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Abstract

The purpose of this thesis is to discuss the theory of holomorphic curves in order
to study value distributions of the (generalized) Gauss map of complete minimal
surfaces immersed in R”. The study was initiated by S.S. Chern and R. Osserman [4]
in 1960s. Since then, it has been developed by F. Xavier [27], H. Fujimoto [7], M. Ru
[22], etc. In this thesis, we prove a unicity theorem for two conformally diffeomorphic
complete minimal surfaces immersed in R whose generalized Gauss maps f and g
agree on the pre-image UJ_, f~(H) for given hyperplanes H;,1 < j < ¢, in P"~'(C),
located in general position, under the assumption that ﬂf;l f~'(H;;) = @. In the
case when k = m — 1, the result obtained gives an improvement of the earlier result

of Fujimoto [10].
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Chapter 1

Introduction

Minimal surfaces are surfaces which have min-
imal areas for all small perturbations. Minimal
surfaces have been studied not only in math-
ematics but also in many other fields such as
physics, biology, architecture, art, and so on.
Physicians have studied the minimal surface us-
ing soap films. The picture on the right is the
catenoid created from a soap bubble by a physi-
cian. After Alan Schoen discovered a minimal
surface called a “gyroid”, many biologists have
found gyroid structures in the membrane of but-

terflies” wings and in certain surfactant or lipid

Figure 1.1: Catenoid Soap Film

http://faraday.physics.uiowa.edu



mesophases. In recent years, new types of architecture and art using minimal sur-
faces have been created and developed. In short, interest in the minimal surface has

been growing in many fields over the past several decades.

Minimal surface theories was studied for the first time by Joseph-Louis Lagrange
who in 1762 considered the variational problem of finding the surface of least area
stretched across a given closed contour. Since Lagrange’s initial investigation, there
have been multiple discoveries on minimal surface theories by many great mathe-
maticians. In 1967, the value distribution theory of Gauss map of complete minimal
surfaces started to be studied by S.S. chern and R. Osserman [4]. Since then, it have
been studied by many mathematicians such as F. Xavier, H. Fujimoto, M. Ru, S.J.
Kao, H.P. Hoang, etc. From 1992 onward, the unicity theorem for Gauss maps of
complete minimal surfaces also have been studied by H. Fujimoto, but there have
been no particular improvements. That is, until now. In this thesis, we shall give
an improvement of Fujimoto’s unicity theorem of Gauss maps of complete minimal

surfaces.

For a minimal surface x := (zq,- -+ ,2,,) : M — R™ immersed in R” with m > 3,
its generalized Gauss map G is defined as the map which maps each p € M to the
point in @, o(C) := {(wy : -+ : wy) | w¥ + -+ + w? = 0} corresponding to the
oriented tangent plane of M at p. We may regard M as a Riemann surface with a
conformal metric and G as a holomorphic map of M into P~ !(C). With this setting,
many value-distribution-theoretic properties of holomorphic curves in the complex
projective space can be carried into the study of the Gauss maps of complete minimal

surfaces in R™. This thesis specifically focuses on the corresponding unicity results



for two conformally diffeomorphic complete minimal surfaces immersed in R™.

We begin with by recalling H. Fujimoto’s result [10]. Let z : M — R™ and
Z: M — R™ be two oriented non-flat complete minimal surfaces immersed in R™
and let G : M — P 1(C) and G : M — P (C) be their generalized Gauss maps.
Assume that there is a conformal diffeomorphism ® of M onto M. Then the Gauss
map of the minimal surface £ o ® : M — R™ is given by G o ®. Fujimoto obtained

the following result.

Fujimoto's Theorem (H. Fujimoto, [10]). Under the notations above, consider the
holomorphic maps f = G : M — P™(C) and g = Go ® : M — P 1(C). Assume
that there exist hyperplanes Hy,--- , H, in P™1(C) located in general position such

that
(1) 1 (Hy) = g~ (Hj) for every j=1,--+ ,q,
(i) £ =g on Olf-le).

If ¢ >m?+ m(mj: 1)/2, then f = g.

Main Theorem. Assume that both f = G: M — P™}(C) and g = God: M —
P™=Y(C) are linearly non-degenerate (i.e. the images of f and g are not contained
in any linear subspaces of P~ (C)) and that there exist hyperplanes Hy,--- , H, in

P™1(C) located in general position and a positive integer k > 0 such that

(i) f_l(Hj> = g_l(Hj) for every j =1,--- ,q,
k+1

(11) ﬂ f_l(Hij) =9 fOT’ any {i1>"' aik-i-l} - {17 aQ};
j=1



(ii) £ = g on | f7(H)).

(m? 4+ m + 4k) + /(m? + m + 4k)2 + 16k(m — 2)m(m + 1)
4 9

If q > (1.1)

then f =g.

When k = 1, the condition (1.1) becomes

(m? +m+4) +/(m2+m+4)2 +16(m — 2)m(m + 1)
q > 1 .

In this case, notice that

(m—1) - (m? +m+4)+/(m?+m+4)2 +16(m — 2)m(m + 1)

m
3m —2
m + 5 1

for all m > 3, then the Main Theorem gives the following corollary.

Corollary 1. Under the notations above, consider the holomorphic maps f = G :
M — P"(C), g =Go®: M — P"(C). Assume that f and g are linearly
non-degenerate, and that there exist hyperplanes Hy,--- , H, in P 1 (C) located in

general position such that
(1) f7'(H;) = g7 ' (H;) for every j =1,--- .q,
(i) fH(H: N H)) = @ fori# j,
(i) £ = g on | £1(08).
j=1

[quSm—Q—i—@, then f = g.



When k& = m — 1, since the condition (ii) in the Main Assumption automatically
holds under the assumption that Hy,--- , H, are in general position, we can omit it.

Then, the Main Theorem gives the following Corollary.

Corollary 2. Under the notations above, consider the holomorphic maps f = G :
M — P"C), g=Go® : M — P"C). Assume that f and g are linearly
non-degenerate, and that there exist hyperplanes Hy,--- , H, in P~ (C) located in
general position such that
(1) f1(H;) = g ' (H;j) for every j=1,--+ ,q,
q

i)/ =g on | /().

Jj=1

(m24+5m—4)++/(m2+5m—4)2+16(m—2)(m—1)m(m-+1) .
If ¢ > v 1 , then f =g.

Furthermore, if m = 3 and £k = m — 1 = 2 in the Main Theorem, we obtain
q > 6, which matches the result in Fujimoto’s paper [8] for the case of the complete

minimal surface immersed in R? exactly.

Now we shall compare the number of hyperplanes, ¢, in order to show that the
result in this thesis gives an improvement of Fujimoto’s theorem mentioned before.

Let 1 = m? + m(mT_l) as in Fujimoto’s result and

:m2+5m—4+\/(m2+5m—4)2+16(m—2)(m—1)m(m—|—1)
4

q2



as in our Corollary 2, we verify that ¢q; > ¢o for m > 3. Indeed, for m > 3,

(5m? — Tm + 4)? — (V17m* — 22m3 + m?2 — 8m + 16)?

= 8m* — 48m?3 + 88m? — 48m = 8m(m — 1)(m — 2)(m — 3) > 0.

This implies that 5m? — 7m + 4 > v/17Tm* — 22m3 + m2 — 8m + 16. Hence,

5m? —Tm +4 — V/17Tm* — 22m3 + m?2 — 8m + 16 S

q1 — q2 = 1 >0

for m > 3. The same argument show that ¢; > ¢ for m > 3. Thus our Corollary 2
gives an improvement of Fujimoto’s result mentioned above. The graph below gives

how ¢; and ¢, grows as m becomes larger.

150 T T T T T T T T

— gl=m®mim-132
—— q2=1 4 (m? 4+ Em-d st (1 T m - 22m P +?-8m +16))

100

&0

We outline here the strategies of proving our Main Theorem: (a) Instead of using
Fujimoto’s approach in [10], we use the method of Ru [19] which gave an explicit

construction of the negative curvature on the unit disc; (b) Instead of the auxiliary

6



function x constructed in Fujimoto’s paper [10], we use the new auxiliary function
constructed in Chen-Yan [14] (see also [15] or [16]) which allows us to improve Fu-
jimoto’s result, as well as working for general k& (while Fujimoto’s case is only for

k=m—1).



Chapter 2

Basic Facts about Complete Minimal

Surfaces in R

2.1 Minimal Surfaces in R?

In this section, we define the classical (Gauss map and study the relation between
the generalized Gauss map (G = [¢1 : ¢ : ¢3] : M — P?(C)) and the classical Gauss
map (g : M — C) of a surface in R?. Via the Weierstass-Enneper Representations,
the Gauss map of a minimal surface is considered a meromorphic function on the
corresponding Riemann surface. From this, we can see a remarkable analogy be-
tween the value distribution theory and the minimal surface theory. That analogy
applies to their respective unicity theorems as well, so in this section we prove the

Enneper-Weierstrass Representation theorem and see some examples.



In R3, each oriented plane P € Gygrm is uniquely determined by the unit vec-
tor N such that it is perpendicular to P and the system {X,Y, N} is a positive
orthonormal basis of R? for arbitrarily chosen positively oriented orthonormal basis
{X,Y} of P. For an oriented surface in R? the tangent plane is uniquely determined
by the positively oriented unit normal vector. On the other hand, the unit sphere
S? of all unit vectors in R3 is bijectively mapped onto the extended complex plane
C = {C U oo} by the stereographic projection @.

Definition 2.1.1. For a minimal surface M immersed in R? the classical Gauss map
g: M — C of M is defined as the map which maps each point p € M to the point

w(N,) € C, where N, is the positively oriented unit normal vector N, of M at p.

We begin by studying the stereographic projection w. For an arbitrary point
(€,m,¢) € S%set z = x++/—1y = w(&,n,¢) € C, which means that, if P # (0,0,1),
then the points N(0,0, 1), P({,n,(), and P'(x,y,0) are collinear and, otherwise, z =
oo. Using v(t) =N+¢(P—N) := P’, we obtain x = 1577 y =14, e+ =1

Then by elementary calculation, we see

z4+Zz zZ—2z |2]> =1
— =\/-1-—" == 2.1

For two points (1,71, (1) and (&, 79, (2) in S? we denote by 6 (0 < 6 < 7) the angle

between two vectors Py (&1, m1, (1), Pa(&2,m2, () and a = xy + V—1yy = @0 (&1, m, G),
B =x9 + vV =1y == 0(&2, M2, (o).



Figure 2.1: Chordal Distance

N

Define

la, S :sing (<1).

Appling Law of Cosine, by definition we have
0
PPy =+/2—2cosf = 251115 =2|a, [

Thus, geometrically 2|, (] is the chordal distance between P; and Pp. If o # oo
and 8 # oo, by (2.1)

|, B

= PP = V&GP n - T (G G

= 1\/2 1—&& —mmnz — 1¢2)

\/_ a+a (ﬁ+3)+(a—a)(3—ﬁ)_(|a|2—1)<|ﬁ|2—1>
mp+1 B2 +1 lal2+1) \|B]?+1 lal2+1) \[B]> +1
_ la — |
VIeP+ 18P +1°

10



If /8 = 00, then (5277727(2> - (0707 1)7 SO

o, 4]

= SRR = &+ P T (G - 1P
= % 2(1-G)

B V2 a2 =1

2\ JeP+1

_ 1

Ve +1

We define the chordal distance between « and 8 by |, 3| . By definition, we see
0< |, Bl <1.

Now we take an arbitrary point [w; : wy : w3] € Q'(C). Write w; = x; — /—1y;
(1 <i<3) with z;, y; € R, and set

W = (w17w27w3>7 X = (.Tl,xg,xg), Y = (ylyy27y3)‘
Since W € Q'(C), we have

w%+w%+w§:()<:> (21 — V—1y1)2+(902—\/—13/2)2‘1‘(333—\/—1?/3)2 =0
2 2 2 _ 2 2 2 _
< x]ta,tr3 =y +y; +y3 and 1y + rays + 23y3 =0

e |X|=|Y|and (X,Y)=0.

Without loss of generality, we may assume that |X| = |Y| = 1. Then, the unit

normal vector of the plane which has a positive basis {X, Y} is given by

N =X XY = (22y3 — T3Y2, T3y — T1Y3, T1Y2 — Tay1) = Im{ (w3, wswy, wiwz)}

11



For the case where w; # +/—1w,, we assign to W the point

ws

- wy; — v —1ws

and, otherwise, the point z = oo. This correspondence is continuous inclusively at

P (2.2)

0o. To see this, we rewrite (2.2) as

ws(wy + v —1wy) _ w1+ V-lw,

2 2 o

If W tends to the point with w; = v/—1w,, 2z tends to oo because
w? 4+ wh +wi =0 (V—1wy)? +wi +wi =0 ws =0.

If wy # v/ —1w,, from

Wy + —1w2 1 wy — —1w2
Ly ad = Y2

we have

wy 1.1 Wa v—1,1
— (= _ —~ = (=42 2.
w3 2(2 Z) and w3 2 (z ?) ( 3)

Since [wi|? + wo|? + Jws|? = 2 + ¥ + 23 +y3 + 23 + 43 = [ X[* + |[Y]* = 2, we get

2 4]z)?
ws* = m = : (2:4)
PP+ ([P + 1)

Then, (2.3) and (2.4) yield that
N = Im{(UJQ'LU_g, w3w_1a wlw_Z)}
(2 () 2 ()
w3 w3 w3 \ W3

_(2Rez 2Imz [z2]*-1
SO\ R P 221 )

12



By (2.1) this shows that the point in S? corresponding to [w; : wq : w3] € Q'(C) is

mapped to the point z = w3 € C by the stereographic projection.

Figure 2.2: The Classical Gauss Map

o,

N:unit normal vector
0x
> du
p = x(u,v) oo
o
&anslation

Stereographic
Projection

g
y f3
(w,v) 9=
_ f1—V-1f>
C
0x; 1[0x; ox;\ . . .
* x(u,v) = (1 (W, v), -, x5, v)) * fi= -3 E—«/—la—v ,i=1,2,3 * g is called the classical Gauss map

Now we go back to the study of surfaces in R3. Let x = (21,29, 73) : M — R?
be a non-flat surface immersed in R3. Then its generalized Gauss map G is not a
constant, and M may be considered as a Riemann surface (we shall discuss this more

in the section 2.2) with a conformal metric ds®. For a holomorphic local coordinate

z=u++/—1v, G is represented as G = [¢; : ¢2 : ¢3] = [f1: fo: f3], where

833'1'

¢ = fidz = 7,

dz. (2.5)

13



Set

By the above discussion, the function ¢ is the classical Gauss map of M.

Since the above correspondences are all biholomorphic, we obtain the following
proposition which is the special case of Proposition 2.3.2. Refer to Proposition 2.3.2
for the proof of the following proposition.

Proposition 2.1.2. For a surface M immersed in R®, M is a minimal surface if and

only if the classical Gauss map is meromorphic on M.

Now we explain the following Enneper-Weierstrass representaion theorem for min-
imal surfaces.
Theorem 2.1.3. (H. Fujimoto, [9]) Let z = (x1,22,73) : M — R3 be a non-flat
minimal surface immersed in R3. Consider the holomorphic forms ¢1, ¢o, ¢, hdz and
the meromorphic function g which is defined by (2.5) and (2.6) respectively. Then,
(i) it holds that
1 v—1
¢ = 5(1 — ¢*)hdz, ¢y = T(l + ¢*)hdz, and ¢3 = ghdz (2.7)
and
(71, T, 73) = (2 Re/ ¢1 + x1(20), 2 Re/ ¢2 + x2(20), 2Re/ ®3 +953(20)) ;
20 20 20
(2.8)

(i) the metric induced from the standard metric on R3 is given by
ds® = (1+g*)?|hf*|dz]?, (2.9)

14



(iii) the holomorphic form h has a zero of order 2k when and only when g has a pole

of order k.

Proof. Consider the function f; and h for a holomorphic local coordinate z. Obvi-

ously, ghdz = ¢3. Since f2 + f3 + f2 =0, we have

%(1 — ¢*)hdz = % <1 — (%) ) (f1 - \/—_1f2) dz

_f — f2—=2v-1fifo — f3d
2(fi —vV—-1f2)

= hdz
= ¢
Similarly,

e

2

V-1fi- fz—Q\/_f1f2+f3d ds —
2 ( \/_fg) f2z_¢2

On the other hand, by (2.2), for i = 1,2, 3, we have obtained

(1+ g*)hdz =

This implies x;(2) — z;(29) = 2Re fzzo ®i, so the assertion (i) holds.

The assertion (ii) is shown by the direct calculations

=2( /11> + [ f2? + | f3]*)|d=]?

% (11 =P+ 1+ &1+ 4lg?) |n*|d=]?
= (= =)+ (0 + P+ 7) + algl) PP
= (1+19P)" |nP|dz]
If h has a zero at a point p where g is holomorphic, then fi, fs, f3 have a common

zero at p, which contradicts the definition [¢1 : ¢9 : @3] = [f1 : f2 : f3]. On the other

15



hand, if g has a pole of order k£ at a point p, then h has a zero of exact order 2k
at p. It is because otherwise some f; has a pole or f;’s have a common zero, which
contradicts the assumption ¢; = fidz (i = 1,2,3) are holomorphic forms and the
definition [¢q : ¢9 : @3] = [f1 : fo ¢ f3]. Thus, the assertion (iii) holds. Furthermore,

from (iii), we see that the metric ds? in (ii) is continuous. Q.E.D.

Theorem 2.1.4. (H. Fujimoto, [9])Let M be an open Riemann surface, hdz be a
nonzero holomorphic form and g a nonconstant meromorphic function on M. Assume
that hdz has a zero of order 2k when and only when g has a pole of order k and that
the holomorphic forms ¢1, ¢o, ¢3 defined by (2.7) have no real periods. Then, for the

functions x1, xo, x3 defined by (2.8), the surface
x = (1,29, 23) : M — R?

is a minimal surface immersed in R3 whose classical Gauss map is the map g and
whose induced metric is given by (2.9).

Proof. We shall prove the general case (R™) of this theorem in Theorem 2.3.3.

Example 2.1.5. We regard a helicoid as Riemann surface C, and by (2.7) it may be
V=1

2e*

obtained from g = e* and h = which give us

-1 -1
sinh z dz, — cosh z dz, dz).

(@1, P2, ¢3) = (

16



Now using (2.8) we compute z = (21, 2, z3) in the following way.

1'1:2].:{,6/ —
20

— L Re(—vTTet - VI

—1 N —1
sinh z dz + x1(20) = Re/ 5 (e — e *)dz + x1(20)
20

2
1

=3 Re[—v—1e"(cosv + v —1sinv) — vV—1le “(cosv — v/ —1sinv)]
1

=5 (" —e ") sinw

=sinhwu - sinv

=1 |
Tg = 2Re/ TCoshzdz + 22(20) = Re/ 7(ez + e *)dz + x2(20)
20

20

1 1
= - Re(e™? —¢%) = 3 Rele "(cosv — v/ —1sinv) — e*(cosv + v/ —1sinv)]

(e7 —e")cosw

N — Do

= —sinhwu - cosv

V=1
x3:2Re/ 5 dz
20

= Re(V—12)
= Re(vV—1u —v)

= —v

Thus, we have obtained the helicoid z(u,v) = (sinhw - sinv, —sinhu - cosv, —v).

The following picture shows the graph of the helicoid and more examples.

17



Table 2.1: Non-flat complete minimal surfaces immersed in R?

Catenoid

Helicoid

Enneper’s Surface

B e = o o=

M=C M=C

g=e¢, h=11 g=z2 h=1

¢1 = YL sinh 2 dz ¢ = 3(1 —2%)dz
¢s = S coszdz ¢s = St coshz dz ¢y = VL1 + 22)dz
O3 = —@dz O3 = @dz O3 = zdz
1 = cosu coshv r1 = sinhwu - sinwv xlzu—§+uv2
Ty = sinwu cosh v To = —sinhu - cosv m-—v—i—%—u%
T3 =70 T3 = —v 13 = u? — v?

18




2.2  Minimal Surfaces in R™

Let M be an oriented real 2-dimensional differentiable manifold immersed in R™
and z = (x1,+ ,2,,) : M — R™ be an immersion. For a point p € M, take a local
coordinate system (uq,us) around p which is positively oriented. The tangent plane

of M at p is given by

ox

ox
T,(M) = {/\a—ul

_|_ R
D M8U2

: )\,MER}

p

and the normal space of M at p is given by
ox

= (s 1) - (o 1) -

where (X,Y) denotes the inner product of vectors X and Y. The metric ds® on M

induced from the standard metric on R™ is called the first fundamental form on M

and given by

ds* = |dz|?
= (dz,dx)
Ox ox ox Ox
= <a—u1dul + a—UQdUQ, a—mdlq + a—u2du2>

= gudu? + 2g1aduydug + grodus

where g;; = <8’” ‘%> for 1 <14, 7 < 2, and the second fundamental form of M

Pu; Dy

with respect to a unit normal vector N is given by

d0'2 = bll(N)dU% + 2b12(N)du1du2 + bgg(N)dug

19



where b;;(N) = < i N> forl<i, j<2.

Ou;Ouj’
Then the mean curvature of M for the normal direction N at p is defined by

_ 911022 (N) + g22b11(N) — 2912012 (N)
2(911922 — 932) ‘

Hy(N)

Definition 2.2.1. A surface M is called a minimal surface in R™ if H,(N) = 0 for

all pe M and N € N,(M).

Definition 2.2.2. A local coordinate system (uy, uy) on an open set U in M is called

isothermal on U if ds? can be represented as
ds® = N*(du? + du3)
for a positive smooth function A\ on U. This means that \? := g;; = g9 and g5 = 0.

Theorem 2.2.3. (S. S. Chern, [3]|) For every surface M, there is a system of isother-

mal local coordinates whose domains cover the whole M.

Propositon 2.2.4. (H. Fujimoto, [9]) For an oriented surface M with a metric ds?,
if we take two positively oriented isothermal local coordinate (x,y) and (u,v), then
w = u++/—1v is a holomorphic function in z = x + \/—1y on the common domain.
Proof. By assumption, there exists a positive differentiable function A such that
du? + dv? = X?(dz? + dy?). Then, we have
du® + dv? = \?(da® + dy?)
= (updz + uydy)? + (v.dx + v,dy)? = \*(dz* + dy?)
= (U + 02)da® + 2(uzuy + vovy)dady + (ul + v2)dy? = X (da?® + dy?)

2 2 2 g 2 _
— A=y, v, =y + vy, Ugty +v0, =0
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This means that the Jacobi matrix

uf,U /U.T
J =
Uy Uy
satisfies the identity
Jiy_ w402 uguy + vy, _ u? + v? 0 L
Uglly + VaVy UL+ U] 0 u? 4 v?

where I, is the unit matrix of degree 2. We then have J=! = % tJ and

1 1 Uy — Vg

~ det(J)

Uy Uy

L
T A

Uy Uy Uy
On the other hand, since [det(J)]* = det(J 'J) = det(ATy) = A% and det(J) > 0, we
have det(J) = A. These imply that u, = v, and u, = —v,. Therefore, the function

w = u + v/—1v is holomorphic in z. Q.E.D.

Let x = (21, , &) : M — R™ be an oriented surface with a Riemannian metric
ds?. With each isothermal local coordinate (u,v), we associate the complex function

z=u++—1v. Let Z = u — +/—1v. Notice that

z+2z q zZ—Z
U= and v = :
2v/—1
Then, x(u,v) = (z1(u,v),- -, Z,(u,v)) may be written as
x(z,2) = (21(2, 2), x2(2, 2), - - , (2, 2)).

By Proposition 2.2.4, we can see that the surface M has a complex structure, and

these complex valued functions define holomorphic local coordinates on M. Thus,
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we may regard M as a Riemann surface. By the use of complex differentiations

Dz ou v 9z 2\ ou v
we have
&ci 2 1 8:{;1 ,—(9:1:1 2 1 axz 2 8:1:2 2
9z |  4|ou _181) _Z[(ﬁu) +(8v> '

From this property, we obtain that

2

axl

0z

) ()]

Oz Oz\ /0z Oz (2.10)
ou’ Ou v’ Ov

and

|dz|)? = dz - dz = (du + v/ —1dv)(du — vV —1dv) = du® + dv*.
Then, by (2.10) we may rewrite

ds* = N (du® + dv?)

— <%,%>(du2+dv2)
. 8ZE1 2 8x2 2 8xm 2 9
—2(5 9| Tt e | )1

Let \2 = <‘%|2 + ‘%‘2 ot | % 2). Then M may be considered as a Rie-
mann surface with a metric ds? = A\?|dz|? where )\, is a positive C™ function in terms

of a holomorphic local coordinate z.
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We denote by A = aa—; + g—;, the Laplacian in terms of the holomorphic local

coordinate z = u + v/ —1wv.

Proposition 2.2.5. (H. Fujimoto, [9]) For each isothermal local coordinate (u,v),

we have the following property:

(1) (Az, X) =0 for each X € T,(M)
(i1) (Ax, N) = 2)\*H(N) for each N € N,(M)

Proof. By the assumption, we have

o (00 0\ Jor e\ Jor an\
S \Ou' Ou/  \ow v/ \ou ov/

Defferentiating these identities, we have

P 0\ _ [ Fa o\ [ Fr or\ | [or Pa\
ou2’ ou/  \Oudv Ov/’ \ovwdu dv ou o2/

These imply
a0\ (T 0\ 0% 00\ e e\ Jor 0\
Y ou) " \ouw? ou o2’ ou/  \Owou’ v ouw’ o2/
By similar method, we have
ox
oz

Since4” and 2% generate the tangent plane, we write T,(M) = {a9% +b%%| a,b € R}.

For each X = a% + bg—f € T,(M) we have

ox ox ox ox
(Az, X) = <A$,a% +b%> = a<Ax,%> +b<Aw,%> =0

as desired in (i). On the other hand, for every normal vector N to M it holds that

_ bu(N) +bn(N) <%’N> + <%’N> (Az, N)

2)2 2)\2 2)\2

H(N)
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because A2 = g1 = ggo and gy» = 0. This shows (ii). Q.E.D

Theorem 2.2.6. (H. Fujimoto, [9]) Let x = (21, - ,xp) : M — R™ be a surface
immersed in R™, which is considered as a Riemann surface as above. Then, M is
minimal if and only if each x; is a harmonic function on M, namely,
2 2
Az; = (% %):pi:()
for every holomorphic local coordinate z = u + /—1v.
Proof. =) Assume that M is a minimal surface. Then, by definition H(N) = 0.

Now we apply proposition 2.2.5 to get
(Az,N) =2)\*H(N) = 0.

Since each N € N,(M) is not equal to the zero vector, we have Ax; = 0. Thus, each
x; 1s a harmonic function on M.

<) Assume that each z; is a harmonic function on M. Then, by definition, each
Ax; = 0. By Proposition 2.2.5, we have 0 = Az = 2A\?H(N). Since \* # 0, we have

H(N) = 0. Therefore, M is a minimal surface. Q.E.D.

Corollary 2.2.7. (H. Fujimoto, [9]) There exists no compact minimal surface with-
out boundary in R™.

Proof. For a minimal surface © = (x1, -+ ,2,,) : M — R™ immersed in R™, if M is
compact, then each x; takes the maximum value at a point in M. By the maximum

principle of harmonic functions, z; is a constant. This is impossible because z is an
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immersion. Q.E.D.

By the uniformization theorem, a simply connected Riemann surface is confor-
mally equivalent to either the sphere S2, the complex plane C, or the unit disk
A = {z : |z| < 1}. Because of Corollary 2.2.7. the first case is excluded, and we
obtain the following corollary.

Corollary 2.2.8. For a minimal surface © = (z1,--+ ,x,) : M — R™ immersed in
R™, if M is simply connected, then M is conformally equivalent to the complex plane

or the unit disk.

2.3 The Generalized Gauss Map of Minimal Sur-

faces in R™

First, we consider the set of all oriented 2-dimensional planes in R™ which con-
tain the origin and denote it by Gagrm. To clarify the set Gagrm, we regard it as a
subspace of the (m — 1)-dimensional complex projective space P™~1(C) as follow-
ing. To each P € Gygm, taking a positively oriented basis {X,Y} of P such that
| X| = Y], (X,Y) =0, we assign the point ®(P) = 7(X — /1Y) where 7 denotes
the cannonical projection of C™ \ {0} onto P"™~!(C), namely, the map which maps

each P = (wy, -+ ,wy) # (0,---,0) to the equivalence class
[wy - wp] = {(cwy, -+, cwy)| c € C\{0}}.
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For another positive basis {X, Y} of P satisfying |X| = |Y| and <)~(7 §7> =0, we can

find a real number 0 such that

X =r(X cosf + Y sinf)
Y =r(—Xsinf +Y cos)

where r := |X|/|X| = |Y|/|Y]|. Therefore, we can write
X — V=1V = re?(X — /—=1Y).

This shows that the value ®(P) does not depend on the choice of a positive basis of

P but only on P. Since
(X —V-1V, X —V-1Y) = |X" - 2V/-1(X, V) - |[Y|* =0,
we have w? 4 - -+ + w2, = 0 via ®. Thus, ®(P) is contained in the quadric
Q" C) == {[wy :+ : wy)| Wi+ +wk, =0} CP"HC).

Conversely, take an arbitrary point Q € Q" 2(C). If we choose some W € C™ \ {0}
with 7(W) = @Q and write W = X — y/—1Y with real vectors X and Y, then X
and Y satisfy the conditions |X| = |V, (X, Y) = 0. It is easily seen that there
is a unique oriented 2-dimensional plane W such that ®(W) = @. This shows that
® is bijective. Therefore, in the following sections, there will be no confusion if we

identify the set of all oriented 2-dimensional planes in R™, Gogm, with Q"~%(C).

Now, we consider a surface z = (z1, -+ ,2,,) : M — R™ immersed in R™. For
each point p € M, the oriented tangent plane T,(M) is canonically identified with

an element of Gorm after the parallel translation which maps p to the origin.
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Definition 2.3.1. The (generalized) Gauss map of a surface M is identified as the

map of M into Q" ?(C) which maps each point p € M to ®(T,(M)).

Figure 2.3: The Generalized Gauss Map

dx
ou

e
/ p =x,v) a_x
, TPM v \

Rm

77 & et
W C™\{0} R
£ -
o ()
. G :
@) o= (Gor )

* x(w,v) = (0 (W, v), -+, X (W, 1)

ax ox _ (0% —0x; [ — ] 0xy 0xp,
o _15_(614 1 v’ ou L o )~ ZE'W'Z 0z

For a positively oriented isothermal local coordinate (u,v), the vectors

Oz ox
X—%,Y—%

give a positive basis of T,(M) satisfying the conditions |X| = |Y|, (X, Y) = 0.

Therefore, the Gauss map G is locally given by

0y 0T,
G=n(X-v-1Y)=|— 1 — 2.11
R e T (2.11)
where z = u + v/—1v. Take a reduced representation G = (%, cee 8;;”). Then we
have
8!)31 2 8!E2 2 8[E 2
2 — = =2 e | 2 _ 2) 7,2
ds® =2 ( P + P +- P |dz|* = 2|G|*|dz|
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We may write G = [¢1 : -+ : ¢y,] with globally defined holomorphic 1-forms ¢; =

%dz,lgigm.
z

Proposition 2.3.2. (H. Fujimoto, [9]) A surface v = (1, ,2p) : M — R™ is
minimal if and only if the Gauss map G : M — P™ 1(C) is holomorphic.

Proof.=) Assume that M is minimal. Then, from 4% =1 (5% — /=12%) and % =
%(—’3 V- 8“"3) we have

0 (0x 110 [0Ox 8x ox 1
%(%)‘5{5%(%_ av) 2V —(—u— *%)]7“”

by Theorem 2.2.6. This shows that % satisfies Cauchy-Riemann equation. Hence,
the Gauss map G is holomorphic.
<) Assume that G is holomorphic. For a holomorphic local coordinate z we set

fi = &”Z (1 <4 < m). After a suitable change of indices, we may assume that f,,

fi
Im

151 52 <a> (fm fm) - {az (fmﬂ It g {62]

fi 19fm 1 | O0fm
-3 [
forte=1,2,--- ,m. Write

has no zero. Since are holomorphic, we have

.

1 [0fm]
f—m{g}—hﬁr\/—_lhg

with real-valued functions hy, ho. Then we have

_4f2 1 {8fm:|:48$z (h1+\/—h2>:4_<8_1‘_\/—1af

fm 9 7 )

Take the real parts of both sides of the above equation to see

) -(h1+V—=1hs)

Ox Ox
Axr =2 (%hl + %}Q) S Tp(M)



According to Proposition 2.2.5. (i), we obtain (Az, Az) = 0 because Az € T,(M)
by the above. Thus, we get Ax = 0. This implies that M is a minimal surface by

Theorem 2.2.6. Q.E.D.

We say that a holomorphic form ¢ on a Riemann surface M has no real period if

Re /gb:O
gl

for every closed curve v in M.

Since

81’1' 8:1:1 _
=5 dz + BE dz

T2 (8u —vl ov

d.QTZ'

v—1
ou * ov

) (du-+ v/ Tdo) + ( ) (du — v/=Tdv)

~2Re 3 (52 - VTS

" o ) (du + \/—_1dv)]

(2.12)

we have

zi(2) =2 Re ¢i + xi(20)

2o
for a piecewise smooth curve Z in M joining z and z. If ¢ has no real period, then
the quantity
z(z) =2 Re ¢+ x(20)

2o

29



depends only on z, and so z is a well-defined function of z on M, which we denote
by
z(z) =2 Re / ¢+ x(20)
20

from here on. Related to Proposition 2.3.2, we state here the following construction

theorem of minimal surfaces.

Theorem 2.3.3. (H. Fujimoto, [9]) Let M be an open Riemann surface and let
d1, P2, -+, O be holomorphic forms on M such that they have no common zero, no

real periods and locally satisfy the identity

81’1 2 81’2 2 8xm 2 .
(E) + (E) + -+ (W) =0 (2.13)

for holomorphic functions Z* with ¢; = Z*dz. Set

r; =2 Re / ¢i + x:(20)
20

for an arbitrarily fixed point zy of M. Then, the surface v = (x1,- -+ ,xy,) : M — R™

is a minimal surface immersed in R™ such that the Gauss map is the map G =

(G ... %m] M — Q™ %(C) and the induced metric is given by
o0xq 2 0xs 2 ox,, |?
ds> =2 | | == = ey | dz12.
° ( 0z * 0z L 0z 4z

Proof. By the assumption, the z; are well-defined single-valued functions on M.
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Consider the map x = (zy,- -+ ,2,,) : M — R™. By (2.13) we have

Oxr Ox Oox Ox Ooxr Ox ox oxr Oz oz
<auau> -l <aua> - <a a> = <au Vol By V‘lav>
or _ Ox
—@w%>

) () ()]

=0

for z = u + +/—1v. This gives that

o o\ _ for e\ [or 02\
ou ou/  \Nov v/ \ou ov/

Moreover, By (2.10)
S [P gor 0r\ for o\ for or\*_ f0r or\’
~\ou' Ou/ \Ov’ v ou ov/ — \ou ou

i<j
2 2
:4( ) >0

Hence, x is an immersion. Then, the induced metric is given by

9 Ox Ox 9 9 2 9
ds” = 0 Tu (du® 4 dv*) =2 |dz|

and (u,v) gives a system of isothermal coordinates for the induced metric ds?. On

a(x”h xj)
O0(u,v)

2 2

8x1

0z

O
0z

0T,

02

2
—+

2

8.131

9z

o0z,

0z

Oz,

0z

the other hand, by (2.11) the Gauss map G of M is given by G = [% D a;—;”}

with holomorphic functions %"’

“, and so holomorphic. According to Proposition 2.3.2,

the surface M is a minimal surface. Q.E.D.

31



Let M be a Riemann surface with a metric ds? which is conformal, namely rep-
resented as

ds* = \2|dz|?

with a positive C* function A, in term of a holomorphic local coordinate z.

Definition 2.3.4. For each point p € M we define the Gaussian Curvature of M at

p by
Aln )\,
A2

Ky = —

For a minimal surface M immersed in R™ consider the system of holomorphic func-
tions G = (f1, -+, fm) and set |G| = (|fi]*+ -+ ]fm|2)1/2 for f; = 2%, From the

definition of Gaussian curvature, we get

2 02 1
de2 = _W@IH|G’ == _W (Z

i<j

fif) - fjf;f) (2.14)

This implies that the Gaussian curvature of a minimal surface is always nonpositive.
Definition 2.3.5. A surface with a metric ds?> = A\?|dz|? is called to be flat if the
Gaussian curvature K e vanishes identically.

If a minimal surface is flat, then (2.14) implies that (f;/f;,) =0, 1 < i < m for
some ig with f;, # 0, which means f;/f;, is constant. Therefore, the Gauss map G is

a constant.

2.4 Completeness of Minimal Surfaces

We will prove the Main Theorem of this paper using the Completeness of Minimal

Surfaces, so we shall explain it in this section.
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Definition 2.4.1. A divergent curve on a Riemann manifold M is a differentiable
map v : [0,1) — M such that for every compact subset K C M there exist a
to € (0,1) with v(t) ¢ K for all t > ty. That is, v leaves every compact subset of M.
Definition 2.4.2. Riemann manifold M is said to be complete if every divergent
curve 7y : [0,1) — M has unbounded length.

Definition 2.4.3. A divergent curve on a minimal surface x : M — R™ is a contin-
uous map I' : [0,1) — R™ of the form I' = z oy where v: [0,1) — M is a divergent
curve on the Riemann maniflod M endowed with the metric of R™ via the mapping
x.

Definition 2.4.4. A minimal surface x : M — R™ immersed in R™ is said to be

complete if every divergent curve I' : [0,1) — R™ on z has unbounded length.

Example 2.4.5. The helicoid in Example 2.3.4.
x(u,v) = (sinhw - sinv, —sinhu - cosv, —v)

v

2e”

obtained from g = e* and h = is a non-flat complete minimal surface.

Proof. By 2.3.3. we have ds? = (1 + |g|?)?|h/?|dz|2. Then the length of a curve ~ is

defined as
a) = [ (14 19P) Izl
v
where v : [0,1) — M, t — ~(¢) is a diffeomorphism. The only way a curve can be

divergent here is when it tends to oco. As the curve v(t) tends to oo,

1 1 1
1 Vhlldz| = [ (1 +|e*) - d :—/ 1) 1d
[ tay st = [ i) it =5 [ (1) e
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tends to co. Thus d(v) is unbounded. Therefore, we conclude the helicoid is com-

plete. As a matter of fact, all helicoid are complete minimal surfaces. Q.E.D.

Now we consider a doubly periodic Scherk’s surface in R3. Let M = C\
{1,-1,v/=1,—V/~=1}, § =z, and h = —*=. Then
-2 2y —1 4

d dz, — dz).

22 +1 % 22 -1 % 24 —1

(n. 32 3 =

But then 7 = 2Re fgz; is not well defined because the 1-form qgi, 1 =1,2,3 have real
periods on M as we see the picture below. To solve this, we define M as the universal
covering of M, and we take g and h as the lifts of § and h to M, respectively. Thus,
i =2Re [ ¢ is well defined.

Figure 2.4: The graph of a doubly periodic Scherk’s surface in R3

As we have seen in example of the doubly periodic Scherk’s surface, sometimes

we need to deal with surfaces 7 : M — R?® which is defined on Riemann surfaces M,
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where a simpley connected manifold M of the same dimension as M is regarded as
the universal covering of M. Any minimal surfaces & : M — R3 can be lifted from
M to M as a minimal surface = : M — R3, and we shall see that z is complete if

and only if 7 is complete.

If M is a Riemann surface with conformal structure ¢, then 7! induces a con-
formal sturcture ¢ on M such that the projection map 7 : (M, ¢) — (M, &) becomes
a holomorphic mapping of the Riemann surface (M, c) onto the Riemann surface
(M,&). Consequently if # : M — R? is a minimal surface with M as parameter
domain, and if 77 : M — M is the universal map, then 2 := Zom : M — R3 defines a
minimal surface. We call this map the universal covering of the minimal surface .
Note that x is regular if and only if  is regular, and the images of the Gauss maps

G of M and the image of the Gauss maps G of M coincide.

Proposition 2.4.6. (U.Dierkes, S.Hildebrandt, and F.Sauvigny, [17]) A minimal sur-
face & : M — R3 is complete if and only if its universal covering © : M — R? is
complete.

Proof. <) Suppose that x is complete. We consider an arbitrary divergent curve r
on Z. Lifting T to the covering surface x, we obtain a divergent curve I on 2 which
must have infinite length as z is complete. Since 7 : M — M is a local isometry, it
follows that T has infinite length, and we conclude that x is complete.

=) Now Suppose that Z is complete. Consider an arbirary divergent curve I' on x

given by I' = xoy, v:[0,1) = M. Let I := o4 be the curve on Z with 4 = o~ on
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M. Then, we have I := 04 = fomo~y = oy = I. We have to show that the length
of T is infinite. If 7 is divergent on M, then by definition T is divergent on #, so the
completeness of # implies that T' has infinite lengh, and hence I" has infinite length
since 7 is locally an isometry. On the other hand, if v is not divergent, then there is
a compact subset K of M and a sequence of parameter values ¢, in [0,1) converging
to 1 such that 4(¢,) belongs to K for all n. We may assume that the points ¥(¢,)
converges to a point p € M. Then we choose a chart ¢ : U — R? around p such that
©(p) = 0, and that 7=(U) is the disjoint union of open sheets V;. Since the branch
points are isolated, there is an £ > 0 such that Q. := B.(0) \ B./2(0) is contained in
¢(U) and that the metric of M is positive definite on ¢ ~!(€).). Since the points 7(t,)
converge to p, almost all of them belong to the compact set ¢! (EE/Q(O)). Since v is
divergent on the universal covering M, the points ~(¢,) are distributed over infinitely
many sheets V;. From this fact we infer that the path ¢ o has to cross ). an infinite
number of times. This implys that the length of 7 is infinite. Hence the length of v

is infinite via m, so is I'.
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Chapter 3

Theory of Holomorphic Curves

3.1 Holomorphic Curves

Let f be a holomorphic curve in P*(C) defined on an open Rieman surface M,
which means a nonconstant holomorphic map of M into P"(C). For a fixed system

of homogeneous coordinates [wy : - -+ : wy,] we set
Vii={lwo: - :wy| : w; #0}, 1<i<q.

Then, every zo € M has a neighborhood U of 2, such that f(U) C V; for some i and

f has a representation
=l fin 1 fipnot fi
on U with holomorphic functions fo,--- , fi_1, fiz1,- -, fu-

Definition 3.1.1. For an open subset U of M we call a representation f = [f, :
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-+« ¢ fu] to be a reduced representation of f on U if fy, -+, f, are holomorphic

functions on U and have no common zero. We define the reduced representation as

F=(fo, -+, fn) in C""1,

As stated above, every holpomorphic map of M into P™(C) has reduced represen-
tation on some neighborhood of each point in M. Let f = [fo:---: f,] be a reduced
representation of f. Then, for an arbitrary nowhere zero holomorphic function h,
f = 1foh : -+ fuh] is also a reduced representatioin of f. Conversely, for every
reduced representation f = [go : -+ : g, of f, each g; can be written as g; = hf;

with a nowhere zero holomorphic function h.

Definition 3.1.2. For a nonzero meromorphic function A on M, we define the divisor

vy, of h as a map of M into the set of integers such that for zp € M

;

m if h has a zero of order m at z,

vh(20) = { —m if hhasa pole of order m at =z,
0 otherwise.
\
We now take n + 1 holomorphic functions fy,--- , f, on M at least one of which

does not vanish identically. Take a nonzero holomorphic function g such that v,(2) =
min{vy,(2) : f; 0, 0 <i < n}for zyp € M. Then, f;/g (0 < i < n) are holomorphic

functions without common zeros. We can define a holomorphic map f with a reduced

representation f = [fo/g : -+ : fu/g], which we call the holomorphic curve defined
by f07”' 7fn‘
Definition 3.1.3. Let ag,a,--- ,a, € C be scalars not all equal to 0. Then the set
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H consisting of all homogeneous coordinates [wg : wy : -+ : w,] in P"(C) such that
apwo + ajwq + - - - + a,w, = 0 is a subspace of one dimension less than the demension

of P*(C) is called a hyperplane in P"(C). In other words,
H={[wy:wy: - :wy]: apwo+ aywy + -+ + a,w, = 0}.

Take a holomorphic map f of M into P*(C) and a hyperplane H in P"(C) not
including the image f(M) of f. For each point z € M choosing a reduced representa-
tion f=[fo:---: fu] or F = (fo, -+, fn) on aneighborhood on U of z, we consider
the holomorphic function F'(H) := agfo+ -+ a,f, on U. Since vp(y) depends only
on f and H, we can define vpgy on M, which we call pull-back of H considered as

a divisor.

Proposition 3.1.4. (H. Fujimoto, |9]) Fvery holomorphic map f of an open Riemann
surface M into P*(C) has a reduced representation on M.

Proof. Set H; := {w; =0} (0 < i < n) for a fixed system of homogeneous coordi-
nates [wyg : - - - : w,]. Changing indices if necessary, we may assume that f(M) ¢ Ho,
and so vp(p,) is well-defined. Then there is a nonzero holomorphic function g such
that v, = vp(m,). On the other hand, we can take an open covering {Uy : k € I}
of M such that f has a reduced representation f = [fxo : -+ : fra] on each Uy.
Then, v, = vys,. Let gi = % - fri (0 < ¢ < n), which is holomorphic on Uy.
If Upy := U, NU, # ¢, then there is a nowhere zero holomorphic function h with

fri = hfii (0 <i<n)on Uy, We have

i = S i _ gh S _ 95 -
" fro h fro o '

on Uyy for each i. Therefore, we can define the function g; on M which equals gy;

39



on each Uy. For these functions, f = [go : - : g»] is a reduced representation of M.

Q.E.D.

Now, we consider k arbitrarily given holomorphic functions fy,--- , fr on M. For

a holomorphic local coordinate z on an open subset U of M, we denote by (fi(l))z, or

simply by fi(l), [-th derivative of f; with respect to z, where we set (fi(o))z = fi. By

definition, the Wronskian of fy,--- , fx is given by

W (fose s f) = Walfor oo, fi) 1= det (£0). 0 <61 < k).

Proposition 3.1.5. (H. Fujimoto, [9]) For two holomorphic local coordinate z and (,

1t holds that
dZ) k(k+1)/2

WC(fO’ ’fk) = WZ(va 7fk) (d_C

Proof. Set F' = (fo,---, fi) and (F(l))z = ((fél))z, e ( ,gl))z) . Then, we have

We(fo, -+, fr) = det (t(F(o))<7t (F(l))<7 St (F(k))c)

t )t (1) dz t (k) dz\"
=det | "(F'W).," (F )zd—C,---,(F )2 d_C

_ det ((F®), (FO),, ... *(F®),) (3_2) (3_2)2._, (;Z_z)k

d k(k+1)/2
= Wz(f07 T 7fk) (d_§>

where ‘F'® denotes the transpose of the vector F'®). Q.E.D

The following proposition is a well-known property, so we will not prove it.
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Proposition 3.1.6. For holomorphic functions fo,--- , fr on M, the following con-
ditions are equivalent:
(i) fo, -+, fr are linearly dependent over C

(i) W.(fo, -, fx) =0 for some (or all) holomorphic local coordinate z.

Definition 3.1.7. A holomorphic map f of M into P*(C) is said to be (linearly)
non-degenerate if the image of f is not included in any hyperplane in P"(C). If

f=1fo:--: fu] is non-degenerate, then f,--- , f, are linearly independent over C.

3.2 The Associated Curves

Let f be a linearly non-degenerate holomorphic map of A(R) := {z : |z| < R}(C C)
into P"(C) where 0 < R < co. Take a reduced representation F' = (fo,--- , fn) of f
with P(F) = f where P is the canonical projection of C"™'\ {0} onto P*(C). Denote

the k-th derivative of F' by F®*) and define

k+1
Fe=FON--AF®:AR)—» A CH
for £k = 0,1,--- ,n. FEvidently, F,,.; = 0. Note that Fy = F. Take a basis
{Eo, - ,E,} of C*™. Then the set {E;; A\---ANE;, : 0<ig < - <ip <n}
gives a basis of /\kJrl C"*!. Then we see that
0<ip<-<ir<n

and

|Fk|2: Z (W (fio, - 7fik)|2

0<ip<- <1 <n
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where W(fi,, -, fi,) is the Wronskian of f;,---, fi,. If f=[fo:---: fu] is non-
degenerate, then fy,-- -, f, are linearly independent over C. Therefore, by (3.1) and

Proposition 3.1.6 we have Fj, Z0 for 0 < k <n — 1.

Let
k+1 k+1
P: A\ C\ {0} - P(/A C"\ {0}) c PY(C)
be the canonical projection where Ny = ,,,1Criq — 1 = % -1

Definition 3.2.1. The curve f* := P(F},) : A(R) — P™(C), k=0,1,--- ,nis called

the k-th associated curve of f. Note that f* = P(F,) = P(F) = f.

Let wy, be the Fubini-Study form on P+ (C), and let Q; = (f¥)*wy,, k=0,1,--- ,n,

be the pullback via the k-th associated curve. Then

V=1|F 1| Fiqa]?
or 1L

O = dd°In | B2 = dz Adz >0

for 0 < k < n, and by convention F_; = 1. Note that Qg = dd°In|F|?, and Q, =0

since F,;1 = 0. Tt follows that

Ric . : = dd°In (—'F’“‘l|2|Fk+1|2>

| |t
— dd°In |Fy 12 + dd°In | Fpon|® — 2dd° In | Fy?

= Q1+ Qi1 — 20,

Let H = {[z0 : -+ : zu]| @pz0 + - -+ + anz, = 0} be a hyperplane in P"(C) with

ai+ -+ a2 =1. Take a basis {Fy, -+ , E,} of C""1. Then the set
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gives a basis of A" C"t1. We define

Fk(H>: Z ( Z aiOW(fio>"' >flk)) Eil/\"'/\Eik'

0<i1 < <ip<n \igF#i1, in
Then
FO(H) :a0f0+"'+anfn = F(H)
Note that
|Fk’(H)|2: Z Z aioW(fioa"' 7.fzk) 2
0<ip << <n io;ﬁil,---in
and

‘F<H)’2 = ’aﬂfO + -+ anfn’2'

Definition 3.2.2.
|Fe(H)(2)]
| Fr(2)]

is said to be the projective distance from the k-th associated curve f¥(z) to the
hyperplane H.

Definition 3.2.3. We define the k-th contact function of f for H by

_ F(H)]?
¢k(H) T |Fk|2 ’

Then go(H) = IR and g, (1) = Bbfbolel — BUGLRIE — 1 Note

that OS ¢k(H) S ¢k+1(H) S 1 fOI‘OS k:gn—l

3.3 Results in Nevanlinna Theory

We shall introduce a few portions of the Nevalinna Theory in order to enforce the

proof of the Main Theorem.
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Definition 3.3.1. Let f be a meromorphic function on A(R), where 0 < R < o0

and let r < R. Denote the number of poles of f on the closed disc A(R) by n¢(r, 00),

counting multiplicity. We then define the counting function Ny(r,o0) to be

7 t _
Ny(r,00) :/0 ns(t, ) t nf(o’oo)dt+nf(0,oo)lnr,

here ns(0,00) is the multiplicity if f has a pole at z = 0. For each complex number

a, we then define the counting function Ny(r,a) to be
N¢(rya) = Nf%(r, 00).
Definition 3.3.2. The Nevanlinna’s proximity function my(r, o) is defined by

1 2w )
my(r,00) = %/o In™ | f(re)|dd

where In" 2 = max{0,Inz}. For any complex number a, the poximity function

my(r,a) of f with respect to a is then defined by

mys(r,a) =m_1_(r,00).

—a

Definition 3.3.3. The Nevanlinna’s characteristic function of f is defined by
Ty(r) = my(r,00) + Ny(r, 00).
Here, T(r) measures the growth of f.

Example 3.3.4. (K.S. Charak [27]) Consider the rational function

P(2) 2" 4 12" 14+ ag
= = ny bm .
A TE B W e s R
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Distingquish the following two cases:
Case 1. When m > n. In this case lim|,|_, f(2) is finite, so there is a positive real

number 7o such that ns(r,00) = m for all » > ro. Thus

70 t _ T t —
Moy = [ 22 =000, 7 ull0) =000y
0 ™

t t

0

= (m —ns(0,00)) (Inr —Inrg) + n(0,00) Inr + O(1)
=mlnr —mlnry+ns(0,00)Inry+ O(1)

=mlnr+ O(1)

Next, note that for polynomial P(z2) = a,2" + a,,_12" "' + - - - + ag with a,, # 0, given

positive € there is an ro > 0 such that for all » = |z| > r¢ we have
(1 —€)|a,|r™ <|P(2)| < (1 + €)|an|r™.

Thus, for all r > ry we can assume that |P(z)| = |a,|r"(1 + o(1)) and |Q(z2)| =
|bm|7™ (1 + 0(1)). This implies that In™ | f| = O(1), and so m(r,00) = O(1). Hence
in this case

T¢(r) =mlnr+ O(1) = O(lnr).

Case 2. When m < n. by the same arguments used in Case 1 we get
Ty(r) = T% (r)+O(1) =nlnr+O0(1) = O(lnr).

Thus for a rational function f we have Ty(r) = O(Inr). Also, the converse of this
statement holds. That is, if f is a meromorphic function with 7¢(r) = O(lnr), then
f is a rational function. Furthermore, by letting m = 0 and n = 0, we have that

T¢(r) = O(1) if and only if f is constant.
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Example 3.3.5. (K.S. Charak [27]) Consider f(z) = e*. Then for all r we have

I
my(r, 00) = —/ In* |’ |d6
0

2

1 27
- 1n+ er cos Qde
2m Jo
1 [z
= — r cos 0do
2r J_

vl

r
—
Since e* is an entire function, for all r N;(r,00) = 0 and so

Ty(r) = %

Theorem 3.3.6. (Nevanlinna’s First Main Theorem) Let f be a non-constant mero-

morphic function on A(R), R < oo. Then, for any r (0 <r < R) and a € C
T(r) =my(r,a) + Ng(r,a) + O(1)

Ty(r) =T (r) + O(1)

holds. This theorem implies N¢(r,a) < T(r).

Example 3.3.7. Consider the function in Ezxample 3.3.5. If a = 0, then by the same

arguments in Ezxample 3.3.5. we have

mys(r,0) =m (r,00) = 0.

1 1
f f

(r,o0) = T and N¢(r,0) =N
T

for all r. Thus we get T¢(r) = £ = my(r,0) + Ny(r,0) = T% (r). Therefore, the result

in Theorem 3.3.6 holds. In this case, letting » — oo the Nevanlinna’s First Main The-

orem tells us in a sense that f is close to 0 on the left half plane and close to oo on the
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right half plane. We can see this fact from
the Color Wheel Graph of the exponential func- Figure 3.1: Color Wheel Graph of
tion f(z) = e* on the right. The transi- f(z)=¢*

tion from dark to light colors shows that the
magnitude of the exponential function is in-
creasing to the right. The periodic horizon-
tal bands indicate that the exponential function
is periodic in the imaginary part of its argu-

ment.

en.wikipedia.org/wiki/Exponential function

Now we define N;(r,a) in the same way as
N¢(r,a) but without taking multiplicity into ac-

count.

Theorem 3.3.8. (Nevanlinna’s Second Main Theorem) Let f be a non-constant
meromorphic function on A(R), R < oo, and let ay,--- ,a, be distinct complex

numbers in CU {oo}. Then, the inequality
q
(g = 2)T5(r) Z p(rsa;) +5(r, f)

holds where S(r, f) is the small error term and <.,. means that the inequality holds

for all r € [0, 00) outside of a set of finite Lebesgue measure.

Following are some of the known estimates of S(r, f).
Theorem 3.3.9. (W.K. Hayman |28, K.S. Charak [27|) Let f be a non-constant

meromorphic function |z| < R < +oo. Then
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(a) if R = +o0,
S(r, f) = O(n" Ts(r)) + o(lnr)

as r — oo through all values if f is of finite order, and as r — oo outside a set E of

finite linear measure otherwise.

(b) if 0 < R < +o0,

S(r,f)=0 (lrﬁ Ty(r)) +1n 1_ r)

dr
R—r

as r — 0o oulside a set E with fE < 400.

As an immediate deduction from Theorem 3.3.9, we have
Theorem 3.3.10. (W.K. Hayman [28], K.S. Charak [27]) Let f be a non-constant

meromorphic function |z| < R < 4+o00. Then

S(r, f)

—0 asr — R, 3.2
Ty(r) (32)

with the following provisos:

(a) if R =00 and f is of finite order, then (3.2) holds without any restriction.

(b) if R =400 and f is of infinite order, then (3.2) holds as r — oo outside a set
E of finite length.

(¢) if R =400 and
lim inf Ty (r)

r—R ln(ﬁ)

= +OO7

then (5.2) holds as r — R through a suittable sequence of values of r.

From Theorem 3.3.10 we see that S(r, f) is the small error term with the property

that S(r, f) = o(T%(r)) as r — oo. Let € > 0. Then by replacing o(T(r)) by € T¢(r)
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we can restate the inequality

q

(¢ —2—6)T¢(r) <eze Z N¢(rya;) asr — R.

j=1

Definition 3.3.11. We say that ¢ hyperplanes in P*(C) are in general position if for
1 < k < n, k hyperplanes of them intersect in an (n — k)-dimensional plane, and for
k > n, any k hyperplanes of them have empty intersection. In other words, ¢ hyper-
planes are in general position if any subset of k£ normal vectors of the ¢ hyperplanes

is linearly independent whenever 1 < k < n.

Theorem 3.3.12. (M. Ru [24], Cartan’s Second Main Theorem with Truncated
Counting Functions) Let Hy,--- , H, be hyperplanes in P"(C) in general position.
Let f : C — P"(C) be a linearly non-degnerate holomorphic curve. Then, the
inequality
q
(= (n+1)THr) <eae Z N](cn) (r, H;) + O(In" T¢(r)) + o(lnr)

j=1
holds where <.,. means that the inequality holds for all r € [0, 00) outside of a set
of finite Lebesgue measure.
As we see before, S(r, f) = O(In* T4(r)) + o(Inr) is the small error term with the
property that S(r, f) — o(T4(r)) as r — oo. Thus by replacing o(T(r)) by € T(r)
we can restate the inequality

q

(g—(n+1) = OTHr) <ere Z N (r, Hy).

J=1
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Chapter 4

Previous Studies of the Unicity

Results

The uniqueness theory mainly studies conditions under which there exists essen-

tially only one function. Here we shall introduce two types of unicity theorems.

4.1 Unicity Theorem for meromorpic functions of C

The Finnish mathematician Rolf Nevanlinna is the person who made the decisive
contribution to the development of the theory of value distribution by introducing
the charicteristic function 7 (r) for the meromorphic function f and proved the first

unicity theorem for meromorpic functions in 1926. The theorem is as follows:
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Theorem 4.1.1. (R. Nevanlinna [2], 1926) If two non-constant meromorphic func-
tions f,g : C — P(C) have the same inverse images ignoring multiplicities for five
distinct complex values, then f = g.

Proof. Suppose that f # g. Let a1, -+ ,a, be distinct complex numbers in P*(C)
and define x = f — g. We apply Nevanlinna’s Second Main Theorem to f and g.

Then, for € > 0 we have

(¢ —2—€e)Ts(r) <ewe Z Ny(r, a;) (4.1)
(q —2— G)Tg(r) SG:EC i NQ(T, aj) (42)

as r — oco. Let T(r) = Ty(r) + T,(r). Since f~(a;) = g '(a;) for j =1,--+ ,q, there
exists a z such that f(z) = a; = g(2) for each j. From this, we get the equation
x(z) = f(2)—g(z) = 0. Now by combining (4.1) and (4.2) and applying Nevanlinna’s

First Main Theorem, we can get the inequality

q

(q—2—6)T(r) <ere Z (Nf(rv aj) + Ng(rv aj))

j=1
Zexe 2 Ny(r,0)
Sewe 2Ty (1)
<ewe 2T(r)
This is equivalent to
(g —=4—6)T(r) <e 0.
From this we obtain ¢ < 4 + ¢, which contradicts the assumption ¢ = 5. Therefore,
f=g. Q.E.D.
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This theorem, tells that any non-constant meromorphic functions can be uniquely
determined by five values. However, the ‘five’ in the theorem cannot be reduced to
‘four’. For example, e* and e™* share four values which are 0, 1, —1, and oo, but

they are not identical.

Hirotaka Fujimoto, in 1975, extended Nevanlinna’s result to non-degenerate holo-
morphic curves f,g : C — P"(C). During the four decades following 1975, this
problem has been studied intensively by H. Fujimoto, W. Stoll, L. Smiley, S. Ji, M.
Ru, S.D. Quang, Z.H. Chen, Q.M. Yan and other mathematicians. In 1983, Smiley
considered holomorphic maps f,g : C — P"(C) which share 3n 4+ 2 hyperplanes in

P"(C) without counting multiplicity and proved the following theorem.

Theorem 4.1.3. (L. Smiley [11], 1983) Let f,g : C — P"(C) be linearly non-
degenerate meromorphic mappings. Assume that there are ¢ hyperplanes Hy,- - - , H,
in P*(C) located in general position satisfying

(¢) f7H(H;) =g '(Hy) for all 1 < j <gq,

(i) fFUH)N Y H)=¢ forall1 <i<j<gq,

q

(iii) f =g on () f7'(H,).
If g > 3n + 2, then ]]‘:; qg.
Proof. Suppose that f # g. Fix reduced (global) representations F' = (fo, -, fn)
with T, (r) < T¢(r) and G := (go, - - , gn) with Ty, (r) < T,(r) such that f = P(F)
and g = P(G) where P denotes the canonical projection of C"\{0} onto P*(C). Since

f # g, there exist indices 1 <4, j < ¢ such that x = F(H,)G(H,)—G(H;)F(H;) # 0.
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We now apply Cartan’s Second Main Theorem to f and g. Then, for € > 0 we have

(q - (n + 1) — € Tf e:pc ZN (43)

q

(g— (n+1) =T, (r) <eme Z N (r, H) (4.4)

as 7 — o0o. Let T'(r) = T¢(r) + T,(r). Then, by combining (4.3) and (4.4), we can

get the inequality

(@ (n+1) = OT() e D (N0 Hy) + N, 1))

ewcnz Ny(r, Hj))

If F(H;)(20) = 0, then 2 € U, f~'(H;), so f(z0) = g(20) by the assumption
(ili), and hence x(zp) = 0. Also, note that F(H;)(z) # 0 for all j # 4, so
i1 N¢(r, H;) < N, (r,0). Similarly, > i1 N,(r, H;) < N,(r,0). By these, together
with by Nevanlinna’s First Main Theorem, N, (r,0) < T, (r) <T'(r), implies
(g—(n+1)—€)T(r) <cw 2n Ny (r,0)

Zexe 2n T (1)

Zewe 2n T(r)
This is equivalent to

(= Bn+1) = T(r) <e 0.

From this we obtain ¢ < 3n 4+ 1 + ¢, which contradicts the assumption ¢ > 3n + 2.

Therefore, f = g. Q.E.D.

In 2009, Z.H. Chen and Q.M. Yan [14] improved Smiley’s result for ¢ > 3n + 2
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to 2n + 3 with the same assumption.
Theorem 4.1.4. (Z.H. Chen and Q.M. Yan [14], 2009) Let f and g be two linearly
non-degenerate holomorphic maps of C into P*(C) over C and let Hy,--- , H,(q¢ > 2n)
be hyperplanes in P"(C) in general position. Assume that

(¢2) f71(H;) =g '(H;) for all 1 < j < g,

(i) fFUH)N Y H) =¢ forall1 <i<j<gq,

(i )f = g on UL, £ (H,).

If g > 2n+ 3, then f = g.

In 2012, H. Giang, L. Quynh and S. Quang [15]| generalized previous results by

changing the condition (ii) to a more general one using the auxiliary function

s}

X =Y [F(H)G(Hos)) — G(H:)F(Hy;))] # 0

i=1

Their theorem is stated as follows:
Theorem 4.1.5. (H. Giang, L. Quynh and S. Quang [15], 2012) Let f and g be

H

two linearly non-degenerate holomorphic maps of C into P*(C) and let Hy,--- , H,

(¢ > 2n) be hyperplanes in P*(C) in general position. Assume that for a positive
integer k with 1 < k < n,

(0) fH(H;) =g '(H;) forall 1 < j < g,

(i2) f (ﬂkHH) ¢ forall 1 <iy <.+ <y < g,

(130 )f = g on U !

Iqu(n—i—l)k—l—n—FQ then f = g.

Also in 2012, after [15] was published, using the same auxiliary function
q
X = Z [F(Hi)G(HU(i)) - G(Hz) ( o() )] §é 0
i=1

o4



F. Lii [16] reduced the number of hyperplanes in the theorem of Giang, Quynh and

Quang to
V1+8k+1 V1+8k+2
q> viToh+? n+k+ vitores ;
2 4
which is derived from ¢ < 32 [g— (n+1)]. A multitude of unicity theorems have

been proved, but only those theorems that are relevant to this thesis were mentioned

here.

4.2 Unicity Theorem for Gauss Maps of complete

Minimal Surfaces

Hirotaka Fujimoto is the first person who used the above technique to prove the
unicity theorem for Gauss maps of minimal surfaces immersed in R™. He also showed
that generalized Gauss maps of complete minimal surfaces in R™ are holomorphic
curves in P™1(C), so many value-distribution-theoretic properties of holomorphic
curves in the complex projective space could be used. The following theorem is his
first unicity theorem submitted in 1992, which is for Gauss maps of minimal surfaces
immersed in R3.

Theorem 4.2.1. (H. Fujimoto [8], submitted in 1992) Let x := (x1, 2, z3) : M —
R3 and & = (&, &, #3) : M — R3 be two non-flat minimal surfaces immersed in
R3 and assume that there is a conformal diffeomorphism ® of M onto M. Consider
the maps f:=moG and ¢ := 70 G o ® where 7 is the stereographic projection and
G and G are the Gauss maps of M and M respectively. Suppose that there are q

distinct points ay, ag, -+ , o such that f~'(a;) = g (o) for 1 < j <gq.
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(a) If ¢ > 7 and either M or M is complete, then f = g.

(b) If ¢ > 6 and both of M or M are complete and have finite total curvature, then
f=y

Since it will take several pages to prove this theorem completely, we just give the
outline of this proof. The proving process is very similar to the process of proving
our Main Theorem.

Outline of the proof of (a) in Theorem 4.2.1. First, suppose that f # g in
order to get a contradiction, and assume that a, = oo.

Second, we define a pseudo-metric dn? and show that dn? is continuous on M and

has strictly negative curvature on the set {dn? # 0}. dn? is defined as follows: Set

q —1+e€ q —1+e€
ag 3 Qo
A= f,oz»ln(—) , A= g,oz»ln(—)
(jHl\ i (7)) ([T (2

for ag > 0 and € with ¢ — 4 > ge > 0 and define

ant = 1 g3 e
- L+ [fPP1+ g
outside the set F := |JI_, f~'(a;) and dn® = 0 on E where |-, -| is the cordal distance

between two complex values.

Third, we apply Ahlfors-schwartz Lemma, for dn? in order to get

4 2
R 5|dz|? (4.5)

A <C—
T =R CEp)

for a constant C.
Fourth, we assume that M is complete, and we consider M as open Riemann surfaces
with induced metric ds? = |[h]2(1+ | f[*)(1 + |g|*)|dz|* from R3 where h is a nowhere

zero holomorphic function.
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Fifth, we take some § with ¢ — 6 > ¢é > 0, set

T <1l forq>7,

T g—4—¢
and define the pseudo-metric do? by
-1 _ =
do? — Wé ( H?=1(’f — ajllg - O‘j‘)l ’ )1 |dz|2 (4.6)
' =) _
| =gl g TTZ (T + Jay]?)'=2

which does not depend on a choice of holomorphic local coordinate z and so well-

defined on M" := M \ D where
D:={zeM: fl(z) =0, ¢(z) =0, or f(z) = g(z) = a; for some j}.

Note that do? is flat on M.

Sixth, take an arbitrary point z in M’. Since do? is flat on M’, we can take R (< 0o)
such that there is a holomorphic map B : A(R) — M’ with B(0) = z which is a local
isometry with respect to the standard metric on A(R) and the metric do? on M’
Then the pseudo-metric B*dn* on A(R) also has strictly negative curvature. Since
there is no metric with strictly negative curvature on C', we have necessarily R < oo.

Seventh, we choose a point a with |a| = R such that for the line segment
Lo:w=ta(0<t<1),

the image I, of L, by B tends to the boundary of M’ as t tends to 1. Then choosing
the suitable 0 in the definition 7, we can actually show that I', tends to the boundary
of M ast — 1.

Eighth, Since B is a local isometry, we may take the coordinate w as a holomorphic

local coordinate on M’ and we may write do? = |dw|?. Then, from (4.6) we obtain
2 = = gPIF N T (L + ey )2
= — - .
[Z(f = ayllg — a2
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Ninth, by (4.5) with € = 0/2 we have the inequality
ds® = |h[*(1L+ | /") (1 + |g*)|d2|*
< C/ ( |fug‘2|f/|’g/‘)\5\ ]dw\Q
-\

L+ [f2) (1 +1g?)

2R \7
< [ d 2
_C(R2—|w|2> |dw|

Finally, we calculate the length of T,

n 2R\’
/ds:/B*dSSC/ ———— | |dw| < oo since T < 1,
o o o \R?—|w]?

which contradicts the assumption of completeness of M. Therefore, we have neces-

sarily f = g¢. Q.E.D.

Fujimoto, in his paper [8], gave an example which shows that the number seven
in (a) is the best possible number. Here is an example:

Take a number a with o # 0,1, —1 and consider the homomorphic functions

1

z2(z —a)(az — 1)’

h(z) := g(z) ==z

and the universal covering surface M of C \ {0,a,1/a}. Then by the Enneper-
Weierstrass representations we can construct a minimal surface x = (1, o, x3)

using the following formulas:
x =2 Re/ (1—g*)hdz, x5 :=2 Re/ V=1(1+ g*)hdz, x3:=2 Re/ ghdz
0 0 0

As we have seen in chapter 2, the map ¢ is the classical Gauss map of M. Tt is
easily seen that M is complete (the proof is similar to Example 2.4.5.). We can also

construct another minimal surface x = (Z, 2, ¥3) in a similar manner from

1

i) = 1
hz) = 2(z—a)(az — 1) 9(2) = 2
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Since M is isometric with M, the identity map ¢ : z € M — z € M is a conformal
diffeomorphism. For the classical Gauss maps g and g, we have g~ '(a;) = 7 '(«;)

for six values

ap:=0, ay:=00, az:=a, oa4:=—, a5:=1, ag:=—1.

1
«
However, g # g. Hence, the number seven in Theorem 4.1.1. cannot be reduced to

SiX.

In 1993, Fujimoto [10] generalized Theorem 4.2.1 into R™. The generalized the-
orem is stated as follows.
Theorem 4.2.2. (H. Fujimoto [10], 1993) Let = := (21, - , %) : M — R™ and
T = (T, 0, Tm) - M — R™ be two oriented non-flat complete minimal surfaces
immersed in R™ and let G : M — P™(C) and G : M — P™ (C) be their gener-
alized Gauss maps. Assume that there is a conformal diffeomorphism ® of M onto
M. Then the Gauss map of the minimal surface & o ® : M — R™ is given by Go .
Consider the holomorphic maps f = G: M — P™1(C), g=Go ® : M — P (C).
Assume that there exist hyperplanes Hy,--- , H, in P™(C) Iocated in general po-

sition such that

(1) [T (H;) = g7 ' (H;) for every j =1,--- .q,

q
(ii) f=g on | '(Hy).
j=1
If g >m?*+m(m—1)/2, then f = g.
The unicity theorem for meromorphic functions in the value distribution theory

has been improved for several decades by many mathematicians, but there has been

no improvement of the unicity theorem for Gauss maps in the minimal surface theory
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since Theorem 4.2.2 was published. Thus we are going to improve upon the theorem

through this thesis.

4.3 Comparison of the Unicity Theorem for holo-
morphic curves of C and the Unicity Theorem

for Gauss Maps of Complete Minimal Surfaces

In order to get some idea to make an improvement of Theorem 4.2.2, we now
compare the recent unicity theorem for holomorphic maps on C to the recent unicity

theorem for Gauss maps on complete minimal Surface M. See the table below.

Table 4.1: Comparison of the Recent Results of Unicity Theorems

Holomorphic Curves f,g: C — P"(C) Gauss maps f,g: M — P*(C)
with f~'(H; N H;) # ¢ | without with f~'(H; N H;) # ¢ | without
q>2n+2 q> (n+1)2 (No result q>(n+1)%+ n(";l)
(Chen and Yan [14], (Giang, Quynh, and | in the previous studies) | (Fujimoto [10], 1993)
2009) Quang [15], 2012)
with /= (2] H,, ) # 0 with /1 (N2 ) # 0
q>(n+1)+ q—gllzjj—gkn q>(n+1)+ q—glgtikn + n(n;l)
(F. Lii [16], 2012) (The result in this thesis, 2016)
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As we see the table above, the unicity theorem for holomorphic curves and the

unicity theorm for Gauss maps are very related and the term n(n +1)/2 is the key.
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Chapter 5

The Auxiliary Function and the Main

Lemma

5.1 The Auxiliary Function

In this section, we construct a (new) auxiliary function, similar to the auxil-
iary function used in Chen-Yan [14] (see also [15] or [16]), which will be used later.
Let M be a simply connected Riemann surface and f, g : M — P"(C) be two
linearly non-degenerate holomorphic maps. Fix a reduced (global) representations
F={(fo,-,fn) and G := (go, - ,gn), i.e. f=P(F), g =P(G) where P denotes
the canonical projection of C"\ {0} onto P*(C) and fo,- -, f, (resp. go,- -, gn) are
holomorphic functions on M without common zeros such that T, (r) < Ty(r) and
T,.(r) < T,(r). For a hyperplane H = {[zo : - - - : z,]| apzo + - - - + a2z, = 0} in P*(C),

we define
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F(H):=aofo+ -+ anfn and G(H) = aogo+ -+ angn.

Assume that f # g on M, and let Hy,--- , H, be hyperplanes in general position in
P"(C). We define an equivalence relation on L := {1,--- ,q} as ¢ ~ j if and only

if Z(HZ) o F(H]) = (. Set {Lla"' 7Ls} = L/ ~. Since f 7—é g and Hlv"' 7Hq

are in general position, we have that #(Ly) < n for all k& = {1,---,s} where

#(Ly) is the number of elements in L. Without loss of generality, we assume that

Ly = {ig_1+1, dg_1+2, - ,ig} for 1 <k <s, where 1 <ij; <--- <iz=gq,li.e.
F(Hy) _ F(H)) _  _ F(H,) ” F(Hi 1) _ F(Hise) . _ F(Hy,)
GH)  GH))  GH,)" GHi) GHyy)  G(Hy)

Ly ;0 Lo goup
F(Hiy) _ F(Hiyge) . F(Hy) F(H, 1) _  _ F(H,)
£ = = ... = £t = = ,
Gl ~ Gl ~ "~ Gy 77 Gl ) T Gl
Ls group Ls goup

Define the map o : {1,--- ,q} = {1,--- ,q} by

1+n ifi+n<g,
o(i) =
1+n—q ifi4+n>q.

Then obviously o is bijective and |o(i) — ¢| > n assuming ¢ > 2n. This implies that

i and o (i) belong two distinct sets of {Ly,---, L}, so

Let Xi - — F(Hi)G(Ha(i)) — G(Hi)F(HU(i)). Then Xi §é 0. Define

— HXi = H[F(HZ-)G(HU(,-)) — G(H;)F(Hy;))] # 0. (5.1)
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For a nonzero meromorphic function h on M, we define the divisor v}, of h as a map

of M into the set of integers such that for zo € M

(

m if h has a zero of order m at z,
vh(20) = —m if hhasa pole of order m at zy,

0 otherwise.

\

We note that vj)(2) is the intersection multiplicity of the images of f and the

hyperplane H at f(z).

Lemma 5.1.1. (F. Lii [16], see also [14] and [15]) Let f,g : M — P"(C) be two
linearly nondegenerate holomorphic mappings. Let Hy,--- , H, be hyperplanes in

P™(C) located in general position with ¢ > 2n such that
(i) f=H(H;) = g~ ' (H;) for every j =1,--- ,q,
(ZZ) ﬂf—:i_ll f_l(Hij) =4d fOT' any {ila e 7ik+1} C {17 T 7Q}7

fiii) f = g on | F~1(Hy).

J=1

Then the following holds on the domain of each holomorphic local coordinate z of M :

> (Vi) (2) + ) ()

=1

q— 2k + 2kn
> (2= T ave
wlz) 2 ( 2kn
where I/}(Hj)(z) = min{n, v, (2)}.
Proof. If 2 ¢ Uj_, 7Y (H;), then vpg,)(2) = 0, so this lemma is obviously true.
Thus, we only need to consider the case when z € JI_, f~'(H;). Let J = {j :
F(H;)(z) =0,1 < j < ¢} and denote by #(.J) the number of elements of J. Then,

#(J) < k by the assumption (ii). If j € J, then z is a zero of F(H;), and hence z
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is a zero of x; with multiplicity at least min{vp(m,;)(2), va,)(2)}. We now define
oM J)y={j:0()eJ}. Ule{l,--- g} \(JUo(J)), then z is a zero of y; with

multiplicity at least 1 by the assumption (iii), and so v,, > 1. Therefore,

v(z) = Z min{vpm;)(2), Ve, (2)} + Z Yxa
je€J, j€o—1(J) le{l,,a\(JUeo=1(J))
> Z min{veu,)(2), vam,)(2)} + Z 1
jed, jea=1(J) le{l, g \(JUeo~1(J))
> 2 min{vp) (2), vau,)(2)} +q — #(J U ()
jeJ
> 2 Z min{VF(Hj)(z), Vg(Hj)(Z)} +q— 2k
jeJ
> 2 Z[min{n, ve)(2)} +min{n, vau,)(2)} —n] +q — 2k.
jeJ
q— 2k
= 22 2) + Vg (2) = - Vpar,) (2)] + ok -2k
JEJ
> 22 ) + Ve, (2) = 1 V) (2)]
q— 2k
ok Z[V}v(Hj)(Z) + Vé*(Hj)(Z)]
j=1
q—2k - 1 1
> QZ ) + VG(H )( 2)] + | ok n| Z[VF(H]-)(Z) + VG(HJ-)(Z)]
j=1
q— 2k - n n
2 QZ ) + Ve, (2)] + | Y 1] Z[VF(Hj)(Z) + Ve, (2)]
j=1
q—2k+2kn\ <=/, "
= <T Z <VF(Hj)(Z> + VG(Hj)(Z>> ;
j=1

where, in above, we use the facts that min{a,b} > min{a,n} + min{b,n} — n for
all positive integers a and b, U}J(Hj)(z) = 1for j € J, as well as k > #(J) >

q

Goymin{ L ve) ()} =320, U}?(Hj)(z). This finishes the proof. Q.E.D.
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Lemma 5.1.2. (M. Ru [21]) Let Hy,--- , H, be hyperplanes P"(C) in general position
and let F' = (fo, -+, fn) be the reduced representation of a linearly non-degenerate
holomorphic map f : M — P"(C). Then the following holds on the domain of each

holomorphic local coordinate z of M :

a q
Z ve(ay)(2) = ve,(2) < Z Vi) (2)
Jj=1 j=1

where F, = W(fo, -, fn) which is the Wronskian of fo,- -+, fu.

Proof. 1f zo & UI_, f~'(H;), then vp(m;)(2) = 0, so this lemma is obviously true.
Thus, we only need to consider the case when z € Uj_, f~'(H;). Then there are
integers h; > 0 and nowhere vanishing holomorphic function g; in a neighborhood
U of zy such that

F(Hj):(z_zﬂ)hjgj for .]:]-’7(]

Let J ={j: F(H;)(2) =0,1 <j <gq}. Then #(J) < n because Hy,--- , H, are in
general position. We re-order Hy,--- , H, so that the multiplicity h;, 1 < j < g arein
descending order. Without loss of generality, we assume that h; > h;; ., for 1 < j < j;
and h; = 0 for j; +1 < j < ¢ where j; <n. Assume that hy > hy > --- > hj; > n
for 1 < jo < j;. Since each F(H;), 1 < j < ¢ is a linear combination of fy,---, fy,

by the property of the wronskian,

Fy=W(fo, -, fu) = W(F(Hy), -, F(Hpy1)) = H(Z - Zo)hj_nf(z)

J=1

where £(z) is a holomorphic function defined on U and ¢ is a constant. Therefore,

vr, (20) > Z(hj —n).
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Z vr(;)(20) — v, (20) Z VF(H. —vr,(20)

Jo

< Z vr(;) (%0) — Z(hj —n)

=1

= Z vr(m,;)(20) + Z[VF(Hj)(ZO) = (hj —n)]

J=jo+1 Jj=1
n Jo

= E VF(Hj)(ZO) + E n
J=jo+1 Jj=1

n

q
- Z I/E(Hj)(z()) - Z Vg(Hj)(ZO)’ Q.E.D.
j=1 Jj=1

Proposition 5.1.3. The function

X757 | F, G,
i1 [F(H;)G(Hy)

15 continuous on the domain of each holomorphic local coordinate z of M, where x
is defined in (5.1).

Proof. Denote by

2kn
X |72 | B Gy
i1 [F(H;)G(Hy)|

and let £ := JI_, f~'(H;). Then P is obviously continuous at 2, for all 2 ¢ E.

P =

Now assume that zp € E. By Lemma 5.1.1. and Lemma 5.1.2., we get

2% q q
vp(2p) > q_%ﬁ (20) + i, (20) + va, (20) JZ:: re;)(20) z:: aH;)(20)
q
> Z (VF (20) + VG, (2 )) =D Vi (20) — Z Ve (20) = 0
j=1 j=1
Therefore, P is continuous. Q.E.D.
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5.2 Pseudo-metric on A(R) with Negative Curvature

Let f : A(R) — P"(C) be a linearly non-degenerate holomorphic map where
A(R) :={z : |z| < R} with 0 < R < oo. Let Hy,---,H, be hyperplanes located
in general position in P*(C). Min Ru (see M. Ru [19]) constructed a pseudo-metric
I'= %h(z)dz Adz on A(R)\Uj_{¢o(H;) = 0} whose Gauss curvature is less than

or equal to —1, i.e. Ric I' > T" (where Ric I" := dd®In h), for ¢ > n + 2 as follows:

Lemma 5.2.1 (M. Ru [19]). Assume ¢ > n+2 and 2 < & D) and define

n(n+2)
1 ,Bn q n—1 hﬁ'rl/)\p
=c
E<¢O(Hj)> j[[l ]H)( — In ¢, (H;))*o
where h, = — Fpo1lPlFp Bp = =1, \y = —————— and ¢ > 0 is some posilive
|F |4 b n — 22q p

Spco s TP npt(n—p)2 ¥

constant. Let T' = %h(z)dz Ndz. Then RicT >T on A(R) \ U{¢o(H;) = 0}.
(In our case, since hyperplanes Hy,--- , H, are located in general position, § = 1 and

7_,w(j) = q where 0 is the Nochka constant and w is the Nochka weight.)

Note that, Min Ru (see at the end of the proof of the Main Lemma in [19]) indeed

proved the following slightly stronger result:
‘ 2q 2q
RicT > B, [[q¢— (n+1) — (n? +2n QO+Z Ut |+ (52)

It is obvious that the right-hand side of (5.2) is bigger than I' because ¢ — (n+ 1) —
(n® 4 2n)3¢ > 0 by the assumption. We will use (5.2) in our proof.

Noticing that

q

Tﬁh;r) _ ﬁ (\Fp—1|2|Fp+1|2>n pHon*
F ¢ FUL Sl LT
=[R2t R R R | B | B,
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)12
ol = |F| and go(H;) = I e get

q q 2571
[FIS(|Fy| - | Fna|) ¥ [

L FH)ITTZ) Ty (N — In gy (Hj))

where S=¢q— (n+1) — (n?+2n—1)

h(z) :=

(5.3)

2q
V-

Let f, g : A(R) := {z : |2|] < R}(c C) — P*(C) be two linearly non-
degenerate holomorphic maps with reduced representations F' = (fo, -, f,) and
G = (g0, , gn) respectively, where 0 < R < oco. Let Hy,--- , H, be hyperplanes in

P"(C) in general position. Denote by

_ |E(H)]?

GL(H)|?

¢p (H) = TGP

and, according to (5.3), we let

4q 2q 2fn
[FIP(F - [P DN [ Fa N

Fo [P TS T (N = In gl (H))) |

~ 7 206n

GI5(|G| -+ |G| ) ¥ |G| ¥
L GHN)I TS TI (N — IngG (H;)) |

(5.5)

Lemma 5.2.2. Assume ¢ >n+1, ¢— (n+1)— (n®+2n—1)% — % >0 and

take N such that 2 < q&gﬁ:;l)). Let © = %n(z)dz A dz with

(el N
0= (i) VG (5:6)

where x is the auziliary function given in (5.1), hq, he are given in (5.4) and (5.5)

respectively. Then n(z) is continuous on A(R) and Ric © > CO for some positive
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constant C'.
Proof. Plugging hi(z) and hs(2) into n(z), we have

4

(1F|GI)* 72 |y =k [T (| Bl|Gl) ¥ (|| Gnl) ¥
([ (H)GUH )N T2 Ty [(V = Ingf (H))(N = In 65 (H;)]

By Proposition 5.1.3., n(z) is continuous on A(R). Now we calculate Ric ©. Set
I = Fhl( )dz A dZ and 'y = th( )dz A\ dz where I'1, T’y are given in (5.4) and
(5.5). Using (5.3) (which holds for hy, hy as well), the assumption

2q 2knq
—(n+1 o 1)L _ =
¢=(n+1) =" +2m-1)T g —2k+2kn

and the fact that y is holomorphic, we have

Ric © = ddInn(z)

1 c 1 c knﬁn c 2 c 2 2
> LRieT, + RlC Iy — M (dd°In|F|? + dd°In|G|?)

-2 — 2k + 2kn

1 2 1
>2/3n|:(Q(n+1) (n? 4 2n) )Qf—i-z Qf N nl _|_§F1

1 2 2q 1
+ 56 {<Q(n+1) (n? + 2n) )Q"Jrz ] e
7 knqgBy, ;o knqgBy, Q9
q—2k+2kn % q—2k+2kn °
1 2q 2kng ¥ 1
> = n - 1) — 2 m— — ——= 1 Q T
=7’ Kq ()= +2ng q2k:+2kn> 0] T3t
1 2q 2kng 1
5Pn 4~ 1 )= - ————— | Q)| + 5T
3l [(q (n1) = (n*+ 2m) g q—2k+2kn> 0]+2 2
§(F1+F2 >7Wd2/\dz
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2knp

> \EC/< !X(z)\(z)’q>qzk+§"m i halde A dz

or  \[F(=)[C

=(Co.

In the last step, we used the fact that |x(z)| < C”|F(2)|7G(z)]? for some positive

constant C". Q.E.D.

5.3 The Main Lemma

The following Ahlfors-Schwarz lemma is well-known (see M. Ru [20]):

Ahlfors-Schwarz Lemma. Let ' = %h(z)dz/\di be a continuous pseudo-metric

on A(R) whose Gaussian curvature is bounded above by —1 (i.e., RicI' > T'). Then,

for all z € A(R),

Now we are ready to prove our Main Lemma. Let

¢fp: Z aj,lW(flvfip'” 7fip) and ¢fp: Z aj,lW(ghgiu”' 7.gzp)
111, ip I#£i1, ip
By the assumption that f and g are linearly non-degenerate, ]F , and wfp do not

vanish identically, and thus have only isolated zeros since they are both holomorphic.

Note that, from definition,

Wil < IE(H))|  and  [vf] < |Gy(Hj)l. (5.7)
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Main Lemma. Assume g > n+1, S— jlgiq%n > 0 with S = q—(n+1)— (n®>+2n—

1)?\‘[], and take N such that 2q < 4 ((”:11)). Then there exists some positive constant

Co such that, for all z € A(R),
|F(2)G(z) [ 72 |y (2 >|*q S | F (2)Go(2) 13 [0 T, (05, (2006, (2)) ™
TP (H,)(2)G(H,)(2)]

( 22t 5ot (n—p)2 29

— |2

Proof. From Lemma 4, we know that n(z) is a continuous map and Ric © > CO.

Applying the Schwarz lemma for ©, we get

n(2) < Co (RQ%R’ZP)Q. (5.8)

for some constant Cy > 0. On the other hand, from (5.4), (5.5), the definition of 7,

and the fact that Bn = Z; (1%/\ T — Z;;(}(nfpi(nfp)z%q) = n(n+1)+Z L o(" )2 an we get

n{"(’%%zg;& (n—p)224]

PGP a7 (| By By |G| G ) ¥ [FoGo| ¥
1 | F(Hy)G(H) TT= Ty [(N — @ (H;) (N — In oG (H;))]

For a given 2/N > 0, it holds that lim, .o 2% (N — Inx) < oo, so we can set

K = supg_,<; 2¥~(N —Inz). Since 0 < ¢f'(H;) < 1 for all p and j, we have, by

using (5.7),
L1 e LIBULI LRI
gy (H;) = K7 KRN KRN
Similarly,
1 ARG

ToG(H,) © K Gy
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Hence,

[P35 (np)* J

n
>C |FG|S_ qigzi‘ék" |X| qi;kkf%" |FnGn|1+% H;;é ?:1 (
- G [F () T2, |G(H;)

for some constant C' > 0. This, together with (5.8), proves the lemma. Q.E.D.

UL G )
J,P J,P
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Chapter 6

The Main Theorem

6.1 Proof of the Main Theorem

Main Theorem. Assume that both f = G : M — P" Y(C) and g = Go ® : M —
P"=Y(C) are linearly non-degenerate (i.e. the images of f and g are not contained
in any linear subspaces of P"~1(C)) and that there exist hyperplanes Hy,--- , H, in

P™=1(C) located in general position and a positive integer k > 0 such that

k+1

(H) ﬂ f71<Hij> =4d fOT' any {ilv' o 77;k+1} C {17 ’ 7Q}7
j=1

(i) £ =g on [ £71(01)).

2 4 2 4k)? +1 —2 1
Ifq>(m +m + 4k) + +/(m +m1— k)? 4+ 16k(m — 2)m(m + ), then f = g.
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Proof. First, we let n = m — 1 for simplicity. Then we obtain the equivalent

inequility from the assumption for our ¢ > 0 as the following:

(m? 4+ m + 4k) + /(m2 + m + 4k)2 + 16k(m — 2)m(m + 1)

q>

4
@q>(n2—|—3n+2—|—4k)+\/(n2+3n+2+4k)2+16k(n—1)(n—|—1)(n—|—2)
4
n(n+1) 2kng
- 1) — - :
Sq-(n+l) 2 o2+ 2k "

(6.1)

Let £ : M — R™ and £ : M — R™ be two oriented non-flat minimal surfaces
immersed in R™ and let G = [22 : ... : Z=] . )f — P !(C) and G = (94

: %m] M — P™(C) be their generalized Gauss maps of M and M respec-
tively. Assume that there is a conformal diffeomorphism @ of M onto M. Then
the induced metric on M and on M from the standard metric on R™ are given
by ds? = 2 (|92 + -4 |22 [") |z and d3® = 2 (|2 [* 4 - + | 2]") [dzf? re-
spectively. Assume that M and M are complete with respect to the induced metrics.
Note that we may regard M and M as Riemann surfaces and ® as a conformal dif-
feomorphism between M and M. Consider the linearly non-degenerate holomorpic

maps

f=G:M —=P*(C) and g¢g:=God:M —P"(C)

with n = m — 1 and take their reduced (global) representations F' := (fo, -, fn)
and G := (go,--- ,gn) respectively with f = P(F), g = P(G) where P is the
canonical projection of C"*™'\ {0} onto P*(C). By Proposition 2.2.2. fo, -, fn

(resp. go, - ,9n) are holomorphic functions on M without common zeros. Set
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|F|? = !%’2+--~—|— ’8;—?‘2 and |G|? = ’%‘2+~--+ ‘ag—;”|2. Then, since G = Go @,

we can rewrite the (induced) metric by

ds* = 2 FP|dz]? = 2/ F|[P~(f)]|d=I? = 2|F|[P~(G)]|d=I?
= 2|F|[P~(G o @)||dz|* = 2|F||P~(g)||d=|?
= 2|F||G||dz*
which is, by the assumption, complete. In order to prove the unicity theorem, we
will use ds? = 2|F||G||dz|* because it has both F' and G. We are now ready to
prove the Main Theorem. By taking the universal cover of M and lifting the maps,
if necessary, we can assume that M is simply connected. Then, by the Unifomiza-

tion theorem, the Riemann surface M is conformally equivalent to either C or the

unit-disc A := {2z : |z| < 1}.

In the case when M = C, it is known that f = g from [8]. We enclose a proof
here for the sake of completeness. Assume that f #Z g. We will use Cartan’s Second
Main Theorem to derive a contradiction. To do so, we use some standard notations

in Nevanlinna theory. From Lemma 5.1.1., we get

q— 2k + 2kn\ « B .
Ny (r,0) = (T > (N} Y(r, Hy) + N{™(r, Hj)) ,
j=1
and, by the First Main Theorem, N,,(r,0) < T¢(r) + T,(r) (by choosing and fixing
the reduced representation F' = (fo, -, f,) and G = (go, - -+ , gn) of f and g respec-
tively). On the other hand, from H. Cartan’s Second Main Theorem, we have that

fore >0 and all r (0 < r < R, R < o0) except for a set E with finite Lebesgue
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measure, the inequality
(g— (n+1) —e)Ty(r) < szm (r, H;) 4 o(T¢(r))
7j=1

hols as r — oo. It is also holds for g. Hence, we get

]

q(Tf(T) —i—Tg(r)) : NXj (T’ O)
> Ny (r,0)
q—2k+2kn ! n n
2 ( ) j=1 (NJ(‘ )(T>Hj)+Ng( )(T’ HJ))
(q — 2k + an) (g — (n4+1) — )(Ts(r) + T,(r))

After simplifying, we have

2kng

q— 2k +2kn —

S q — 2k + 2kn
1= 2kn

)<q—<n+1>> — g-(n+1)-

which gives a contradiction under the assumption (6.1) for our gq.

So we only need to consider the case M = A := {z :|z| < 1}. We now have two
linearly non-degenerate holomorphic maps f, g : A — P*(C). Assume that f # g.

We will derive a contradiction. We will use the notations as being introduced in

the previous sections. Since ¢ — (n+ 1) — "(";1) — g'gi’ékn >0and n?+2n—1+

Zz;é(n —p)? =n®+2n — 14 M2t 4 P —,p(p + 1), we can thus choose N > 0

such that

2q{n +2n— 143777 O(n p)} N 2—|—2q[n2+2n—1—|—n("+1 + D o Op(p—i—l)}
< < .

n(n+1) 2kng n(n+1) 2kng
¢g—(n+1)—- =5 - q—2k12kn ¢g—(n+1)-=5— - a—2k+2kn
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n—1

nn T 2
Lot p= S — M50 4 -2 4 n(n+ 1) + Y plp+1) 1] where S = g — (n +

p=0

1) — (n® +2n — 1)32. Then

2

Moreover, from
2q [n2 +2n—1+ Zz;é(n - p)Q}

n(n+1) 2kn.
q— (TL + 1) - 2 - q—2k+q2kn

N >

we get

N[q—(n+1)]—2qn(n+2)>N[n(n+1)+ 2kng ]+2q |:1+Z(np)2]>0

2 q — 2k + 2kn
and
2q 2kng nn+1) 2¢

— 1 2n—1 —

¢=(n+1) = (n"+2m—1)5 - g—2k+2kn "~ 2 NZ}” p)’
and thus

2 — 1 2 2k

—q<wandq—(n+1) (n*+2n—1)— ¢ n > 0.

N n(n+ 2) N q—2k+2kn

Hence we can apply the Main Lemma. To do so, let p* = % and let

p*

(6.3)

"y ( j1 [P (H;)G(H;)| )2
- 2kn n— 4/N
|72 | G [ 20N T T (19,4055 )

which, by Proposition 5.2.3., is a strictly positive continuous function (i.e. it has no

zeros) on M’ = A\D where

D= {F, =0} U{G, =0} U;p {2+ ¥j,(2) = 0or ¢3,(2) = 0}.
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Figure 6.1: The relation among M’, M’, and A(R)

M! S C
U X|y is biholomorphic to A(R) A(R)\\‘\
Lo

i = o

(Universal covering) TT

B=mo(X[y)™
M’ = A\D
(@]
1) u
°0
1) (@]
(@]

Let 7 : M’ — M’ be the universal covering map of M’. Then In(u o ) is a
harmonic function since F(H;), G(H;), F,,, Gy, fp, fp and y are all holomorphic
functions and u has no zeros. So we can take a holomorphic function 8 on M’ such
that |8] = uow. Without loss of generality, we may assume that M’ contains the
origin o of C. Let 6 € M’ denote the point corresponding to o € M. For each point
p of M’ we take a continuous curve 75 : [0, 1] — M’ with v;(0) = o and ;(1) = 7(p),

which corresponds to the homotopy class of p. Set

w=X(5) = / e

where z denotes the holomorphic coordinate on M’ induced from the holomorphic
global coordinate on M’ by 7. Then X is a single-valued holomorphic function on M

satisfying the condition X (6) = 0 and dX (p) # 0 for every p € M’'. Furthermore, for
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_A1n|5| _ __Alnu =0
B2 w2 W

which means that M’ is flat. Thus, we can choose the largest R(< oo) such that

the metric |3||dz| on M’ we have the Gaussian curvature K =

X maps an open neighborhood U of 6 biholomorphically onto an open disc A(R)
in C, and consider the map B = 7w o (X|y)™! : A(R) — M’ C A. By Liouville’s
theorem, R = oo is impossible. Thus, we conclude that R < oo. Also, by definition

of w= fv,s B(z)dz, we have

|dw| = [6(2)||dz] = u(z)|dz]. (6.4)

For each a € OA(R) consider the curve
L, w=ta,0<t<1

and the image ', of L, by B. We shall show that there exists a point ag € 0A(R) such
that I'y, tends to the boundary of M. To this end, we assume the contrary. Then,
for each a € OA(R), there is a sequence {t, : v = 1,2,...} such that lim, ,t, =1

and 2o = lim,_,., B(t,a) is in M. Suppose that 2o &€ M’. Then either F,(zy) = 0,

Figure 6.2: L,, and its image Iy, when zo € M’

M’ = A\D
C e
pram N B=mo (Xl ’ o
i‘% ] °0
ag.. .~ o Fjo§o
2o

Gn(z0) = 0, ¢ (20) = 0, or ¢§.(2) = 0. In any one of these cases, there is a
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constant C such that

C
u = 7
|z — 20| ™

in a neighborhood of zy. Thus,

d |
R:/\mwi/Lﬂua:/ugwazc b= o
La r, ldz] Ta Lo |2 — 20| N

. 20* .. ..
since - = piN > 1. This is a contradiction because R < oo. Therefore, we have

z0 € M'. Take a simply connected neighborhood V' of zg which is relatively compact
in M'. Set C" = min,cy u(z) > 0. Then B(ta) € V(ty <t < 1) for some ;. In fact, if
not, ', goes and returns infinitely often from 0V to a sufficiently small neighborhood
of zp and so we get the absurd conclusion
R uw:/mmwza/km:m
La T, T,
Thus we see that lim; ,; B(ta) = zp. Since m maps each connected component of

7~ (V) bioholomorphically onto V, there exists the limit
]50 = hm(X|U)_1(ta) S M’.
t—1

Thus (X|y)™" has a biholomorphic extension to a neighborhood of a. Since a is
arbitrarily chosen, X maps an open neighborhood U biholomorphically onto an open
neighborhood of W This contradicts the property of R, i.e.,R is the largest radius
such that X maps an open neighborhood U of ¢ biholomorphically onto an open disc

A(R) in C. Therefore, there exists a point ay € OA(R) such that I',, tends to the

boundary of M.
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Figure 6.3: The image I'y, of Lg, tending to the boundary of M

STAR)

Lo

ap-._ //'/

B=mo(X|p™"

Our goal is to show that I',, has finite length, contradicting the completeness of

the given minimal surface M. From (6.3) and (6.4), we have

( ¢ |F(H;)(2)G(H ><>| )
X ()| 75555 | B (2) G ()| ¥ TT0g Ty [0F ()06, (2)|

*
L
2

|dz|.

|dw]| = u(z)|dz] =

Let Zp(w) = F(B(w)), Za(w) = G(B(w)), and let 175, 47S be defined from Zp, Zg

in the same way as Jp, w from F, G respectively. Then, because

n(n+1)
n d 2
ZFAijA---/\Z},):(F/\F’A---/\F<")(dz) :
w
n(n+1)
ZaNTLA N2 = (GAG A-nGoy [(E) 7
¢/ da dw ’

p(p+1) p(p+1)

dz 2 dz 2
Z F Z, G
=t (5) T mvl-vg () T

it is casy to see that, if we let h = ") 4 pn(n + 1)L + ZZ;S p(p + 1)2, then
g &
. [ 121 2ot oy
&= | ™ | (e (o) Do o [T T [y iy 1Y [ du ]
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In other words,

a &
duw |17 H |Zr(H ()]
7j=1
e = 2kn
dz XT3 (Z)(Z:) 120N T Ty 675 07 1
Therefore,
dw| _ ( | Ze(H)) Z6(H, >r )WM
- 2kn °
dz X725 | (Zp ) c)nll“qm T T3 v |4/
Note that p* = % and
n(n+1) 2kng = 2q
=5 1)— 1)=2
P > P oo T >N+p;p(p+ N
SO
P 1
* _ 4kn
2(L+ph) 25 - q—2k+%kn
Thus
1
dw‘ ( L | Zr(Hj) Za(H, >| ) 5= =t
V| = 2kn °
dz] -\ y|=m r<ZF>n<ZG>n|1+2q/N [T T [ s o

Now we ready to apply the Main Lemma. Notice that the metric on A(R) through
the pull-back of the map B on the induced (complete) metric ds? = 2|F||G||dz|* on

M is given by

B*ds = V2| F(B(w))[2|G(B(w))|2 j—w |dw| = V2| Zp|2 |ZG|2

IdWI

and, from above,

1
2kn n— 2_771(1

_ (|X|q2k+2kn|(ZF) (ZG’) |1+2Q/NH 1 q:1 |¢fg¢fg|4/N s 7{;—324-2%
1| Zr(H )ZG(H )l '

%
dw
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Hence,
1

B*ds = v/2 b(w) S w2455 | du)|

where

_ 2kng 2kn —
| ZpZg| T | [T |(Zp)a(Za)a RN Ty TIE, 7Dl S 9N

i1 |Zr(H)) Za(Hj)) ’

b(w)

and, from the Main Lemma,

2[R e e

1
2R ___dkng
ﬁb(w) 25— e \dw| <C <R2—“2) 25 g2ht2Fn \dw[
2R T
=C d
e
where 7 = [@ + ZZ;S (n —p)*2]/[S — q_g’;ﬁ%kn] and C is a positive constant.

From the condition
2 n—1 2
2q [n +2n—143% ~4(n—p) ]

n(n+1 kn )
[q - (n + 1) - ( 2+ ) - q—gk—&—gkn]

N >

we have 7 < 1. Therefore, the length of a divergent path I',, is

R 2R T
/ ds = / B*ds < C/ (ﬁ) |dw\ < 00.
Tag Lag o \[?—|uw|

This contradicts the fact that M is complete with the metric ds® = 2|F||G||dz|>.

This finishes the proof. Q.E.D.
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Chapter 7

Conclusion

7.1 Main Point

In this thesis, we answer the question, “At least how many hyperplanes must have
the same inverse images (with counting multiplicities) in order to make two Gauss
maps f and g identical?” Our ultimate goal is to find the smallest number ¢q. There
are two main points to take into account in order to achieve this goal.

The first main point is to find the best auxiliary function x and to calculate
vy, which play an essential part in finding the smallest number q. Fujimoto used
X = fig; — fj9; with x # 0 for some distinct indices i, j where f; and g; are
components of F' = (fo, -+, fn) and G = (go, - - - , gn) respectively, and we used y :=

! [F(H;)G(Hy)) —G(H;)F(Hy())] with x # 0 as the auxiliary function. Thanks
to the auxiliary function, we were able to get a smaller number than Fujimoto’s.

Thus, it is shown that finding the best auxiliary function is a crucial step in achieving
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this goal.

The second main point is to construct a pseudo-metric with a strictly negative
curvature associated with two holomorphic maps, f and g, and the auxiliary function,
X, in order to apply the Alfors-Schwarz Lemma. Then, we can get the Main Lemma,
which is crucial in proving the Main Theorem.

Therefore, if one was able to find a better auxiliary function to get the smallest
number ¢ and construct the pseudo-metric with a strictly negative curvature, the

Main Theorem of this thesis would be improved.

7.2 Future Work

I tried to prove the Main Theorem for the case of “degenerate” maps. We had
finished all of the other parts of the proof. However, we could not show that the
pseudo-metric is continuous, so we could not apply the Ahlfors-Schwartz Lemma, a
quintessential portion of the proof. Therefore, the result in this thesis is only for the
case of linearly non-degenerate Gauss maps. We hope that an improvement of the

unicity theorem for the case of degenerate Gauss maps will be given in the future.
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