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Abstract
Mitral valve regurgitation (MR) is a disorder of the heart in which the mitral valve does not close
properly. This causes an abnormal leaking of blood backwards from the left ventricle into the left
atrium during the systolic contractions of the left ventricle. Noninvasive assessment of MR using
echocardiography is an ongoing challenge. In particular, a major problem are eccentric or Coanda
regurgitant jets which hug the walls of the left atrium and appear smaller in the color Doppler
image of regurgitant flow. This manuscript presents a comprehensive investigation of Coanda regurgitant jets and the associated intracardiac flows by using a combination of experimental and
computational approaches. An anatomically correct mock heart chamber connected to a pulsatile
flow loop is used to generate the physiologically relevant flow conditions, and the influence of
two clinically relevant parameters (orifice aspect ratio and regurgitant volume) on the onset of
Coanda e↵ect is studied. A two parameter bifurcation diagram showing transition to Coanda jets
is obtained, indicating that: (1) strong wall hugging jets occur in long and narrow orifices with
moderate to large regurgitant volumes, and (2) short orifices with moderate to large regurgitant
volumes produce strong 3D flow features such as vortex rolls, giving rise to the velocities that
are orthogonal to the 2D plane associated with the apical color Doppler views, making them “invisible” to the single plane color Doppler assessment of MR. This is the first work in which the
presence of vortex rolls in the left atrium during regurgitation is reported and identified as one of
the reasons for under-estimation of regurgitant volume. The results of this work can be used for
better design of imaging strategies in noninvasive assessment of MR, and for better understanding
of LA remodeling that may be associated with the presence of maladapted vortex dynamics. This
introduces a new concept in clinical imaging, which emphasizes that the quality and not only the
quantity of regurgitant flow matters in the assessment of severity of mitral valve regurgitation.
Key words: Mitral valve regurgitation, echocardiography, Coanda e↵ect.

1. Introduction
Mitral valve regurgitation (MR) is a disorder of the heart in which the mitral valve does not
close properly. This causes an abnormal leaking of blood backwards from the left ventricle, through
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the mitral valve, into the left atrium during the systolic contractions of the left ventricle. MR is
the most common form of valvular heart disease [25]. Mitral valve regurgitation can lead to atrial

(a) Central regurgitant jet

(b) Eccentric regurgitant jet

Figure 1: 2D color Doppler image of (a) central regurgitant jet flowing from the left ventricle (LV) to the left atrium
(LA) and (b) eccentric regurgitant jet known as Coanda e↵ect, hugging the walls of the left atrium.

arrhythmias, pulmonary artery hypertension, congestive heart failure and death. The decision to
proceed with surgical valve repair or replacement is based on an assessment of symptoms and
valve regurgitation severity. The primary tool to assess the severity of MR is echocardiography
[42, 24, 16]. Color Doppler imaging is used to provide a color display of blood flow direction and
velocity within an area sampled by pulse-wave Doppler. This “map” of blood flow velocities is
used to quantify MR severity. However, because these color Doppler displays represent velocities,
and not regurgitant volume (RV) of blood, there are significant, although often unrecognized,
limitations to their use. All color Doppler maps are subject to image angle limitations. Moreover,
the magnitude and rate of blood pressure change can profoundly a↵ect these velocity displays.
Despite the publication of extensive guidelines by the American Society of Echocardiography [42,
24], accurate and reproducible assessment of regurgitant volume (RV) using echocardiography is
an ongoing challenge [20].

Figure 2: Coanda e↵ect in aerodynamics. The figure shows a cross-section of a wing (in orange) and airflow (streamlines) around the wing at two di↵erent “attack angles”. The hugging of the wing by the airflow jet, i.e., Coanda
e↵ect, is partially responsible for lift in aerodynamics. The stronger the Coanda e↵ect, the stronger the lift (bottom
figure).

The main challenges stem from estimating RV in eccentric regurgitant jets. Fig. 1(a) shows an
example of a 2D color Doppler image of a central jet, i.e. a regurgitant jet located in the center
2

(a) Flow loop

(b) 3D rendering of the chamber

Figure 3: (a) Pulsatile flow loop containing the mock heart chamber and (b) 3D rendering of the mock heart
chamber. In subfigure (b) we see: left atrium (a), pulmonary veins (b), ultrasound windows (c, f, h), leaky valve (d),
left ventricle (e), ascending aorta (g).

of the left atrium, while Fig. 1(b) shows a 2D color Doppler image of an eccentric jet, i.e., a
jet which “hugs” the mitral leaflet and atrial wall. Eccentric jets are known in echocardiography
as Coanda jets, i.e., the jets undergoing Coanda e↵ect, a phenomenon that is described in the
scientific literature as the tendency of a fluid jet to be attracted to the nearby surface [39, 41]. The
principle was named after Romanian aerodynamicist Henri Coanda, who was the first to recognize
its practical application in airplane lift design in 1910. See Fig. 2. Only recently Coanda e↵ect was
recognized as one of the biggest challenges in echocardiographic assessment of mitral regurgitation:
the eccentric, wall-hugging, non-symmetric regurgitant jets appear smaller in the color Doppler
image of regurgitant flow than the central jets with the same regurgitant volume [42, 11]. This may
lead to a gross under-estimation of regurgitant volume by inexperienced cardiovascular observers
[11, 3]. As a result, patients who may need medical or surgical therapy may be left untreated.
Despite the large cardiovascular and bioengineering literature reporting on the Coanda e↵ect
in echocardiographic assessment of mitral regurgitation, there is very little connection with the
fluid dynamics literature that could help identify and understand the complex flow features during
mitral valve regurgitation and how they influence color Doppler assessment of MR. In this paper, we
make a first step in this direction by carefully investigating the flow conditions in an anatomically
correct mock imaging heart chamber simulating the flow conditions during systole when the flow
regurgitates from the left ventricle to the left atrium across a regurgitant mitral valve. Our study
combines the mathematical (computational) and experimental approaches.
Our experimental studies were performed on an anatomically correct mock (left) heart chamber
developed at the Houston Methodist DeBakey Heart & Vascular Center [18] to study the use of
2D and 3D color Doppler techniques in imaging the clinically relevant complex intra-cardiac flow
events associated with MR jets [18, 19]. See Figure 3(b). The chamber consists of a mock left
ventricle and a mock left atrium which are connected through an orifice mimicking a regurgitant
mitral valve. Details of the interior of the mock heart chamber are shown in Sec. 4 in Fig. 11. The
chamber is connected to a pulsatile flow loop shown in Figure 3(a).
We investigated the influence of two clinically relevant parameters: the orifice aspect ratio
(OAR), and regurgitant volume (RV), on the flow conditions in the left atrium, and on the estimation of severity of MR using 2D color Doppler echocardiography. We focused on eccentric
regurgitant jets. The two clinically relevant parameters can be associated with two mathematically relevant flow parameters (non-dimensional parameters): the orifice aspect ratio (OAR) and
the Reynolds number (Re). To obtain the detailed flow velocity field in the mock heart chamber,
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and regurgitant volume, we utilized computational fluid dynamics. All the computational results
presented in this article have been performed using LifeV [1], an open source library of algorithms
and data structures for the numerical solution of partial di↵erential equations with high performance computing techniques. In [27, 2], the Navier-Stokes solver used in this paper was successfully
validated by the authors against experimental data up to Reynolds number 5000, which includes
turbulent flows. In our previous works [31, 30], we showed that, once validated, computational
models provide detailed, point-wise information about the quantities that are used in echocardiographic assessment of MR, thereby providing information that can be used to tune and refine the
already existing diagnostic imaging protocols, or to design new protocols.
Using this software we first investigated flow conditions in a 2D contraction-expansion channel
that lead to Coanda e↵ect in 2D. More precisely, the 2D contraction-expansion channel consists of
two rectangular chambers separated by a contraction mimicking an orifice. See Fig. 4(a). For a given
aspect ratio of the channel, we investigated how an increase in the Reynolds number influences
the transition from a central jet to an eccentric, Coanda jet. A bifurcation diagram describing the
onset of Coanda e↵ect is obtained. This is presented in Sec. 3.1. These results were compared with
the already existing results in literature, showing excellent agreement [32]. This was an additional
validation of our computer simulations applied to studying flows through contraction-expansion
channels.
Next, we designed the corresponding 3D symmetric contraction-expansion channel and studied
the influence of the third dimension on the formation of Coanda e↵ect. This is presented in Sec. 3.2.
The 3D results in the stylized 3D contraction-expansion channel were then used as a guidance
to study the flow conditions in the anatomically correct 3D mock heart chamber consisting of
two sub-chambers, the anatomically correct left ventricle and the left atrium, separated by an
orifice mimicking a regurgitant mitral valve. We studied the influence of regurgitant volume and
orifice aspect ratio on the formation of Coanda e↵ect in the anatomically correct left atrium, and
analyzed the detailed intra-cardiac velocity vector field and how it influences 2D color Doppler
assessment of MR. The results of this study are presented in Sec. 4. Various mathematically and
clinically relevant conclusions were obtained. We show, among other things, that Coanda e↵ect in
the left ventricle occurs for orifices with larger aspect ratios (e.g., width:length=1:10) and larger
regurgitant volumes (e.g., RV = 31 ml/beat). Furthermore, we show that orifices with smaller
aspect ratio (e.g., width:length= 1:3.3 or 1:2.5) and larger regurgitant volumes (e.g., RV = 31
ml/beat) generate flows in the left atrium with significantly more pronounced 3D flow features
than orifices with larger aspect ratio. In those situations doughnut-shaped vortex rolls appear at
the end of the regurgitant jet, influencing the flow in the entire left atrium. The strong 3D features
of such flows give rise to velocities orthogonal to the 2D plane associated with the apical color
Doppler views. This makes large portions of the flow “invisible” to the single plane color Doppler
assessment of RV, giving rise to under-estimation of the regurgitant jet area. This is the first
work in which the presence of vortex rolls in the left atrium during regurgitation is reported and
identified as one of the reasons for under-estimation of regurgitant volume. While the role of vortex
dynamics in the left ventricle has been studied by several authors, see e.g., [10, 28], the role of
vortex dynamics in the left atrium during regurgitation is, however, completely unexplored. The
results of this work can be used for better design of imaging strategies in noninvasive assessment of
MR, and for better understanding of LA remodeling that may be associated with the presence of
maladapted vortex dynamics in the left atrium. Thus, we are introducing a new concept in clinical
imaging, which emphasizes that the quality and not only the quantity of regurgitant flow matters
in the assessment of severity of mitral valve regurgitation.
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2. Problem definition
The motion of an incompressible viscous fluid in a spatial domain ⌦ over a time interval of
interest (0, T ) is described by the Navier-Stokes equations
✓
◆
@u
⇢
+ (u · r)u
r· =f
in ⌦ ⇥ (0, T ),
(1)
@t
r·u=0

in ⌦ ⇥ (0, T ),

(2)

where ⇢ is the fluid density, u is the fluid velocity,
the Cauchy stress tensor and f the body
force. For Newtonian fluids has the following expression
(u, p) =

pI + 2µ✏(u),

where p is the pressure, µ is the fluid dynamic viscosity, and ✏(u) = (ru + (ru)T )/2 is the strain
rate tensor. Equations (1)-(2) need to be supplemented with initial and boundary conditions:
u = uD on @⌦D ⇥ (0, T ),

·n=g

(3)

on @⌦N ⇥ (0, T ),

(4)

in ⌦ ⇥ {0},

u = u0

where @⌦D [ @⌦N = @⌦ and @⌦D \ @⌦N = ;.
The Reynolds number can be used to characterize the flow regime. We define the Reynolds
number as
UL
Re =
(5)
⌫
where U is a characteristic velocity within a geometry of characteristic length L (usually, hydraulic
diameter) and ⌫ = µ/⇢ is the fluid kynematic viscosity. The Reynolds number can be thought
of as the ratio of inertial forces to viscous forces. For large Reynolds numbers, inertial forces are
dominant over viscous forces and vice versa.
2.1. Discretization
We approximate in time equations (1)-(2) by the backward di↵erentiation formula of order 2
(BDF2 [33]) and we linearize the convective term by an extrapolation formula of the same order.
Given t 2 R, let us set tn = n t, with n = 0, ..., NT and T = NT t. Problem (1)-(2) discretized
in time reads: given un , for n 1, find the solution (un+1 , pn+1 ) of the system:
⇢

3un+1

r · un+1

4un + un
2 t
=0

1

+ ⇢(2un

un

1

) · run+1

r · (un+1 , pn+1 ) = 0

in ⌦,

(6)

in ⌦.

(7)

For the space discretization, we introduce a conformal and quasi-uniform partition Th of ⌦
made up of a certain number of tetrahedra. Since we use direct numerical simulations (DNS), it is
essential that the flow field is properly resolved, i.e. Th is sufficiently refined. We will use inf-sup
stable finite element pair P2 -P1 . For more details concerning the discretization of the NavierStokes problem, we refer, e.g., to [36]. Even though the semi-implicit treatment of the convective
term in eq. (6) does not guarantee the unconditional stability in time of the numerical scheme,
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careful selection of time step and mesh size yields stable solutions without the need for numerical
stabilization techniques. Thus, we do not use any stabilization for the convective term.
Let us denote by M the mass matrix, K the di↵usion matrix, N the matrix associated with
the discretization of the convective term, and B the matrix associated with the discretization of
the operator ( r·). The linearization and full discretization of problem (1)-(2) yields the following
system
3
M un+1 + µKun+1 + ⇢N un+1 + B T pn+1 = bn+1
,
u
2 t
Bun+1 = 0,
⇢

(8)
(9)

where un+1 and pn+1 are the arrays of nodal values for velocity and pressure. The array bn+1
u
accounts for the contributions of solution at the previous time steps and the contribution that the
boundary nodes give to the internal nodes.
Set C = ⇢ 2 3 t M + µK + ⇢N . We can rewrite (8)-(9) in the form
Axn+1 = bn+1 ,

(10)

where
A=



C
B

BT
0

,

xn+1 =



un+1
pn+1

,

bn+1 =



bn+1
u
0

.

(11)

At every time level tn+1 , to solve system (10) we use the left preconditioned GMRES method.
As preconditioner, we use an upper-triangular variant of the pressure corrected Yosida splitting
[8, 38] given by

2 t
C
BT
P =
, H=
M 1 , S = BHB T .
(12)
0 S(S + BH(µK + ⇢N )HB T ) 1 S
3⇢
See also [34, 35, 9] for more details.
The Navier-Stoker solver described in this section is implemented in LifeV and it is validated
up to Reynolds number 5000 [27, 2]. The validation showed that a properly refined mesh is able
to capture accurately the average flow features observed in the experiments performed by the U.S.
Food and Drug Administration [13].
3. The Coanda e↵ect in contraction-expansion channels
To better understand the mechanisms that are responsible to the onset of Coanda e↵ect in the
human heart, we first consider the flow through a “stylized” contraction-expansion channel in 2D
and 3D, see Fig. 4. The contraction-expansion channels consist of an inlet chamber, a contraction,
and an expansion (outlet) chamber. The flow enters thorough in into the inlet chamber, passes
through the contraction, and exists through the expansion chamber and the boundary out located
far downstream from the contraction. As we shall see below, di↵erent aspect ratios of the important
geometric parameters, and di↵erent flow conditions described by the Reynolds number, give rise to
di↵erent flow patterns in the expansion chamber, including Coanda e↵ect. The important geometric
parameters are:
• w–contraction width
6

• W –expansion chamber width
• H–expansion-contraction channel depth in 3D.
The purpose of this section is two-fold: one is to show the sequence of events that leads to Coanda
e↵ect, and the corresponding flow conditions in the expansion chamber as the Reynolds number
increases, and the other is to validate our solver against the results reported in [26].
in

out

(a) 2D geometry

(b) 3D geometry

Figure 4: (a) 2D and (b) 3D contraction-expansion channel.

Our flow simulations were performed by supplementing Eqs. (1)-(2) with the following boundary conditions: parabolic velocity profile at the inlet in , stress-free boundary condition at the
outlet out , and the no-slip condition on the rest of the boundary. The chamber upstream of the
contraction and the expansion chamber need to be long enough so that the flow is fully established
when it reaches both the contraction and the outlet section. We made sure that this was the case,
as explained in e.g. [32]. The fluid is initially at rest. A time marching algorithm is used to approach
the steady-state solution.
3.1. The 2D symmetric chamber
The flow in the 2D geometry shown in Fig. 4(a) can be seen as the limiting case of a 3D flow
in the domain shown in Fig. 4(b) for channel depth H tending to infinity. For the 3D problem,
the characteristic length L is given by the hydraulic diameter of the contraction channel, i.e.
L = 2Hw/(H +w), thus the corresponding Reynolds number (5) for the 3D contraction-expansions
channel is given by:
⇢U 2Hw
Re3D =
.
(13)
µ H +w
By letting H ! 1 in eq. (13), we define the Reynolds number for the corresponding 2D problem
Re2D = 2

⇢U w
.
µ

(14)

For characteristic velocity U in (14), we take the average velocity in the contraction channel.
So, if we denote by Umax the maximum velocity in the contraction channel and assume that the
contraction channel is long enough to have a fully developed parabolic velocity profile, we have
U = 2Umax /3. In the numerical simulations, we set Umax = 1 and we change the value of the
viscosity to achieve di↵erent Reynolds number flow regimes.
The geometry under consideration in [26] has upstream and downstream channel width W = 4,
and contraction width w = 0.26. Thus, the expansion ratio = W/w is 15.4. The length of the
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contraction Lc is set to 2. In this domain, we simulate the flow for di↵erent Reynolds numbers
(ranging from 0.01 to 71.3) to examine the onset of the Coanda e↵ect.
In Fig. 5, we report the streamlines for the flow at four di↵erent values of Re2D . For sufficiently
small value of Re2D (e.g., 0.01) a steady symmetric flow is observed. Mo↵att eddies form (see
[23]) close to the corners both upstream of the contraction and downstream of the expansion.
See Fig. 5(a). As the inertia e↵ects of fluid become more important, the Mo↵att eddies upstream
of the contraction gradually diminish in size and two recirculation regions of equal size develop
downstream of the contraction. We see in Fig. 5(b) that the flow at Re2D = 7.8 has lost the
symmetry about the vertical axis, while the symmetry about the horizontal axis is maintained.
As the Reynolds number increases, flow symmetry about the central line is initially maintained
(see [7, 4]), while above a certain critical Reynolds number denoted by Resb , a steady asymmetric
solution is observed (see [6, 37]). As we see in Fig. 5(c), which corresponds to Re2D = 31.1, one
downstream recirculation zone expands while the other shrinks.

(a) Re2D = 0.01

(b) Re2D = 7.8

(c) Re2D = 31.1

(d) Re2D = 71.3
Figure 5: 2D contraction-expansion channel, expansion ratio = 15.4: streamlines for the flow at Reynolds numbers
(a) Re2D = 0.01, (b) Re2D = 7.8, (c) Re2D = 31.1, and (d) Re2D = 71.3. The streamlines are colored with the
velocity magnitude, with blue corresponding to 0 and red corresponding to 1.

This asymmetric solution remains stable for a certain range of Re2D and asymmetries become
stronger with the increasing Reynolds number, as shown in [22]. The formation of stable asymmetric
vortices in 2D planar expansion is attributed to the Coanda e↵ect (see [41]): an increase in velocity
near one wall will lead to a decrease in pressure near that wall and once a pressure di↵erence is
established across the channel it will maintain the asymmetry of the flow.
Reference [14] explains the loss of symmetric stability as a result of the interaction between the
e↵ects of viscous dissipation, the downstream convection of perturbations by the base symmetric
flow, and the upstream convection induced by 2D asymmetric disturbances. The small perturbations will lead to one of two possible asymmetric solutions, which are the reflected image of each
other with respect to the domain symmetry axis.
The value Resb of the Reynolds number for which the flow loses symmetry has been identified
for di↵erent expansion ratios . In particular, it was found that Resb decreases with increasing
8

value of (see [6, 37, 32]).
A further increase in Reynolds number generates a third vortex downstream on the side of the
smaller primary vortex, as the enlarged one grows and pushes the jet even closer to the wall; see
Fig. 5(d).
Fig. 5 is in good qualitative agreement with [26]. For a quantitative agreement, we report the
bifurcation diagram in Fig. 6, which shows the e↵ect of Reynolds number on the length of the
recirculation zones formed downstream of the expansion. This bifurcation diagram is identical to
the one presented in [26], which validates our 2D simulations. The lengths in Fig. 6 (r1 to r4 , as
marked in Fig. 5(d)) are normalized with respect to the downstream channel width W . As in [26],
the critical Reynolds number for the symmetry breaking Resb was found to be approximately 28.5,
which is in good agreement also with the results in [22]. In fact, reference [22] considers = 16 and
obtains a critical Reynolds number of 27.5, which is very close to what we get. At Re between 41
and 42, the third vortex appears. Thus, our results are in excellent agreement with other results
independently published in fluids literature, and they show the basic features of Coanda e↵ect,
which we will continue to see in more complex 3D flows.

Figure 6: Bifurcation diagram for the geometry shown in Fig. 4(a) with expansion ratio

= 15.4.

3.2. The 3D symmetric chamber
The stability analysis of the solution of the Navier-Stokes equations by direct flow simulation
to characterize the asymptotic behavior of the solution can be extremely expensive in terms of
computational time, especially in 3D. In [29], we developed Reduced Order Modeling techniques
to reduce the demanding computational costs associated with the flow stability analysis in 3D
geometries. In this section we use those techniques to show how the flow changes when the Reynolds
number and the contraction-expansion channel geometry vary.
In 3D geometry reported in Fig. 4(b), the critical Reynolds number for the symmetry-breaking
varies with the expansion ratio and the aspect ratio:
AR =

9

H
,
w

as shown in [4, 5, 26, 29]. Here, we can think of H as the orifice length, and w the orifice
height/width, and AR describing the orifice aspect ratio. This will be used as one of the parameters in Sec. 4 where 3D flows in the mock heart chamber are studied. When the expansion
ratio of the channel is fixed and the aspect ratio decreases, the influence of the surrounding
chamber walls becomes more important as 3D flow e↵ects become more significant. Those are the
contractions (“orifices”) for which the 3D depth, described by H, is small relative to the contraction (“orifice”) width w. For such flow regimes it was shown experimentally in [5, 26], and then
theoretically in [17], that symmetry breaking and transition to wall hugging jets occurs at larger
critical Reynolds numbers Resb . It is only for very large aspect ratios, i.e., for “orifices” that are
long and narrow, that 3D flow though contraction-expansion channels resembles the corresponding
2D flow, as shown by the numerical studies in [40]. We will see later very similar behavior in the
anatomically correct mock heart chamber and physiologic orifices.
To characterize the flow in 3D contaction-expansion channels, we introduce the normalized
channel depth H defined by:
H=

H
AR
=
.
H +w
AR + 1

Note that H = 1 is the limiting case of infinite channel depth, which corresponds to the 2D
configuration in Fig. 4(a). The Reynolds number for 3D flows defined in (13) can be written in
terms of H as
⇢U w
Re3D =
2H.
µ
Let us consider = 15.4, as in the previous section. In order to show the sequence of events
as the Reynolds number is increased when the aspect ratio is fixed, we set AR to 1.6398 which
corresponds to H = 0.6210. In Fig. 7, we display the streamlines on the vertical mid-plane for
di↵erent values of the Reynolds number Re3D . At Re3D = 0.01, the 3D flow looks similar to
the 2D flow (compare Fig. 7(a) with Fig. 5(a)) but it features smaller Mo↵att eddies. As the
Reynolds number increases, “lip vortices” form, as shown in Fig. 7(b). This is in agreement with
the observations in [26] and references therein. The size of the lip vortices increases as Re3D
increases and once they reach the corner, the vortices continue to grow in the downstream direction.
See Fig. 7(c), and (d). By convention, once they expand in the downstream direction they are
called “corner vortices”. Notice that the flow downstream of the expansion is symmetric up to
Re3D = 76.8, while asymmetries in 2D (i.e., for H = 1) arise around Re2D = 28.5.
Keeping the expansion ratio fixed to = 15.4, we consider now di↵erent values of H. Fig. 8, 9,
and 10 show the streamlines for the flow associated to H = 0.2085, H = 0.6210, and H = 0.9517
for a small value, a medium value, and a large value of Re3D 2 [0.01, 90]. In particular, compare
the solutions for Re3D = 90 (leftmost panel in Fig. 8, 9, and 10). They clearly show that at low
values of H the symmetry breaking bifurcation is pushed to higher values of Re3D due the vertical
walls. The strong three-dimensional e↵ects appearing for low aspect ratios inhibit the wall-hugging
e↵ect observed in geometries with high aspect ratios at the same Reynolds number.
Based on the results presented in Sec. 3.1 and 3.2, we conclude that eccentric mitral regurgitant
jets are produced by long (large H) and narrow (large ) orifices, and for larger Reynolds numbers.
Our hypothesis is that mathematical Coanda e↵ect occurs in mitral valves in which the leakage,
i.e., regurgitation, occurs along a large section of the coaptation zone, rather than at an isolated
point, leading to a possibly significant regurgitant volume.
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(a) Re3D = 0.01

(b) Re3D = 27.8

(c) Re3D = 45

(d) Re3D = 76.8

Figure 7: 3D contraction-expansion channel for = 15.4 and H = 0.6210: streamlines on the vertical mid-plane (see
figure 4(b)) for (a) Re3D = 0.01, (b) Re3D = 27.8, (c) Re3D = 45, and (d) Re3D = 76.8.

Figure 8: 3D contraction-expansion channel for
= 15.4 and H = 0.2085: streamlines for Re3D = 0.01 (left),
Re3D = 23 (center), and Re3D = 90 (right). The figure shows vertical mid-plane cut.

Figure 9: 3D contraction-expansion channel for = 15.4 and H = 0.6210: streamlines for Re3D = 0.01 (left), (b)
Re3D = 13 (center), and Re3D = 90 (right). The figure shows vertical mid-plane cut.

Figure 10: 3D contraction-expansion channel for
= 15.4 and H = 0.9517: streamlines for Re3D = 4.5 (left),
Re3D = 27 (center), and Re3D = 90 (right). The figure shows vertical mid-plane cut.
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4. 3D simulation of flow in mock heart chamber with physiological orifices
One of the goals of this study is to understand the details of complex flow conditions associated
with eccentric regurgitant jets in the physiologically relevant scenarios, and understand how they
may influence the echocardiographic assessment of severity of mitral valve regurgitation. For this

Figure 11: Geometry of the mock heart imaging chamber.

purpose, we use the flow results in the 2D and 3D symmetric contraction-expansion chambers,
discussed above, as a motivation to understand the flow propertiescs through a physiologically
relevant orifice in an anatomically correct heart chamber, shown earlier in Fig. 3, produced at
the Methodist DeBakey Heart and Vascular Institute [15]. The mock chamber consists of a mock
left ventricle and left atrium, which are connected via an orifice mimicking a regurgitant mitral
valve. The interior of the chamber is shown in Fig. 11. The chamber was connected to a pulsatile
flow loop generating realistic flow conditions, i.e., realistic trans-orifice pressure gradients during
systole when mitral valve regurgitation is clinically significant. This means, in particular, that
the generated flow travels backward from the left ventricle to the left atrium, which in the flow
loop needs to be driven by the inlet data located in the left ventricle, and outlet data in the left
atrium. The role of the inlet in our experiments is played by the mock ascending aorta connected
to the left ventricle, see Fig. 11, and the role of the outlet, located in the left atrium, is played
by the four mock pulmonary veins, as shown in Fig. 11. Since eccentric regurgitant jets that are
associated with under-estimation of regurgitant volume typically occur in prolapsed mitral valves,
we manufactured orifices that mimic those. A sketch of a prolapsed valve is shown in Fig. 12. Three

Figure 12: Sketch of a prolapsed mitral valve.

prolapsed orifices with di↵erent aspect ratios were manufactured using a 3D printer. See Fig. 13.
The orifices are all rectangularly shaped, with the height equal to 1mm and widths equal to 10mm,
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(a) Orifice 1:10

(b) Orifice 1:3.33

(c) Orifice 1:2.5

Figure 13: Orifices with three di↵erent aspect ratios. The arrow shows flow direction.

3.33mm and 2.5mm. They will be referred to as orifices with the aspect ratio 1:10, 1:3.33, and
1:2.5.
The flow in the mock heart chamber was simulated computationally, and the results of the
simulations were compared with the echocardiographic image of regurgitant flow, and with in
vivo trans-orifice pressure data. Since echocardiography does not provide detailed and precise
information about flow, computer simulations were used to analyze point-wise velocity and flow
conditions associated with regurgitant flows in the mock left atrium as two medically relevant
flow parameters are varied: the regurgitant volume and regurgitant orifice size. They are related to
two mathematically relevant, non-dimensional parameters: the Reynolds number and orifice aspect
ratio. These two sets of parameters can be depicted in the same ”bifurcation diagram”, shown in
Fig. 19, discussed in Sec. 4.2. Our findings are presented below.
4.1. Details of numerical strategy and validation
As mentioned above, the computational domain consists of mock left ventricle and mock left
atrium connected by an orifice that mimics a leaky prolapsed mitral valve, see Fig. 13. The “gap”
between two fixed “leaflets”, i.e., the orifice, has a rectangular shape.
The mock chamber is discretized in space using a mesh of tetrahedra. We generated unstructured (non-uniform) meshes in order to capture the fine flow structures in di↵erent parts of the
domain. In particular, the mesh gets finer near the orifice to resolve the details of the flow field.
Meshes with di↵erent level of refinement were tested to guarantee that the simulation is mesh
independent. In Table 1, we report the details of the meshes used for the simulations in Fig. 19.
The name of the mesh refers to the simulation number and the level of refinement. Fig. 14 shows
mesh Sim3.fine together with the dimensions of the heart chamber.
Fluid enters the computational domain through one inlet, which represents the ascending aorta,
and it leaves the computational domain through four separate outlets, which represent the pulmonary veins. A flow rate was prescribed at the inlet (obtained from experimental measurements)
and normal stress at the outlet. The results that we present below for validation purposes were
obtained with the inlet flow rate data shown in Fig. 15(a) and with the stress-free outlet boundary
condition. We imposed a time dependent parabolic velocity profile at the inlet producing the flow
rate in Fig. 15(a). The rectangular orifice with 1:10 aspect ratio, shown in Fig. 13(a), was used in
the validation simulations. The regurgitant volume associated to this flow rate data is 31 ml per
beat (mild-to-moderate MR). On the rest of the domain, a non-slip boundary condition is enforced.
This validation test corresponds to Case 3 in Fig. 19.
The density and the viscosity of the fluid are ⇢ = 1 g/cm3 and µ = 0.035 poise, respectively.
The peak velocity magnitude averaged over the orifice section is around 554 cm/s and the hydraulic
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Table 1: Meshes used for the simulations in Fig. 19. The name of the mesh refers to the simulation number and the
level of refinement. The average mesh size is in cm.

Mesh Name
Sim1.medium
Sim1.fine
Sim2.medium
Sim2.fine
Sim3.medium
Sim3.fine
Sim4.medium
Sim5.fine

Number of Element
2.05 ⇥106
2.26 ⇥106
2.02 ⇥106
2.39 ⇥106
1.81 ⇥106
2.81 ⇥106
2.01 ⇥106
5.41 ⇥106

Average Mesh Size
0.184
0.168
0.183
0.155
0.185
0.142
0.183
0.135

Velocity DoF / Pressure DoF
8.73 ⇥106 / 0.38 ⇥106
9.54 ⇥106 / 0.41 ⇥106
8.55 ⇥106 / 0.37 ⇥106
9.98 ⇥106 / 0.43 ⇥106
7.84 ⇥106 / 0.34 ⇥106
11.8 ⇥106 / 0.52 ⇥106
8.49 ⇥106 / 0.37 ⇥106
22.56 ⇥106 / 0.99 ⇥106

Figure 14: Mesh Sim3.fine with the dimensions of the mock heart chamber.

(a) Flow rate

(b) Transorifice pressure gradient

Figure 15: Experimentally measured hemodynamic conditions: (a) flow rate (L/min) and (b) pressure di↵erence
across the orifice (mmHg).
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diameter of the orifice is 0.18 cm. Plugging these values into (5), we get a Reynolds number of
around 2850. The time step that was used for the simulation with this Reynolds number was
t = 0.0002. All the computational results presented in the rest of this section refer to mesh
Sim3.fine (see Table 1).
The computational simulations were carried out by using the computing resources from Center
for Advanced Computing and Data Systems (CACDS) at the University of Houston and Texas
Advanced Computing Center (TACC) at the University of Texas at Austin. The Maxwell cluster
at CACDS is a 3712-core cluster and each node has 64 GB memory (16 cores for each node and
4 GB memory for each node). The simulations presented here used 16 cores for each node with
a total of 256 cores. At TACC we used the Stampede cluster. Each node has two Xeon E5-2680
processors and one Intel Xeon Phi SE10P Coprocessor. The simulations presented here used a total
of 800 cores with 2 GB for each core.
We ran our computer simulations with the given, i.e., measured, inlet and outlet data, as
specified above, and recorded the trans-orifice pressure gradient obtained from our computer simulations. The trans-orifice pressure gradient was then measured in the mock heart chamber using
pressure transducers, and compared with our computer simulation results. Fig. 15(b) shows the
comparison between the two, showing excellent agreement.

Figure 16: (a) Eccentric regurgitant jet. Left: A slice through the 3D mock heart chamber of the numerically
computed y-component of the velocity in the yz-plane at time t = 1.24 s. Right: A 2D Doppler echocardiographic
image of the regurgitant jet in the mock heart chamber at t = 1.24 s. The two sub-figures have the same color scale:
50 cm/s to 50 cm/s. Conic distortion in the right panel occurs due to the use of convex array transducer.

To compare the numerically calculated regurgitant jet with the one measured using 2D color
Doppler, we plot the computed regurgitant jet velocity in the direction aligned with the direction
of the ultrasound, i.e., we plot the y-component of the fluid velocity in the yz-plane, as shown in
Fig. 16 (left). A comparison between the two is shown in Fig. 16. In comparing the results shown
in Fig. 16 left and right, one needs to take into account that the Doppler image is obtained by
a convex array transducer. Thus, the image looks wider with increasing depth (fan shape). The
reason why convex arrays transducers are used instead of linear array transducers (which produce
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rectangular images easy to look at) is that convex array transducers have lower frequencies and
more penetration. This is a clear advantage in clinical examinations. By taking this information
into account, we can conclude that the jet shape and wall hugging in both panels looks very close.
Additionally, the range of velocities (in the y-direction) is the same in both figures, which is between
50 cm/s and 50 cm/s. Furthermore, notice how in both figures there is a dark blue region near
the center of the mock left atrium indicating the flow direction away from the transducer, i.e., in
the negative y-direction. This indicates the presence of a large vortex, as we shall see below.

(a) y-component of the velocity

(b) Isovelocity Surface (Parasternal View)

(c) Isovelocity Surface (Apical View)

Figure 17: Views of the regurgitant jet at time t = 1.24 s: (a) y-component of the velocity in the yz-plane, with
the color scale from 50 cm/s to 50 cm/s; (b) Parasternal View and (c) Apical View of the isovelocity surface
corresponding to 30 cm/s.

A further inspection of the ultrasound Doppler image in Fig. 16 (right) shows that there is a
region near the orifice plate that contains light blue color, indicating some backward flow. This light
blue color is superimposed over the yellow and red flow regions, indicating positive flow. Indeed,
we can observe the same behavior in the numerically simulated flow if we plot the 3D isovelocity
surfaces, shown in Fig. 17. More precisely, panels (b) and (c) in Fig. 17 show that the Coanda jet
hits the side wall of the atrial chamber and produces a splash with backward flow aligned with the
walls of the chamber. Moreover, from Fig. 17(a) it appears that there is a small vortex shown in
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blue at the corner where the orifice plate meets the atrial chamber wall. This corresponds to the
small vortices on the left side of the Coanda jet in the 2D simulation of Coanda e↵ect, shown in
Fig. 5 (d).
Finally, as shown earlier in the stylized simulations of 2D and 3D Coanda e↵ect, we expect
to see a large vortex in the middle of the chamber that “pushes” the regurgitant jet toward the
wall. Indeed, Fig. 18 (right) shows a 2D cut in the yz-plane of the velocity vector field inside the
mock heart chamber indicating a large vortex pushing the regurgitant jet closer to the atrial wall.
The short arrows in this figure indicate flow in the direction orthogonal to the yz-plane. Indeed, in

Figure 18: Regurgitant jet at time t = 1.24 s. Left: x-component of the velocity in the yz-plane. The red dot in LV
shows the location of the inlet. Right: velocity vector field colored by the velocity magnitude.

Fig. 18 left we plot the x-component of the velocity, i.e., the component orthogonal to the yz-plane.
Interestingly enough, we see vortex-shaped regions of red/yellow and blue flow, i.e., forward and
backward flow moving toward and away from the viewer. This is a signature of a doughnut-shaped
vortex roll. The velocity vector field colored by the magnitude of the velocity, shown in Fig. 18
right, shows a more clear depiction of the vortex roll located in the mock left atrium (LA). This
is the first finding of a vortex roll associated with regurgitant Coanda jets in the left atrium. The
role of vortex dynamics in the left ventricle has been studied by several authors, see e.g., [10, 28].
It has been postulated in [28] that maladapted intracardiac vortex dynamics might modulate the
progressive remodeling of the left ventricle towards heart failure. The role of the vortex dynamics
in the left atrium is, however, completely unexplored.
To gain a deeper understanding of the formation of Coanda jets, vortex rolls, and their influence
on echocardiographic assessment of MR, we continue our study by analyzing di↵erent types of flows
that occur as we vary two clinically relevant parameters: regurgitant volume and orifice size. They
are related to two non-dimensional mathematically relevant parameters: the Reynolds number and
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Table 2: Orifice size, regurgitant volume (RV), Reynolds number, mesh, and number of cores for every simulation
under consideration.

Simulation
1
2
3
4
5

Orifice
1:2.5
1:3.33
1:10
1:10
1:3.33

RV (ml/beat)
7.75
10.3
31
10.3
31

Re
2850
2850
2850
950
8550

Mesh Name
Sim1.fine
Sim2.fine
Sim3.fine
Sim4.medium
Sim5.fine

CPUs (cores)
800
800
800
256
800

orifice aspect ratio, that describe the clinically interesting scenarios of regurgitant flow in the left
atrium. We present our results next.
4.2. A 2-parameter study of 3D regurgitant flow
We present a 2-parameter study of 3D flow through “regurgitant” orifices. Two mathematically
equivalent sets of parameters are going to be considered:
• The orifice aspect ratio, and
• Regurgitant volume
and the corresponding non-dimensional parameters:
• The orifice aspect ratio, and
• Reynolds number.
By increasing regurgitant volume with fixed orifice aspect ratio (orifice size), the Reynolds
number increases.
As mentioned earlier, we consider 3 di↵erent orifices. They all have the same height: 1mm,
while the widths are: 10mm, 3.33 mm, and 2.5 mm, resulting in three orifices with aspect ratios
1:10, 1:3.33, and 1:2.5. See Fig. 13. Furthermore, we varied the inflow velocity to obtain 3 di↵erent
regurgitant volumes: 31 ml/beat, 10.3 ml/beat, and 7.75 ml/beat. Five simulations were performed:
Case 1, Case 2, Case 3, Case 4, and Case 5. The corresponding parameters are reported in Fig. 19.
Cases 1, 2, and 3, which sit on the diagonal in the graph in Fig. 19, all have the same Reynolds
number: Re = 2850. Case 4, which is below the diagonal, has a smaller Reynolds number: Re=950,
and Case 5, which is above the diagonal, has a larger Reynolds number: Re=8550. Detailed data
associated with each simulation is reported in Table 2.
For each of the simulations in Table 2, we ran two complete systolic cycles and we compared
the regurgitant jet at the time of peak flow rate during the second cycle (t = 1.24 s).
Detailed plots of the y-components of velocity for all 5 cases are shown in Fig. 20. Also, small
images containing the y-components of velocity for each case are inserted in the parameter space
diagram shown in Fig. 19. For better viewing the large plots in Fig. 20 are organized in the same
order as they appear in Fig. 19.
The plots of the corresponding velocity vector fields superimposed over the velocity magnitude
for each of the five Cases are shown in Figs. 21–25. There are several mathematically relevant
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Figure 19: Parameter space showing five di↵erent simulations (Cases). The corresponding Reynolds number are:
Case 1: Re=2850; Case 2: Re=2850; Case 3: Re=2850; Case 4: Re=950; Case 5: Re=8550. The vertical axis denotes
regurgitant volume relative to RV=31 ml/beat. Relative RV of 1/3 corresponds to RV=31/3=10.3 ml/beat, and
relative RV of 1/4 corresponds to RV=31/4=7.75 ml/beat. The horizontal axis correspond to the relative orifice
width with respect to the orifice width of 10mm and aspect ratio 1:10. The numbers 1/4 and 1/3 correspond to the
orifices if width 2.5 mm and 3.33 mm, respectively.
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(a) Case 5: Orifice: 1:3.3; Reg. Vol.=31 ml/b; Re=8550

(b) Case 3: Orifice: 1:10; Reg. Vol.=31 ml/b; Re=2850

(c) Case 2: Orifice: 1:3.3; Reg. Vol.=10.3 ml/b; Re=2850

(d) Case 1: Orifice: 1:2.5; Reg. Vol.=7.76 ml/b; Re=2850 (e) Case 4: Orifice: 1:10; Reg. Vol.=10.3 ml/b; Re=950
Figure 20: Computed y-component of the velocity in the yz-plane at time t = 1.24 s for the five cases shown in
Fig. 19. The sub-figures are displayed in the same order as in Fig. 19. The cases on the ”diagonal” are Cases 1, 2,
and 3, all with the same Re=2850 but increasing orifice aspect ratio. Below the diagonal is Case 4 with Re=950,
and above the diagonal is Case 5 with Re=8550.
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Figure 21: Case 1 (1/4,1/4) in Fig. 19. Left: 2D slice of 3D velocity vector field in mock heart chamber. Right: magnified view near the orifice. Velocity magnitude scale is saturated at 0.5 m/s for sharper identification of regurgitant
jet and for better viewing of flow structures at smaller velocities.

Figure 22: Case 2 (1/3,1/3) in Fig. 19. Left: 2D slice of 3D velocity vector field in mock heart chamber. Right: magnified view near the orifice. Velocity magnitude scale is saturated at 0.5 m/s for sharper identification of regurgitant
jet and for better viewing of flow structures at smaller velocities.

Figure 23: Case 3 (1,1) in Fig. 19. Left: 2D slice of 3D velocity vector field in mock heart chamber. Right: magnified
view near the orifice. Velocity magnitude scale is saturated at 0.5 m/s for sharper identification of regurgitant jet
and for better viewing of flow structures at smaller velocities.
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Figure 24: Case 4 (1,1/3) in Fig. 19. Left: 2D slice of 3D velocity vector field in mock heart chamber. Right: magnified
view near the orifice. Velocity magnitude scale is saturated at 0.5 m/s for sharper identification of regurgitant jet
and for better viewing of flow structures at smaller velocities.

Figure 25: Case 5 (1/3,1) in Fig. 19. Left: 2D slice of 3D velocity vector field in mock heart chamber. Right: magnified
view near the orifice. Velocity magnitude scale is saturated at 0.5 m/s for sharper identification of regurgitant jet
and for better viewing of flow structures at smaller velocities.

22

and clinically relevant conclusions that can be obtained from these simulations. They are discusses
below.
Mathematical flow bifurcation to Coanda e↵ect. Based on the diagram shown in Fig. 19
and on the detailed regurgitant jet velocity plots in Fig. 20 and in Figs. 21–25 we can conclude
several interesting mathematical properties of flow behavior.
Firstly, we focus on the diagonal in Figs. 19 and 20, i.e., Cases 1, 2, and 3. They all correspond
to the same Reynolds number Re=2850, with an increasing orifice length as we move from Case 1
to 3. This corresponds to moving closer to the 2D flow for orifices with larger aspect ratio, which
implies that for longer orifices we expect to see transition to the wall-hugging behavior, as shown
in Fig. 5. Indeed, this is what is happening in the 3D mock heart chamber, however, we need to be
careful to explain what do we mean by the “wall hugging behavior”, or Coanda e↵ect, in prolapsed
orifices.
Coanda e↵ect. Since all three orifices correspond to prolapsed orifice, i.e., the orifice itself is
almost orthogonal to the orifice plate, we expect to see eccentric jets directed by the orifice to
one side in all flow regimes. “Wall hugging” in this case corresponds to the jet closely hugging the
bottom leaflet of the orifice. This is what was named Coanda e↵ect when it was first observed in
aerodynamics [39]. See Fig. 2. Instead of shooting away from the orifice plate sideways toward one
of the walls of the atrial chamber, the jet “hugs” the bottom leaflet of the orifice plate. Thus, we
will consider the bifurcation of flow to Coanda e↵ect to occur when the jet through the prolapsed
orifice is attached to the bottom orifice plate.
A close inspection of the three cases corresponding to the same Re=2850 indicates that the first
time we observe hugging by the regurgitant jet of the leaflet sitting on the left side of the orifice,
i.e., the bottom leaflet, is in Case 3, which corresponds to the longest orifice, i.e., the orifice with
aspect ratio 1:10. A zoom into the region close to the orifice confirming this behavior is shown in
Fig. 23. Therefore, we conclude that bifurcation to Coanda e↵ect, i.e., hugging of the leaflet by the
regurgitant jet, occurs in the 3D mock heart chamber for orifices with larger aspect ratios. This is
consistent with the stylized 2D and 3D findings reported in Secs. 3.1 and 3.2.
Next, we observe that with the increase in Reynolds number, for small aspect ratios, see e.g.
Case 5, there is no hugging of the left leaflet. Similarly, if the Reynolds number is small, even
with the large orifice aspect ratio, as in Case 4, there is no significant hugging of the left leaflet.
Therefore, we conclude that bifurcation to Coanda e↵ect occurs in the mock heart chamber when
both the Reynolds number and the aspect ratio of the orifice are large. Therefore, we postulate
that the bifurcation diagram to Coanda e↵ect looks like the diagram shown in Fig. 26.
In the remainder of this section we further investigate the influence of the orifice aspect ratio
and the Reynolds number on general flow properties in the 3D mock heart chamber. We first study
the impact of orifice aspect ratio and then the Reynolds number.
Aspect Ratio. Recall that 2D and 3D simulations indicate that the longer the orifice relative
to its width, the more 2D, rather than 3D flow features will be present. Thus, for shorter offices,
namely for the orifices in Cases 1, 2, and 5, we expect to see more pronounced 3D flow features.
Indeed, if we look at Figs. 21, 22, and 25 we see large regions in the atrial chamber that have
very short white arrows. This means that the flow is directed toward or away from the viewer, i.e.,
in the direction orthogonal to the yz-plane. This is particularly obvious in Figs. 21 and 25 that
correspond to Re=2850 and Re=8550, respectively.
Thus, we conclude that as we change the aspect ratio of the orifice, the smaller the aspect ratio,
the more pronounced are the 3D flow features.
Reynolds Number. Now we focus on the flow behavior as the Reynolds number increases. In the
diagram shown in Fig. 19 the increase in the Reynolds number is captured by moving transversely
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Figure 26: Hypothesized bifurcation diagram showing when the transition to Coanda e↵ect occurs in the 3D mock
heart chamber. The diagram suggests that large Reynolds numbers and orifice ratios are needed to observe a true
wall (leaflet) hugging e↵ect.

across the diagonal from bottom right to top left. Thus, we focus on Cases 4, 3, and 5. An inspection
of Figs. 24, 23, and 25 corresponding to these three cases shows that the center of the vortex that
is formed near the end of the regurgitant jet moves closer to the atrium wall, and the jet becomes
longer as we move from Case 4 to Case 3 and then Case 5. Thus, an increase in the Reynolds
number gives rise to longer, stronger jets with a larger vortex whose center is located higher in the
chamber. We notice that in Case 5, which also features an orifice with small aspect ratio, there are
strong 3D e↵ects that additionally influence the flow.
In summary: the increase in orifice aspect ratio makes the flow closer to two-dimensional at least
locally, near the orifice, while the increase in the Reynolds number makes the jet stronger, longer,
and pushes the center of the large interior vortex higher up and closer to the atrium wall. Coanda
e↵ect, i.e., the hugging of the bottom leaflet of the orifice plate, occurs for large orifice ratios and
larger Reynolds numbers.
Clinical Relevance.
The primary clinical tool to estimate severity of mitral valve regurgitation (MR) is echocardiography. Since surgery is recommended for severe mitral regurgitation, accurate estimation of
MR is imperative. Color Doppler is commonly used to screen for MR. The color Doppler imaging
depicts spatial distribution of velocities within the imaging plane. Despite published guidelines
recommending otherwise, in many busy clinical settings the color Doppler jet area is often still
used as the first tool to estimate the severity of MR [12, 42]. The color Doppler jet area technique
is based on estimating, or calculating the jet area that is seen on a 2D color Doppler image. Central
jets typically appear larger. In medical literature this is typically associated with red blood cell
entrainment by the flow vortices [12]. Eccentric jets can entrain particles, but mostly only on one
side, i.e., on the side of the jet adjacent to the center of the left atrium. Figs. 27 and 28 show how
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Figure 27: Case 3: RV = 31 ml/beat, Orifice aspect ratio 1:10, Re=2850. Left: Jet area as seen by 2D color Doppler.
Middle: Actual jet area, which excludes the portion of the entrained particles by the jet, belonging the large vortex
located on the right of the jet. Right: Superposition of the two.

Figure 28: Case 3: RV = 31 ml/beat, Orifice aspect ratio 1:10, Re=2850. A magnified view of the jet area showing
recirculating flow from the large vortex adjacent to the jet, which contaminates estimation of the size of the jet area.
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a vortex located near the center of the left atrium chamber enlarges the observable jet area of the
Coanda jet in Case 3, discussed above. Fig. 27 shows the jet area as it would be estimated by an
imaging observer (left panel), the actual jet area (middle panel), and the di↵erence between the
two (right panel).

Figure 29: Case 5: RV = 31 ml/beat, Orifice aspect ratio 1:3.3, Re=8550. Left: Jet area as seen by 2D color Doppler.
Right: Actual jet area.

Figure 30: Comparison in actual jet area size between Case5 (left) and Case 3 (right).

In this particular case we see that there is a large di↵erence between the two. A magnified
view of the jet, shown in Fig. 28, shows the reason why the jet area looks bigger: the adjacent
vortex that pushes the jet closer to the atrium wall contains a region with the recirculating vortex
flow that has the same velocity as the original jet, making the appearance of the jet larger than it
actually is. Notice that this case corresponds to a large orifice aspect ratio (OAR: 1:10), in which
case the apical view of the flow picks up the 2D flow features of Coanda e↵ect associated with
larger orifice aspect ratios and larger Reynold numbers.
Thus, the presence of the large vortex located near the center of the left atrium recirculates
the flow in that area, and makes the regurgitant jet appear larger than it actually is, but only on
that one side.
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For comparison, we also show the jet area associated with the flow in Case 5, discussed above.
The panel on the left in Fig. 28 shows the jet area as it would be estimated by an imaging observer,
while the panel on the right in the same figure shows the actual jet area. We report below in Fig. 31
and in the diagram shown in Fig. 19 the observable jet area size: for Case 5, the estimated jet area
as seen in the simulations shown in Figs. 19 and 31 is 3.98 cm2 , and the jet area for Case 3 is 5.53
cm2 . We see that the two jet areas are significantly di↵erent even though they are associated with
the same RV.
We remark that in Case 5, shown in Fig. 29 the reasons for why the jet area appears smaller are
the 3D flow e↵ects which are much more pronounced in orifices with small aspect ratio, as discussed
above. As a consequence, the vortices with strong flows in the x-direction, i.e., orthogonal to the
yz-plane corresponding to the apical view in the 2D Doppler image, have a significant presence in
the left atrium chamber, which cannot be seen in the 2D color Doppler image. In particular, in
Fig. 29 we see that small vortices even under the jet appear, making the jet area appear smaller
than it actually is.
In Fig. 30 we show a comparison in actual jet area size between Cases 3 and 5. We observe
that the actual jet areas are quite comparable.
Based on the result presented in this manuscript, the following clinically relevant conclusions
can be made:
1. Regurgitant jets associated with prolapsed mitral valves can be classified into two categories:
deflected jets and Coanda jets. Deflected jets follow the direction of flow determined
by the prolapsed orifice, while Coanda jets exhibit strong wall-hugging behavior from the
moment they exit the orifice and enter the left atrium.
2. Coanda jets typically occur for larger orifice aspect ratios and larger Reynolds numbers,
which are associated with larger regurgitant volumes.
3. Using a single plane 2D color Doppler jet area size methodology to estimate the severity of
mitral regurgitation is not a reliable tool for estimation of regurgitant volume.
4. Regurgitant jets passing though prolapsed orifices with small aspect ratio exhibiting large
regurgitant volumes, such as e.g., Case 5 discussed above, have significant 3D flow features
that cannot be captured by single plane 2D color Doppler screening. Such jets are more likely
to be under-estimated in severity of mitral regurgitation.
5. Vortex rolls appear in the left atrium for regurgitant jets passing through orifices with
larger Reynolds numbers. The smaller the orifice aspect ratio, the larger the 3D vortex roll
e↵ects. This is the first time vortex rolls have been associated with regurgitant jets in the left
atrium. It has been postulated in [28] that maladapted intracardiac vortex dynamics might
modulate the progressive remodeling of the left ventricle towards heart failure. The role of
regurgitant vortex dynamics in the left atrium on LA remodeling is, however, completely
unexplored.
5. Conclusions
This work presents a comprehensive analysis of regurgitant mitral valve flows in the the left
atrium. A two-parameter study of flow showing transition to eccentric, wall-hugging Coanda jets
was performed, explaining the role of orifice aspect ratio and regurgitant volume in the formation
of Coanda jets. A bifurcation diagram showing transition to eccentric Coanda jets is postulated,
showing that the true hugging of the mitral valve leaflet in eccentric jets occurs for orifices with a
large aspect ratio, i.e., long and narrow orifices, and for larger regurgitant volumes. For the first
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(a) Case 5: Jet Area: 3.98 cm2 RV=31 ml/b OAR: 1:3.3 (b) Case 3: Jet Area: 5.53 cm2 RV=31 ml/b OAR: 1:10

(c) Case 2: Jet Area: 3.43 cm2 RV=10.3 ml/b; OAR:
1:3.3

(d) Case 1: Jet Area: 3.13 cm2 RV=7.76 ml/b OAR:1:2.5 (e) Case 4: Jet Area: 1.17 cm2 RV=10.3 ml/b OAR:1:10
Figure 31: Computed jet area for the five cases shown in Fig. 19. RV denotes Regurgitant Volume, and OAR
denotes Orifice Aspect Ratio. The sub-figures are displayed in the same order as in Fig. 19. The cases on the
”diagonal” are Cases 1, 2, and 3, all with the same Re=2850 but increasing orifice aspect ratio. Below the diagonal
is Case 4 with Re=950, and above the diagonal is Case 5 with Re=8550.
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time vortex rolls have been detected in the left atrium regurgitant flow, and their role on underestimation of regurgitant volume using 2D color Doppler echocardiography explained. While the
role of vortices in the left ventricle has been studied in the past [10, 28], the presence of vortex
rolls in the left atrium during regurgitation is new. In the left ventricle, the work reported in [28]
postulates that there is a connection between the maladapted intracardiac vortex dynamics and
the progressive remodeling of the left ventricle. It would be interesting to see if the presence of
vortex rolls in the left atrium during regurgitation, discussed in our work, is associated with the
known LA remodeling in patients with severe MR. Perhaps one of the goals of a successful mitral
valve repair would be to minimize (or optimize) LA vortex dynamics that may speed up reverse
remodeling of LA, as reported in [21]. Thus, we have introduced a new concept in clinical imaging
which emphasizes that the quality and not only the quantity of regurgitant flow matters in the
assessment of severity of mitral valve regurgitation.
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