and non-convex part Iy 2(©™, ¢) according to

1
Faa(67,0) = 5 6= 6" o + 7o [ 5(V6.07V6? da.
Q
Fy (0™, ¢) := My / 9(6) dz + Mgvar’s), O™ ().
Q

The convexity of the first part [[¢—¢™ 1|3 /2 of F21(0©™, ¢) is obvious. As far as
the convexity of the second part is concerned, for fixed v € R we define g; € C?(R?)

by
g1(n) = (1 + socos(msd — 2m7)))*(nf +113), 1= (m.12) € R,
where 9 is given by (2.2b). Computing the second partial derivatives 82g; /dn?,1 <
i <2, and 0291 /(0n1012), it can be shown that for sufficiently small sy the Hessian
of g1 is positive definite, i.e., there exists a > 0 such that
2 g
OniOn;

&&= ol forall £ = (&,&)" € R
ij=1
In order to prove the existence of a local minimizer let {¢, }n, ¢ € WH2(Q), be a

minimizing sequence, i.e., it holds

(3.18) VT (o) — ¢€V[i/r}f2(g) EV(¢9)  (n— o0).

Due to the coercivity of F;"™™ the sequence {¢, }y is bounded in W12(2). Hence,
there exists a weakly convergent subsequence, i.e., there exist N’ C N and ¢™ €
Wh2(Q) such that ¢, — ¢™ (N 3 n — co) in WH2(Q). The Rellich-Kondrachev
theorem implies strong convergence in LP(Q2) for any 1 < p < oo and hence, for
some subsequence N’ ¢ N we have

¢n — ¢ almost everywhere in ) as N’ 3>n— .
Due to the continuity of ¢ and w, we also have
g(pn) = g(¢™) almost everywhere in 2 as N’ 3n— oo,
w(dn) = w(¢™) almost everywhere in Q as N 3 n — oo.
The sequence {Myg(¢n)},en is uniformly integrable and Mgyg(¢™) € L'(9).

Again, the Vitali convergence theorem implies

(3.19) M¢/g(¢n) dr — My /g(¢m) dr as N" 3 n — oco.
o) )
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Moreover, since w(¢,) — w(¢™) almost everywhere in © as N’ 5 n — oo, we have

(3.20) vargzzl)@m(Q) — varg?‘;zn)@m(Q) as N 3 n — oc.

Obviously, the functional F 1(©™, ) is continuous on W12(Q2) and thus lower semi-
continuous. As we have shown before, it is convex and hence, it is weakly lower
semicontinuous. This gives

(321) ngl(@m, ¢m) S hm ian”Bn_)ooF271(®m, ¢n)
Now, (3.18),(3.19),(3.20), and (3.21) imply that (3.15) holds true. O

We show that each time step the splitting scheme leads to a decrease of the regu-
larized free energy.

Theorem 3.3. The splitting scheme is energy stable with respect to the reqularized
free energy (2.8), i.e., it holds

(3.22) F(O™,¢™) < FO™ 1 ¢m 1) m>1.
Proof. From Theorem 3.1 and Theorem 3.2 we deduce
(323) (O™ = L0 — 0" MR + m Ry (O, 6
< B = B (07 67,
(B235) ) = S6m — 6m R + T F(O7, 67)
< EPT(¢MT) = 1 Fp (07, 9™,
Moreover, in view of (2.10),(3.3), and (3.14) we have
(3.24a)
Fi(0™,¢"7!) = MeF(O™,¢™7 1)) and F(0™,¢™71) = MyF(O™,¢™ 1)),
(3.24D)
Fil(O"71¢" ™) = Mg F(0™ ™1, ¢™™h)) and  Fp(0™,¢™) = MgF (6™, ¢™)).
From (3.24a) we deduce that
(325) R(O".6") = T2 P66 )
It follows from (3.23a),(3.23b), and (3.25) that
(3.26)  TWF2(0M,¢™) < FyVT(¢™) < 1 Fo(O, ™7 =
My

M¢, —1 m,T, 1 —1712
m m — yTm my _ m o m <
PO 6" = (Fr @) — Sllem —em g ) <

M¢ m,T, M¢ -1 -1

7F yTm 67”« < miF C_)Tn , m .
M@ 1 ( ) =T M@ 1( (b )

In view of (3.24b), (3.22) is a consequence of (3.26). O

Remark 3.1. Theorem 3.1 and Theorem 3.2 provide the existence of a solution of
the splitting scheme, but do not imply uniqueness due to the presence of the non-
convez parts Fy 2(0,¢™ 1) and Fp2(0™, ¢) of F"™™(0) and Fy""™ (¢). However,
for related problems such as the Allen-Cahn and the Cahn-Hilliard equation, epitax-
ial thin film models, and the phase field crystal equation, convex-concave splittings
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of the energy functionals have been suggested that guarantee both uniqueness of a
solution and energy stability (cf. [3, 4, 8, 9] and the references therein). Similar
convez-concave splittings

F1,2(67 ¢m—1) = F1,2(97 (bm_l) + Fl,Q(ea ¢m—1)7
F2,2(®m7 (b) = FQ,Q(G)W? ¢) + F2,2(®m7 ¢)

into strongly convex parts F172(@,¢m*1),15272(®m,¢) and concave parts ]3'172(@,
d™ 1), Fy2(©™, ¢) can be applied here as well according to

Fi2(0,6™7Y) = F12(0,¢™ 1) 4+ G12(0,¢™ 1), F12(0,6™ 1) = —~G12(0,¢™ ),
Fop(0™,¢) = Fan(O™,¢) + Gan(O™, ¢), Fao(O™, @) = —Gaa(O™, ),

where G12(0,¢™™ 1) and Go2(0™, ¢) are appropriately chosen strongly convex
functions in © and ¢, respectively. The splitting scheme based on the convex-
concave decomposition reads

SF) o

m _ qm-—1 m m-—1
O™ — O™ 4 Mo, —52(O", ") €
2)gm ,m—1 5F172 m—1 m—1
— MommOeF'9 (0™, 0" ") — MoTm 56 (© , ),
m m— 6F7 +F, m o m 6F7 mom—
¢ - ¢ ! + MqﬁTm ( 2 15¢ 2 2) (@ ’¢ ) = _M¢Tm 6;2 (C—) 7¢ 1)'

For sufficiently smooth time-discrete phase field varibales ©™ and ¢™, the optimal-
ity conditions (3.1a),(3.1b) can be written as the following two individual elliptic
boundary value problems

(3.27a) O™ — HMo,,V - (w(¢™ H(ke + |[VO™[>)71/2v0™) —
Tmz(¢" ™) VOT P =™ inQ,
(3.27b) nr - (W™ Y (ke + |VO™?)"V2VO™) =0 onT,
and
(3.28a) ¢ — My, V - (a(Ve™, 0™)Ve™) +
MyTmr(¢™,0™) = ¢™ 1 in Q,
(3.28b) nr-a(Ve™,0m)Ve™ =0 onT.

A weak solution of (3.27a),(3.27b), and (3.28a),(3.28b) is a pair (O™, ¢™) with
O™ € WHHQ)NL>® () and ¢™ € WH2(Q)NL> () such that for all v; € WHL(Q)N
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L>(Q) and vy € WH2(Q) N L>°(Q) it holds

(3.292) (@™, v1)0.0+ HTm / Meow(¢™ V) (ke +|VO™A)~Y2VO™ . Vo, da
Q
- Tm/z(¢g@*1,@z¢)|v¢hm*1|2 or da = (071, v1)o.0,
Q
(3.29b) (o1, v2)0.0 + Tm/MqﬁCL(V(bzn, O )Vor' - Vg dx
Q

+ Tm/M¢T(¢m7@m) vg dx = (¢m71,v2)o,9-
Q

4. DISCRETIZATION IN SPACE AND NUMERICAL SOLUTION OF THE FULLY
DISCRETIZED SYSTEM

For discretization in space of the implicitly in time discretized and split KWC
system (3.2a),(3.2b) we assume T5,(2) to be a geometrically conforming, shape
regular, simplicial triangulation of the computational domain 2. Denoting by
Py(K),k € NJK € Tp(Q), the linear space of polynomials of degree < k on K,
we refer to

Vi = {U}L S C(Q) | ’Uh|K S Pk(K),K S 771(9)}

as the finite element space of continuous piecewise polynomial Lagrangian finite
elements (cf., e.g., [5]). Then, in case of variable mobilities (2.17a),(2.17b), the
finite element approximation of (3.2a),(3.2b) reads as follows (cf. (3.29a),(3.29b)):
Given gb};”fl, find ©}*, ¢3* € V}, such that for all v, € Vj, and wy, € V}, it holds

(4.12) (OF,vn)o.0 + Hrm(Me (6w (e ") (ke + [VOR?)~/>VOR, Vun)o o
— T (2(d7 L, OV 2 vn)o.0 = (71 un)o.a,

(4.1b) (&7, wn)o.0 + T (M (@)~ )a(Ve5, O3 )V L, Vvn o0
+ T (M (@7 (o), O1), w00 = (871 wh)o,0-

Remark 4.1. We note that the discrete splitting scheme (4.1a),(4.1b) is such that
it requires the successive solution of two individual discrete elliptic equations.

The numerical solution of (4.1a) and (4.1b) amounts to the successive solution of
two nomnlinear algebraic systems. We assume V,, = span{y1, - ,¢n, }, Nn € N,
such that

Np, Np,
m __ m, m __ m, ..
h—EejQDJ’ h—E¢jS03-
Jj=1 Jj=1

Setting @™ := (O, -+, 0% )T and ®™ := (¢7",--- , ¢}, )7, the algebraic formu-
lation of (4.1a) and (4.1b) leads to the two nonlinear systems
(4.2a) F(@™,&" ' t,)=0,

(4.2b) Fo(@™, ™ t,,) = 0.
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Here, Fj, : RMr x RVr x Ry — R™» and the components Fji,1 <i< Ny, are given
by

Ny,
F (@™, & ' t,)= 29;” (@), @i)o,n +
j=1
Nh Nh
Hrp > 07 (Mo(®™ Mw(®™ ) (ko + | Y O Ver|*) Ve, Veioa
Jj=1 k=1
— T (2(2™7 Ler |Z‘I)m 1v¢k| ,#i)o Z@m ! (@5 ¢i)o.
k=1
and
Fp (O™, @™ 1,,) Z¢ (05, Pi)os +
Np,
T Y _ T (M (2™ )a(®™,0™)V;, Vi)oo +
Np,
Tin(M(@™ r(@™,0™),0:)0.0 — Z o7 (0, 00)0.0,
j=1
where
Nh
Mo(®™71) = Mo(D_ " ton), M(2™7Y) Z¢
k=1
Np, Ny Np,
(B ) = w3 o), (@M = (3ol 3O
k=1 k=1 =

a(®@™,em): Zo:m@k,Z@wk r(®",0M): Z¢k¢k729kwk

The nonlinear systems (4.2a) and (4.2b) can be solved by Newton’s method, but the
problem is the appropriate choice of the time step sizes 7,,, 1 < m < M, in order to
guarantee convergence of Newton’s method. In fact, a uniform choice 7,,, = T/M
only works, if M is chosen sufficiently large which would require an unnecessary
huge amount of time steps. In particular, this applies to (4.2a) reflecting the sin-
gular character of the second order total variation flow problem. An appropriate
way to overcome this difficulty is to consider (4.2a),(4.2b) as parameter dependent
nonlinear systems with the time as a parameter and to apply a predictor corrector
continuation strategy with an adaptive choice of the time steps (cf., e.g., [6, 17]).
Given the pair (@™ !, &™) the time step size Tm—1,0 = Tm—1, and setting k = 0,
where k is a counter for the predictor corrector steps, the predictor step for (4.2a)
consists of constant continuation leading to the initial guesses

(43) emk — @m- 1 tm = tm—1+ Tm—1,k-
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Setting v1 = 0 and O™ *¥) = @R for 11 < Vpaw, Where Vpmas > 0 is a
pre-specified maximal number, the Newton iteration

(44) F/((,_)(Tn,k,yl)7 q>m717 tm)A(_)(m,k,ul) - _ F1(®(m,k,u1)’ i’mfl’ t'm);
@(mkn+l) _ g(mkur) | A(..)(m,]fﬂﬁ)7 v >0,
serves as a corrector whose convergence is monitored by the contraction factor

A@ k1) |
4.5 A(m,kﬂjl) — H ,
(4.5) o |A@mEn)|

where A®™F¥1) ig the solution of the auxiliary Newton step
(4.6)  F (@mkr) gm=1 3 YAk — _F (@mkntD em—l ¢

If the contraction factor satisfies

1
(4.7) AgT < 3,
we set v1 = v1 + 1. If v1 > Ve, both the Newton iteration and the predictor
corrector continuation strategy are terminated indicating non-convergence. Other-
wise, we continue the Newton iteration (4.4). If (4.7) does not hold true, we set

k =k + 1 and the time step is reduced according to

V2 -1

. Tm,k—laTmin)7
VAAGPY 41—

where T,,;, > 0 is some pre-specified minimal time step. If 7., 1 > Tpnin, We go back
to the prediction step (4.3). Otherwise, the predictor corrector strategy is stopped
indicating non-convergence. The Newton iteration is terminated successfully, if for
some vj > 0 the relative error of two subsequent Newton iterates satisfies

(4.8) T,k = max(

||®(m,k,uf) _ @(m,k,uf -1) ||

(4.9) <e

e

for some pre-specified accuracy € > 0. In this case, we proceed with the prediction
step (4.10) below.

The predictor step for (4.2b) also consists of constant continuation leading to the
initial guesses

(4.10) ) —@ml =t T

Setting v9 = 0 and HUmkv2) <I>(m’k), for v < Vpmas, the Newton iteration

(4.11) F;(G(m’k’yl*), ‘I>m’k’y2,tm)Aq)(m’k’W) - _ FQ(@(MJ%VT), q)m,k=1/27tm)’
q’(m,k,l/2+1) _ @(771,]{2,1/2) 4 A@(m,k‘,llg), vy Z O7

again serves as the corrector with the convergence monitored by the contraction
factor

A<I>(m’k’”2)||
4.12 A(m’k’u2) — H 7
( ) @ ||A<I>(m’k’l/2)||

where AP ™ *2) ig the solution of the auxiliary Newton step

(413) :Flz((__)(m,,k,uf)7 (I,m,k,l/g’ tm)A@(m,k,vg) — 1?2(@)(m,k,yf)7 q)m,k,u2+17 tm)
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If the contraction factor satisfies

1
4.14 Almke) o 2
(114) ¢ ;
we set o = vy + 1. If 19 > Ve, both the Newton iteration and the predictor
corrector continuation strategy are terminated indicating non-convergence. Oth-
erwise, we continue the Newton iteration (4.11). If (4.14) is not satisfied, we set

k =k + 1 and the time step is reduced according to

V2 -1

\/(—) Tm,k—1, Tmin)-
ANV 41— 1
[

If 7ok > Timin, We go back to the prediction step (4.3) for (4.2a). Otherwise, the
predictor corrector strategy is stopped indicating non-convergence. The Newton
iteration is terminated successfully, if for some v > 0 the relative error of two
subsequent Newton iterates satisfies

(4.15) T,k = max(

||<I,(m,k,u2*) _ mkvi—1) I

(4.16) (@R <e.
In this case, we set
(417) oM — @(m,k,uf)’ P — q,(m,k,ug)
and predict a new time step according to
(4.18)
(V2D AR (/2 1) [ARCHO)|
Tm:mln< o k0) 0 Tk 0) o ,a) T,k
2080 [0 E0 — @ 2AT Y @R — 9|

where o > 1 is a pre-specified amplification factor for the time step sizes. We
set m = m + 1 and begin new predictor corrector iterations for the time interval
[tmv tm+1] .

5. NUMERICAL RESULTS

We have implemented the splitting scheme (4.1a),(4.1b) along with the predictor
corrector continuation strategy (4.3)-(4.18) for two examples showing the isotropic
and anisotropic growth of four single crystals. In the first example, four crystals
with different orientation angles are initially located around the four corners of the
computational domain 2 (cf. Figure 1 below). In the second example, two pairs of
crystals with pairwise different orientation angles are initially located inside € (cf.
Figure 2 below).

The material data, namely the free energy of the low-grain boundaries H (cf. (2.1)),
the mobility My (cf. (2.17a)), the mobility related parameter x (cf. (2.17b)), the
amplitude of the anisotropy of the free energy sg, and the symmetry index mg (cf.
(2.2)) are given in Table 1.

The computational domain has been chosen as the square 2 = [0.0 pum, 0.8 um]?.
The computational data further include the grid size h (in pm) of the uniform
simplicial grid €, with right isosceles, the polynomial degree k of the Lagrangian
finite elements, the parameters ¢, and ¢, (cf. (2.2a) and (2.5)), and the data a, &,
Vmaz, and T, for the predictor corrector continuation strategy (4.3)-(4.18). These
data are given in Table 2.
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H \ My \ X So Mg
Example 1 | Example 2 | Example 1 | Example 2
1.0-107°] 20.0 | 0.1 0 0.04 - 1
TABLE 1. Material data.
h k €a Er o £ Vmax Tmin
129-107%2] 2 0.1 [[1.0-1073] 1.2 [1.0-1073 50 1.0-1075

TABLE 2. Computational data.

Example 1: We consider the isotropic growth (i.e., s = 0) of four single crystals
with different orientation angles. The initial orientation angles ©¢y and the initial
local degree of crystallinity ¢ are given as follows (cf. Figure 1 (top)):

1.2
1.0

dark red) around the right upper corner,
light red) around the right lower corner,
0.87 (light blue) around the left lower corner,

0.67 (dark blue) around the left upper corner,
0.9 £ 0.057 randomly chosen elsewhere.

o

The four crystals grow along the curvature and start to impinge on each other with
the star-shaped area of local degree of crystallinity ¢ = 0 shrinking (cf. Figure
1 (middle)). This process continues as can be seen in Figure 1 (bottom) which
displays the orientation field © (bottom left) and the local degree of crystallinity
(bottom right) shortly before complete crystallization has settled in.

O =

Py

1.0 (dark red) around the four corners,
0.0 (dark blue) elsewhere.

Example 2: In this example we consider the anisotropic growth (s = 0.5) with
fourfold symmetry (msy = 4) of two pairs of crystals with pairwise different orien-
tations initially located inside the computational domain €2 as shown in Figure 2
(top). In particular, the initial orientation angles ©g and the initial local degree of
crystallinity ¢y are given as follows:

1.257 (dark red) for the pair of crystals on the right,
0.757 (dark blue) for the pair of crystals on the left,
1.0 £ 0.057 randomly chosen elsewhere.

~

We see the crystals grow and impinge attaining a quadratic cross section according
to the fourfold symmetry (cf. Figure 2 (middle)). Again, this process continues
such that almost at the end of the process there are only two orientations with one
narrow grain boundary separating the two orientations (cf. Figure 2 (bottom left)).

O =

1.0 (dark red) for the two pairs of crystals,
0.0 (dark blue) elsewhere.
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o B
» B
R

FiGURE 1. Example 1: Isotropic growth of four Crystals s0 = 0)
at initial time ¢ = 0 sec (top), at time ¢t = 7.4 - 1072 sec (mlddle)
and at final time ¢ = 9.3-107! sec (bottom). Left: Local orientation
field ©. Right: Local degree of crystallinity ¢.
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FiGure 2. Example 2: Crystallization of four crystals with
anisotropy (so = 0.5,symmetry index ms; = 4) at initial time
t = 0 sec (top), at time ¢ = 2.40 - 1072 sec (middle), and at fi-
nal time ¢ = 2.04 - 107! sec (bottom). Left: Local orientation field
O. Right: Local degree of crystallinity ¢.

17
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«10™
24 -

s  Predictor-Corrector guided TimeStep

221 ||

Time Step (scaled secs)

1] 1 2 3 4 5 E 7
Iteration step <10

FiGURE 3. Example 2: Performance of the predictor corrector con-
tinuation strategy. Adaptive choice of time steps 7,,.

The adaptive choice of the time steps 7,,, by means of the predictor corrector contin-
uation strategy (4.3)-(4.18) has been shown to be very beneficial for the numerical
solution of the nonlinear systems (4.2a),(4.2b). As expected, the appropriate choice
of 7,, is most critical for the fully discrete © equation (4.2a), since the original ©
equation (2.14a) represents a very singular diffusion process. As it turned out, both
for Example 1 and Example 2 predicted time steps for the fully discrete © equation
have been frequently rejected and subsequently reduced by the adaptive algorithm,
whereas the then predicted time steps for the fully discrete ¢ equation have been
always accepted. For Example 2, the adaptive choice of the time steps is displayed
in Figure 3.
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