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Abstract

In this thesis, we are mainly concerned with the numerical solution of the two di-
mensional Helmholtz equation by an adaptive Interior Penalty Discontinuous Galerkin
(IPDG) method based on adaptively refined simplicial triangulations of the computa-
tional domain. The a posteriori error analysis involves a residual type error estimator
consisting of element and edge residuals and a consistency error which, however, can
be controlled by the estimator. The refinement is taken care of by the standard
bulk criterion (Dorfler marking) known from the convergence analysis of adaptive
finite element methods for linear second-order elliptic PDEs. The main result is a
contraction property for a weighted sum of the energy norm of the error and the es-
timator which yields convergence of the adaptive IPDG approach. Numerical results

are given that illustrate the quasi-optimality of the method.
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CHAPTER 1

Introduction

An a posteriori error analysis for the acoustic wave propagation problems is of prac-
tical significance to physicists and engineers particularly for providing reliable upper
bounds on the error that arises due to the fact that the exact solution is approxi-
mated by a discrete solution which is computed on a mesh consisting of grid points.
The phenomena of acoustic wave propagation is characterized by the following Helmholtz

equation:
0%u
c20t?

= Au

The solution of this equation, whether achieved directly in the time domain or

whether limited to periodic frequency domain, always results in wave phenomena.



CHAPTER 1. INTRODUCTION

Our convergence analysis is concerned with solutions in the frequency domain and

mathematically assume the form:
—Au —ru=f (*)

where x denotes the wavenumber and the quality of the numerical solution depends
significantly on it. One of the main challenges is in the accurate resolution of highly
oscillatory solutions to the Helmholtz equation for large wavenumber and an intuitive
idea to improve the accuracy is to consider a meshsize h which is small enough to
include the same number of grid points per wavelength.

It is known that for grids satisfying the mesh constraint kh < 1, the errors of
the finite element solution deteriorate as  increases [8]. This non-robust behavior in
relation to « is known as the pollution effect [8, B6]. Pioneering work was initiated by
Babuska and his collaborators to carefully analyze the pollution effect [8] in particular
a finite element error analysis in [[1] revealed that the relative error e; of the finite
element solution with respect to the H'-semi norm is bounded above by the sum of
error in the best approximation € and a second term C5 which is associated with
the pollution effect as shown below:

kh ) N

er < YC, + kp?’Cy  where ¢ = (ﬁ

This sum is scaled by a factor ¢ and so evidently for high wavenumber «, this pollu-
tion error C5 dominates the upper bound and thus leads to the non-robust behavior
with respect to the wavenumber.

Intuitively, one can circumvent this difficulty by either decreasing the mesh size h

or increasing the polynomial order N both these approaches are constrained to the

3



CHAPTER 1. INTRODUCTION

limited computational resources at our disposal.

Furthermore, the presence of singularities arising in the problems necessitates the
introduction of an optimal adaptive mesh refinement. In this thesis, we propose
an adaptive Interior Penalty Discontinuous Galerkin (IPDG) Method using higher
order elements for resolving the Helmholtz equation with high wavenumber in two
dimensions. Our adaptive cycle depends on a residual-type error estimator that we
will introduce in chapter 3. Therein, we establish its reliability and efficiency.

This thesis is organized as follows: the second chapter gives a brief outline of the
adaptive algorithm with an emphasis on the marking and refinement step of the
adaptive cycle.

The heart of the thesis lies in the third chapter which we begin with a brief descrip-
tion of the screen problem and introduce its IPDG approximation with respect to a
shape regular family of simplicial triangulations. The adaptive mesh refinement is
based on a residual-type a posteriori error estimator which is shown to control the
energy norm of the discretization error as well as the consistency error that arises
due to the non-conformity of the Galerkin method.

Our convergence analysis involves establishing the reliability of the estimator, a re-
duction property for this estimator as well as a quasi-orthogonality result. As in
the convergence analysis for standard second-order elliptic problems (cf. [I5, &1, 34])
establishing these three properties is crucial for proving a contraction property. How-
ever, the presence of a lower order term in the Helmholtz equation (x) demands a
special treatment and to this end, we follow the approach as suggested in [29]. This

idea involves resorting to the conforming approximation of the Helmholtz equation
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and employing an Aubin-Nitsche’s type duality argument. Finally, we prove the
contraction property which guarantees the convergence of the method.

The fourth chapter provides numerical validation for the proposed method based on
a range of test problems. In particular, we focus on the screen problem for which
the analytic solution is unknown.

Finally, our last chapter concludes this thesis with some possible future directions
including extending the analysis to three-dimensional time harmonic Maxwell’s equa-

tions.



CHAPTER 2

Adaptive Cycle

The subject of error estimation and adaptive refinement necessary to achieve a spec-
ified accuracy was first introduced to the finite element field by Babuska and his
collaborators [G],[7]. He was the first to show that reasonable error estimation could
be achieved at a cost less than that of the original solution and he also defined the
possible paths to refinement namely h-refinement, which required mesh subdivision,
or p-refinement, where addition of higher order polynomial terms to the element form
was used, and finally hp-refinement, where a little of each procedure was used.

Even though adaptive finite element method was a fundamental tool in improving

the approximation of under resolved solutions, it is only recently in 1996 that Dorfler
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[23] initiated the convergence analysis for standard second-order elliptic problems.

The adaptive algorithm consists of:
SOLVE — ESTIMATE — MARK — REFINE

The aim of this algorithm is to iteratively improve the accuracy of the computed
solution balancing this with the judicious use of number of unknowns and iterations
involved.

The steps 'MARK’ and 'REFINE’ in the adaptive cycle are independent of the
underlying variational problem. In this chapter, we briefly describe each of the

steps.

2.1 SOLVE

We seek a discrete solution uy, in an appropriate finite element space V}, with respect

to a triangulation 75 () of the computational domain € such that
A(up,v) =L(v), v €V, holds.

Although it is a natural idea is to employ an iterative scheme to solving the complex
symmetric, linear systems, this topic deserves a special investigation and in this

thesis we rely on the accuracy of Matlab direct solver.
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2.2 ESTIMATE

Based on the residual r(v) := A(up,v) — £(v), we obtain the error estimator 7, which
consists of local element and edge residuals. These residuals are indicators which
provide information about the regions in the domain where the numerical solution
up, is a poor approximation to the analytic solution u. Such an under resolution of
the computed solution can be attributed to the presence of local singularities for
instance, singularities which arise due to the presence of re-entrant corners.

Two desirable qualities we want 7, to possess are reliability and efficiency.
While an estimator is called reliable if it provides an upper bound for the error
u — uy, in the energy norm up to data oscillations osczel, that is we can find C, > 0,

independent of mesh size h of T, () satisfying

rel

|u —uplla < Cre mn + oscp”.

Efficiency of the estimator guarantees the existence of Cery > 0 independent of
mesh size h such that

i < Ceprllu—uplla + oscsz.

Our analysis assumes exact integration for the data of the problem and hence justi-
fies the absence of the data oscillation terms.

The upper estimate on the error is mandatory for reliability, i.e. to ensure that the
error is below a given tolerance. On the other hand, lower bounds for the error ensure
that the required tolerance is achieved with a nearly minimal amount of work and

thus, are indispensable for efficiency.
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An estimator which is both reliable and efficient provides us with cheap and com-

putable upper and lower estimates for the discretization error.

2.3 MARK

Based on a given parameter 6§ € [0,1], we set a threshold and select edges and
elements (for refinement) whose indicators exceed this threshold.

There are several choices for setting this threshold for instance the marking of the
elements/edges is controlled by the indicator of the largest magnitude (Maximum
Strategy) or by an averaged indicator (Equidistribution Strategy). For other marking
strategies, we refer to [12].

Our algorithm however, relies on the marking strategy introduced by Dérfler in [23]

which will be explained in the following chapter.

2.4 REFINE

The final step refinement is realized by bisection i.e., each marked simplex is divided
into atleast two subsimplices. There are different bisection methods which depend
either upon the geometric structure of the triangulation (longest edge bisection)
or are mainly concerned with the underlying topological structure(newest vertex

bisection). The newest vertex bisection can be explained as below.

Given a marked triangle T' = span{ai, as, a3}, we fix a vertex and label it as the

newest vertex. The two children (elements) emanating from 7" share the new vertex

9
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az
/N
as l aj
/N
as ag
A EN
as a* a* ay

Figure 2.1: Newest vertex bisection: Assign one of the vertices as the new vertex
a9, refinement is done by connecting as to the midpoint a* of the edge connecting a,
and as.

as and are formed by splitting the edge opposite to this vertex. These children are
ordered as 11 = span{ay, a*,as} and Ty = span{as,a*, as}.

The numerical implementation relies on the longest edge bisection. This bisection is
a particular case of the newest vertex bisection wherein the newest vertex is fixed as
the vertex that faces the longest edge. For a detailed explanation, we refer to [IY]

and references therein.

10



CHAPTER 3

Convergence Analysis

Finite element methods for acoustic wave propagation problems such as (871a)-(B7d)
have been widely studied in the literature (cf., e.g., [B, IR, P2, B7, BY] as well as the
survey article [24], the monographs [36, B8] and the references therein). In case of
large wavenumbers k, the finite element discretization typically requires fine meshes
for a proper resolution of the waves and thus results in large linear algebraic systems
to be solved. Moreover, the use of standard adaptive mesh refinement techniques
based on a posteriori error estimators is marred by the pollution effect [8, B6]. Re-
cently, Discontinuous Galerkin (DG) methods [21, B2, 4] have been increasingly

applied to wave propagation problems in general [20] and the Helmholtz equation

11
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.

in particular [3, @, 25, 26, 27, 28] including hybridized DG approximations [30]. An
a posteriori error analysis of DG methods for standard second-order elliptic bound-
ary value problems has been performed in [2, [4, 06, 35, 40, 45], and a convergence
analysis has been provided in [I5, B4, @1]. However, to the best of our knowledge

a convergence analysis for adaptive DG discretizations of the Helmholtz equation is

not yet available in the literature.

It is the purpose of this chapter to provide such a convergence analysis for an In-
terior Penalty Discontinuous Galerkin (IPDG) discretization of (BTa)-(Bd) based
on a residual-type a posteriori error estimator featuring element and edge residuals.
This chapter is organized as follows:

In section B3, we introduce the adaptive IPDG method, discuss the consistency
error due to the nonconformity of the approach, and present the residual a poste-
riori error estimator as well as the marking strategy (Dérfler marking) for adaptive
mesh refinement. Section BZ3 shows that the consistency error can be controlled
by the estimator, provides an estimator reduction property in the spirit of [I7] and
establishes the reliability of the estimator. Another important ingredient of the con-
vergence analysis is a quasi-orthogonality result that will be dealt with in section B=.
The particular difficulty we are facing here is the proper treatment of the lower order
term in (BIA) containing the wavenumber k. Adopting an idea from the convergence
analysis of adaptive conforming edge element approximations of the time-harmonic
Maxwell equation [49], we use the conforming approximation of (BTa)-(BId) and
take advantage of an Aubin-Nitsche type argument (cf. Lemma (824)). Hence, the

quasi-orthogonality of the IPDG approximation can be established by invoking the

12
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3.1. SCREEN PROBLEM

associated conforming approximations (cf. Theorem BZ). Combining the reliabil-
ity of the estimator, the estimator reduction property, and the quasi-orthogonality
result, in section B33 we prove convergence of the adaptive IPDG in terms of a con-
traction property for a weighted sum of the discretization error in the mesh dependent

energy norm and the error estimator.

3.1 Screen Problem

Let Qp and Qg be bounded polygonal domains in R? such that Qp C Qr. We set
Q= Qp\ Qp and note that 9 = T'p UT'g where I'p := 0Qp and T'g := IQg. Given

complex valued functions f in 2 and g on I'g, we consider the Helmholtz problem

—Au—FKu=f inQ, (3.1a)

ou .
% +iku = g on FR, (31]1))
u=0 onlp, (3.1c)

which describes an acoustic wave with wavenumber & > 0 scattered at the sound-soft
scatterer 2p. In (BOH), vi denotes the exterior unit normal at I'p and ¢ stands for

the imaginary unit.

13
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3.2. THE IPDG METHOD

3.2 The IPDG Method

The functions considered in this paper are complex-valued. For a complex num-
ber z € C we denote by Re(z),Im(z) its real and imaginary part such that z =

Re(z) + ilm(z), z := Re(z) — ilm(z) is the complex conjugate of z and |z| :=

v/Re(z)? + Im(z)? stands for the absolute value. We further adopt standard no-
tation from Lebesgue and Sobolev space theory (cf., e.g., [48]). In particular, for
D C Q we refer to L?(D) and H*(D) as the Hilbert space of Lebesgue integrable
complex-valued functions in D with inner product (-, -)o,p and associated norm ||-{/o.p
and the Sobolev space of complex-valued functions with inner product (-,-)s p and
norm || - ||sp. For ¥ C 0D and a function v € H*(D), we denote by vy the trace of

v on X.

Under the following assumption on the data of the problem
feL*(Q), geL*(Tr), (3.2)

the weak formulation of (BTa)-(BId) amounts to the computation of u € V|V :=

Hip, (Q) = {v e H(Q) | v|p, = 0} such that for all v € V it holds
a(u,v) — k*c(u,v) + ik r(u,v) = (v). (3.3)

Here, the sesquilinear forms a, ¢, r and the linear functional ¢ are given by

Q

r(u,v) = /u@ ds, {(v) ::Q/fﬁdx—i-/g@ ds.

T'r I'r

a(u,v) := /VU~V17 dzr, c(u,v) = /u@ dx,
)

14
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Remark 3.2.1 [t is well-known that (B33) satisfies a Fredholm alternative (cf., e.g.,
[42]). In particular, if k* is not an eigenvalue of —A subject to the boundary condi-
tions (BID),(BId), for any f, g satisfying (B2) there exists a unique solution u € V.
In this case, the sesquilinear form a(-,-) := a(-,-) — k?c(-,-) + ikr(-,-) satisfies the
inf-sup conditions

ja(v, w)| |a(v, w)|

inf sup ————~>— = inf sup ————-—
veV ey [Vl Jwlle  weVeev [[v]lie |lwlie

> 3 (3.4)

hold true with a positive constant 5 depending only on €2 and on the wavenumber k.

For the formulation of the IPDG method, we assume H to be a null sequence of
positive real numbers and (7,(€2))ney a shape-regular family of simplicial triangu-
lations of . For an element T € T,(2), we denote by hr the diameter of T and
set h = max{hy | T € Tn(Q)}. For D C Q, we refer to &,(D) as the set of
edges of T' € T(2) in D. For E € &,(D), we denote by hg the length of E and
to wg = U{T € Tu(Q) | E C 9T} as the patch consisting of the union of ele-
ments sharing F as a common edge. Moreover, Py(D), N € N, stands for the set
of complex-valued polynomials of degree < N on D. In the sequel, for two mesh
dependent quantities A and B we use the notation A < B, if there exists a constant
C > 0 independent of h such that A < CB.

We introduce the finite element spaces
Vi i={vn : Q= C | vyl € Pn(T), T € Tu(Q)}, (3.5a)
Vi, = {v,: Q= C*| vilr € Pn(T):,T € Tu(Q)}. (3.5b)
Functions v, € V}, are not continuous across interior edges F € Ex(Q2). For E :=
T, NT_,Ty € Tu(2), we denote by {v,}g the average of v, on E and by [v;]g the

15
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jump of v, across E according to

1
{vn}e = §(Uh’EﬁT+ +vplenr),  [onlE = vnlear, — vnlEar., B € En(Q),

and we define {v,,} g, [vp]g, E € EL(T), accordingly.

We introduce a mesh dependent sesquilinear form alf” : Vj;, x Vj, — C by means of

8uh

a’IZP(uh, ’Uh) = Z (Vuh, VUh)O,T — Z ({87 E, [Uh]E)O,E (36)
TETHL(Q) Be&p(QUl'p) e
ov Q@
- Z ([un] e, {—h}E)o,E + Z — ([unlg, [vn]E)o.E,
8yE hE
EESh(QUFD) Eeé‘h(QuFD)

where o > 0 is a suitably chosen penalty parameter.
The IPDG method for the approximation of the solution of (BT&)-(BTd) requires the

computation of u, € V}, such that for all v, € V}, it holds
arl (up, vp) — k2e(un, vn) + ik r(up, vn) = £(vp). (3.7)

We further define uj; € Vi := VN Hjp () as the conforming finite element approx-

imation of (BTa)-(Bd) satisfying

a(uj, vi) — K e(uj, vp) + ik r(uf, vp) = 0vf),  vh € Vi (3.8)

Remark 3.2.2 If k? is not an eigenvalue of —/\ subject to the boundary conditions
(BOR),(BI4), for sufficiently large penalty parameter o and sufficiently small mesh
size h, the equations (BZ) and (BR) have unique solutions up, € Vi, and u§ € V¢ that

continuously depend on the data. In particular, there exists h* € H,h* < 1, such

16



CHAPTER 3. CONVERGENCE ANALYSIS
3.2. THE IPDG METHOD

that for h < h* the sesquilinear forms alvexve inherit (B3), whereas the sesquilinear
forms alP (-, ) == alf(-,-) —k%c(-, ") +ik r(-,-) satisfy analogues of (B4) with positive
inf-sup constants By, being uniformly bounded away from zero. Moreover, (BZ4) is
consistent with (B33) in the sense that the solution w € V' of (B33) satisfies (B21) for

v, = v§ € V€. In the sequel, we will always assume that k? is not an eigenvalue of

—A and h is sufficiently small such that (BZ) and (BR) admit unique solutions.

We note that a”(-,-) is not well defined on V. This can be remedied by means of a
lifting operator L : V + V;, — V, according to

(L), vi)oo = Y. (Weve-{vi}tp)op, vEV+Vi, vi € Vi (3.9)

E€&,(QUl'p)
As has been shown, e.g., in [47], the lifting operator is stable in the sense that there
exists a constant C, > 0 depending only on the shape regularity of the triangulations
such that
ILOGa<Cr Y hg' llblelts veV + Vi (3.10)
EE€&,(Ul'p)

For completeness we provide a proof below:

Proof: In view of (BH) and a straightforward application of the Cauchy Schwarz

17
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inequality yields

(2 (Wleve {wies)

E€&,(QUTp)
IE(0) o0 = sup —=HEE2
wev? [wllog
. ) 1/2 ) 1/2
(> mieelr) (2 helwld)
Ee&r(QuUl'p) Ee&r(QUlp)
< sup
wev? [wllo.o

1/2
b > Cilwlis)
_ Te
<( X melel) s

E€&,(QUl'p) wev? [wllo.c

where C, > 0 depends upon the shape regularity of the triangulation.[]

Mesh Dependent Norms and their Equivalence

On V + V,, we define the mesh dependent DG norm

B 1/2
hne=( > IVoldz+ > ahz Iblslie) (3.11)

TeTh(S2) Ec&n(QU'p)

It is well known (cf., e.g., [T5] and the references therein) that for sufficiently
large penalty parameter o ,the DG-norm and the mesh dependent energy norm are

equivalent. We provide the proof below for completeness.

Lemma 3.2.1 There exist constants a; > 0,0 < v < 1, and C; > 0 such that for

alla>ay andv eV +V, it holds

ay" (v,0) 27 ol ha. (3.12a)
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whereas for all o > 1 and v,w € V + V), we have

ap” (v, w) < Cy [oflipe |wllime- (3.12b)

Proof: For (BIZd), we can write ai’ (v,v) as

af(w)= 3 IVelRr =2 Y Re (L), Velor+ > ahy' [slis
TeTh() TeTh() Ee&p(QUl'p)
_ 1
> Z Ivelidr —2(c2 > et lblele + 7 X IVolis)
TeTH(Q Ee&,(QuUl'p) TeTH(Y)

+ Z a b |[v]ell e using Young’s inequality and (BI0)

Ee&r(QUl'p)
1
=3 DIVl + (=201 > b el e
TeTHL(Q) Ee&r(QUl'p)

Setting a; = 4C% and v = 3, and in view of (BII) we conclude (BIZ8).
Regarding the inequality (BI12H), a straightforward application of Cauchy-Schwarz
inequality to each term in a!” (v, w) and using (B-I0) gives us the required inequality.

0

The DG approach is a nonconforming finite element method, since V}, is not contained
in Hjr () due to the lack of continuity across interior edges E € £,(£2) and due to
the enforcement of the homogeneous Dirichlet boundary condition (BZId) by penalty
terms on the edges F € &,(I'p). The nonconformity is measured by the consistency
error

1/2
= inf (D0 IV —vpe) " (3.13)

vE eV,
h=rh et ()
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We refer to 11 : V;, — V¢ as the Clément-type quasi-interpolation operator intro-
duced in [15] such that for some constant Cy > 0 depending only on the shape
regularity of the triangulations it holds

Z Z ID"( up, — I un) 7 < (3.14)

|8l TeTHh()

Ca > b P sl e, 18l € {01}

Ee&r(Qul'p)

It follows from (BTT4) that

£ S Mhes (3.15)
— 2 \? —-1/2
Mhe = Mhe(Un) = ( o mbe) s mee=hg unlslos.
EeSh(QUFD)

Lemma 3.2.2 Let u, € Vj, and u§ € V¢ be the solution of (B71) and (BR), respec-
tively, and let u® := u, — uj,. Then, for a > 1 there exists a positive constant C,.,

depending on (3, C4, and Cy, such that

o luelie < Coe ami. (3.16)
TeTh(Q)
Proof: Obviously, we have
S e <2 Y (e - Ul + s - Dunlls). (317)
TeTH(Q) TeTh(Q)

It follows from (BR) that u§ — 1wy, satisfies
a(us — Oup, v) = 0(v5) — a1 up, v§), vf € V.
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Hence, in view of Remark B=27 there exists a positive constant Cz such that

|£(v) — a(II; up, vf))|

Jus, — 11 up|l1.0 < Cg sup p (3.18)
o5, 0 [vpll1.0
Since uy, satisfies (B22) for v, = v and dh|th><VhC = d|V}va’f, it holds
0(vs) — a(TIS up, v5) = an(up, — TS up, v5). (3.19)
Using (B19) in (BOR) as well as (B12H), we find
luf, = I unllo < CsCh llun — I up]1p,0. (3.20)

The assertion then follows from (B14), (8220), and (B14). [

3.3 A Posteriori Error Analysis

We consider the residual-type a posteriori error estimator

Z nr + Z 77E1+ Z 77E2>1/27 (3.21)

TE'Th(Q Eegh(QUFD) EE(‘:}L FR)

consisting of the element residuals
nr = hr ||f + Auy, + ]CQUhH()j, T e E(Q), (322)

and the edge residuals

ou
nea =i ||l "} log, E€&(QULD), (3.23a)
Vg
ou ,
Ne2 = hg |lg — 6—; —ikup|lo.s, E € E(LR). (3.23b)
E
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As marking strategy for refinement we use Dorfler marking [23], i.e., given a constant
0 < 0 < 1, we compute a set M of elements T" € T,(€2) and a set My of edges

E € &,(Q2) such that

0 np < iy = ( S+ Y (nha+ 77%,2))1/2- (3.24)

TeM; EeMs
Once the sets M;,1 < ¢ < 2, have been determined, a refined triangulation is

generated based on newest vertex bisection [46].

The following result shows that the upper bound for the consistency error can
be controlled by the error estimator (cf. [I4]). The proof follows the arguments of

Lemma 3.6 in [I5], but will be given for completeness.

Lemma 3.3.1 There exists a constant C'; > 0, depending only on the shape requ-

larity of Th(QY), such that for a > agy := 2C; /7 it holds

C
art, <2 (3.25)

Proof: In view of (BI2d) and (B2) with vj, = uy, — 1S uy, we obtain

anpe < llun — 5 unli o <7 ap” (un — T wp, up — 115 up) (3.26)
= '771 ( Z (f + k2uh,uh — ngh)O,T
TeTh(Q)
+ Z (g - z'k:uh, Up — ngh)O,E — aiP(ngh, Up — ngh)) .
Ec&r(TR)

Observing L(I1$uy) = 0, [[I$uy]p = 0, for the last term on the right-hand side of
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(B28) it follows that

art (TS up,, wp, — 1 uy,) = Z (VI up, V (up — 105 un))or (3.27)
TeTh(R)
— Y (L), VI un)gp = > (Y, V(up — I un))or
TET; () TETh ()
= > IV =OFu)lsr — D (Llun), V(T un))g g
TET () TeTh()

An elementwise application of Green’s formula reveals

CL}ILP(ngh, Up — ngh) = Z (—Auh, Up — ngh)o,T (328)
TeTh(R)
+ Z (ve - [Vunl g, {un — ngh}E)O,E + Z (g — thup, up — ngh)O,E
EEgh(QUFD) Eeé‘h(FR)
= > IV = Tun) 5+ Y (Lun), V(un — G un))g -
TeTh(Q) TeTh(Q)

Using (B27) and (B=2R) in (B=2A), straightforward estimation yields

1/2
ab (= T, w = ) S (0 Al — 15wl ) (3.29)

TeTh()
1/2
(X mt le-nwlie) )+ D IV — ) I
EeSh(QUFD) TE'Th(Q)
1/2 1/2
(X M) (D IV - T w)lRs)

TeTH(Q) TeTh()

The stability (BI0) of the extension operator L and the local approximation prop-

erties (B7d) of 11 imply the existence of C; > 0 such that

C
oo <= (0 k). (3.30)

which readily leads to the assertion.l]

As a by-product of the preceding lemma we obtain the following results:
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Corollary 3.3.1 Let uy € Vi, be the IPDG solution of (B1), let u§ € V¢ be the
solution of (BR), and let uj® := up — u§,. Then, there exists a constant Ce > 0,

depending on v, C,, and Cj, such that

||UZC||%}LQ < Mh- (3.31)

Proof: With C,.. := (2(1 + C,.C;)/~ the assertion is an immediate consequence of

Lemma B2 and Lemma B=311.[1]

Corollary 3.3.2 Let T,(2) be a simplicial triangulation obtained by refinement from
Tu (), and let up, € Vi, ug € Vg and nn,nu be the associated IPDG solutions
of (BX) and error estimators, respectively. Moreover, let u5, € V¢ and uf; € V§
be the conforming approzimations of (BIA)-(BId) according to (BR8). Then, for

up’ = up, — uj, and uff = ug — uy we have

nc nc Cce
e = il < 4= (2 + ) (3.32)
Proof: The triangle inequality yields
e = i 12 0 < 2 (il g + N1 ) (3.33)

Taking

1 nc 1 nc
> o el <2 Y- 7 Iuiflelis

Ecéy Ecly
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into account and using Corollary B33 with h replaced by H, we find

nc Cce
luflf g < 2? i (3.34)

We conclude by using (B332) and (B234) in (8233).0

The residual estimator 7, has the following monotonicity property

Nh < Nu (3.35)

for all refinements 7,(£2) of T (€2) . The latter can be used to prove the following
estimator reduction result which will be strongly used for the contraction property

in section B4.

Lemma 3.3.2 Let T,(2) be a simplicial triangulation obtained by refinement from
Tu (), and let up, € Vi,uy € Vi, and ny,ng, Mg be the associated IPDG solutions
and error estimators, respectively. Then, for any T > 0 there exists a constant
C; > 0, depending only on the shape regularity of the triangulations, such that

m<ar) (- 0-2") @)+ Y IV —un)li.  (336)
TeTh(Q)

Proof: The proof can be done along the same lines as the proof of Corollary 3.4 in

(7]

For T' € T,(Q2), we set the following notation:

i (un, T) := iz (un) + > M (un) + > M0 (un)
Ec&E(T)UE(TNT D) Ec&(T)UE(TNCR)
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where the element and edge residuals are:

nr(up) = hr ||f + Auy + Eulor,
Oun
OVE

ou ,
npa(un) = hg |lg — 8—%2 —ikupllop, E€ET)UETNTR).

nei(un) = he |[=—lelor, E€&T)UET NT)p),

By a straightforward application of the triangle’s inequality, we have:
9 ow
nr(un, T) < nr(up, T) + hr [Aw + " wllor + > he [[[5—]ello.e

EcE(T)UE(TNT ' p) aVE

9,
+ E he ||—w+ikw||ng where w = uy, — ug.
8I/E
Ee&(T)UE(TT R)

By invoking local inverse estimates for the edge and element terms, we can find a

constant C' = C(k,€Q) > 0 such that the following estimate:

nr(un T) < nr(um, T) + C Y [V (un —un) o

T*cwg

holds.

Now,

W (un, T) < np(um, T) + 2 Conp(um, T) Y IV (un = ua)llor

T*cwg

+ (3 196w = wn) o)

T*cwg

< (Ui, T) + 1+ (Y HV(uh—uH)Ho,T*)Q

T*cwg

using Young’s inequality with constant 7 > 0.
Futhermore, summing over all the elements, employing the finite overlap property of

patches wy, we obtain

Mo(un, To) S L+ T (un, T) + C (L+77") > IV (up —un) 57 (3:37)
TeTh(Q)
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For Ty € Ty,

set

M(Ty) ={T € T|T C Ty} and My := ] My(Tn).

THETH

As a consequence of refinement by bisection,

N Rum T) < 27V i (um, Th)- (*)
TeMp(TH)

Obviously, T, \ My, = Ty \ M, where M is the collection of elements and edges
in Ty which are marked for refinement.

Thus in view of (*),

ni(uhﬁﬁl) = Z ni(quT) + Z U%(UHaT)

TeT\Mp, TeMy,

< Z Th%(UHaT) + 271 Z U%(UH7T>
TeTy\M TeM

<O mp(us, T) — (1=279> i (un, T).
TeTy TeM

Replacing 03 (ug, Tp) in (8230) by the upper bound obtained above, we can conclude
(8230).0

Corollary 3.3.3 Under the same assumptions as in Lemma @32 let 7(0) := (1 +

7)(1 — 27Y2)0 with 6 from (824). Then, it holds

M <70) ni+Cr D IV (un = un)lff (3.38)
TeTh(Q)
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The proof is a direct consequence of (B24) and (B=38).

In the next couple of subsections, we establish the reliability and efficiency of the
estimator which essentially allows us to conclude the equivalence of the discretization
error in the DG norm and the estimator.

We have assumed the exact integration for the data of the problem and as a result
the data oscillation terms which arose in [I5], [34], and [41] donot appear in our

estimates.

3.3.1 Reliability

Theorem: Let u € V and u;, € Vj, be the solution of (B3) and (B™), respectively,
and let £ and 7,7, ¢ be the consistency error, the a posteriori error estimator, and
the jump term as given by (B13),(B=21), and (B1H). Then, there exists a constant
Crer > 0, depending only on the shape regularity of the triangulations and the wave

number k, such that there holds

art (u — up, u — up) < Crep M- (3.39)

Proof: The discrete analogue of (B4) implies

|ap” (vn, u — up)|

|u—upll1p0 <B7' sup
0#vp €V, ”Uh”lJMQ

<C alf (u — up,u — up)Y?
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And as a consequence of (BI12H) ,

alt (u—up,u—up) S @t (w—up, u — up). (3.40)

~Y

In the remainder of this proof, we show that C, n? is an upper estimates for
atf (u — up,u —up) .
To this end, we follow the same approach as in ([I5], Lemma 3.1) which involves

decomposing uy € Vj as

up = up + up”

where uf® = wuy, — u§ denotes the al”(.,.)-orthogonal complement of u§ € V¢ in V,

and considering

d{LP(u — Up, U — uh) :CAL{LP(’U, — Up, U — ui _ UZC)

~IP IP(

=ar" (u — up, v — 7Ev) +art (u — up, mEv) — @ (u — up, up©)

=1 (u — up,v — mv) — art (u — up, ul©) where v =u —u§ € V.

By applying the Green’s formula elementwise,

art (u — up,v — ) = Z (f + Auy, + K2up, v — T50)o 7

TeTh(Q)

— Z (ve - [Vup]g,,v — m0)0m
Ee&,(QUl'p)

+ Z (9 — Ou/Opv —iku,v — TV)o.E
Ec&(Tr)

— Z (L(up), V(v — mv))or
TeTh(R)
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Observing that

Jupcll? < =ap” (up®, upe)
Y
1 .
= b o (un — i uf — wf)
1
< ;(JJ}ILP«U}L — W}CLU}L, Up — W}Cluh)
4
< 7||Uh — 7 un?,
the second term becomes
ar” (u —un,up®) < ap® (u— up, u— up) 2 up|
1.
< Z—laip(u —up,u—up) + |lup?
1,
< Zaip(u—uh,u —up) + C 52,

following a simple application of Young’s inequality.

Collecting all the upper bounds obtained, allows us to conclude the reliability of

the estimator. O

3.3.2 [Efficiency

We provide a lower bound for the discretization error in terms of the estimator 7.
For this purpose, we make use of bubble functions associated with the edges and
triangles of T(2).

For a given triangle T € T, (€2) with barycentric coordinates \; 1 < i < 3, we define
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a triangle-bubble function 7 as
wT =27 )\1 )\2 )\3.

It is obvious that the support of )7 resides in the interior of 7" and that within 7', ¢y
is positive with |||« = 1.
Also, for an edge F € 0T associated with the barycentric coordinates A, Ag, we

introduce an edge bubble function ¢z acording as:
V,DE =4 )\1 )\2.

Extension of ¢y to T: Clearly, for any other edge E’ € 0T, ¥ g|p = 0. Further-
more, function pg defined on the edge E can be extended to pr whole triangle T" by
associating to every x € T, a unique xg € F such that x — z is parallel to a fixed

edge E' # E and satisfies pr(z) = pp(zg).

Theorem: Let 7,(£2) be a triangulation of Q2 and suppose that u € V and u;, € V},
are solutions to (B33) and (BZ1), respectively.
Then, there exists €, > 0 depending on the shape regularity of the mesh and the

wave number k such that:

Cemn S llu—unling

~Y

Proof: The proof is in the same spirit as [Theorem 3.2, [40]] which involves
establishing the local efficiency for the element and edge residuals.

We invoke the bubble function 17 with support in 7" € T(£2), and observe that since

31



CHAPTER 3. CONVERGENCE ANALYSIS
3.3. A POSTERIORI ERROR ANALYSIS

1/2
Yr > 0 on the interior of T, (f(.)QwT> can be thought of as a norm on L*(T)
T

which is equivalent to the L?—mnorm on T thereby guaranteeing the existence of a

constant C > 0 such that
C’/(f + Auy, + K*up)? do < /(f + Ay, + &*up)*Yr do
T T

holds.

An application of Green’s formula reveals,

/(f + Auy + IQQU@)QQ/JT dx
T v~

Phn

= / fortr dl’+/AUh(ph¢T> dr +"62/ up(prtr) dx
T T K

— / —(Au+ K2 w)(pptor) de — /VuhV(ph¢T) dr +
T T
2 d

K /Kuh(ph@bT) x

= / V(u—up)V(pptpr) doe — /{2/(u — up) (ppipr) de.

T T

We now obtain upper estimates for each of these terms. Using Young’s inequality

and an inverse inequality, we have

/T V(1 — un)V(pntor) dr < [V (u — ws)llr [V (prtor) |z

Ce
2 2
< 2= 2 IV (u —up)ll7 + 7||phl/)T||T
K2 ¢ Ce
52(“ — up, prir) < 9,2 IV (u— Uh)H2 + ijthH?
T

Thus taking € = 1/2, we obtain
h%/(f + Ay, + k*up)? dr < 467 ||V (u — up) |5
T
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Regarding the edge residuals, we consider the bubble function v g associated with
the interior edge E shared by the two elements 7} and 75, and naturally extend g
to Yrur, defined over 77 U T,. We also extend [g%g] g to T1 UT, via the function ¢

which is defined as follows,

8uh

¢(x) = [@]E¢E(xb“)

with ¢r denoting a linear function that associates to every x € T', a unique g on

E satistying

inf d(x,zg) =d(x,2)
z,€E

with d denoting the Euclidean metric on 7. In other words, ¢ extends along the

normals to E.

Associated with 77 U T, we use the following inequality which states that for any
w € H(Q), there holds
2
hollwlgmon S Y brlwli s, (*)
i=1

The following inequality (**) holds as a consequence of the definition of ¢,
Oouy, Ouy,

16|z = /[E]%%(QSE)Q dep < he |l507] 16, - (**)

E
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Set v = Ypur,¢ and in view of (*) we have,

hE/ 5 8Uh Jel* ds = hE( / (f + Aup + £*up)vde — / V(u—up)V0 dx

ThWUT, ThWUTs

+ K2 / (u— uh)mx)

TUTs
2 571
<> 2 (h%- If + Aup + &Punllf 7, + £2[lw — unl[5 7+
i=1

2

3

IV =w)lidz) + 5D ((1+ Il + [ Vo)),
=1

—

Once again we take advantage of the following equivalence of the L?-norm on E and

1/2
the weighted norm (f()2wE>

E
du Ju
NGl < [ (oo ds
E'

and use the following upper bound which is established using (**)

8uh

[0l = ronell” < Iel* S hslll5~ o Jellos

as well as an inverse inequality to obtain

8uh
hilllg, =lello s S ZHV u—un)|[.7,-

Similarly, if £ is an edge living on the Dirichlet part of the boundary I'p, we follow

dup, ]

= % t4 obtain

the same argument as above with the convention that [Z== = S

8uh

helllz - ]EIIOE SV —un)llor
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Lastly, for edges on the boundary I'g of the exterior domain, we use the edge

bubble function g associated with E and set

. ouy,
v:(g—muh—%)f, 7

where 17 denotes the extension of ¥g to the element 7" containing the edge £ and

lettin — ikuy, — 245 denote the extension of (g — ikuy, — 24) to T so that the
g g BVE T aVE

local residual can be represented as

hg |lg — ikuy, — —g:hﬂij = hg (/V(u—uh)v Tdr — /(f—i—Auh+/i2uh)ﬁ dx
E
T

T

—/f2/(u—uh)5 dx + im/(u—uh)ﬁ ds).
T E
We use the same estimates as before to obtain an upper bound in terms of

IV (= un) I3 .0

3.4 Quasi-orthogonality

Besides the reliability of the estimator and the estimator reduction result, a quasi-
orthogonality property is a further important ingredient of the convergence analysis
(cf. [I5, @41, 34]). Here, the derivation of such a property is complicated due to the
presence of the lower order term in the Helmholtz equation (B1a). Adopting an idea
from [29] (cf. also [49]) for the time-harmonic Maxwell equations, we resort to an
Aubin-Nitsche type argument for the associated conforming approximation of the
screen problem. As will be seen below, this additionally involves the error between

the IPDG approximation and its conforming counterpart.
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3.4.1 Mesh Perturbation Result

In the convergence analysis of IPDG methods for second-order elliptic boundary value
problems, mesh perturbation results estimating the coarse mesh error in the fine mesh
energy norm from above by its coarse mesh energy norm have played a central role in
the convergence analysis as a prerequisite for establishing a quasiorthogonality result

(cf., e.g., 5, B4, A41]). Here, we provide the following mesh perturbation result:

Lemma 3.4.1 Let T,(Q2) be a simplicial triangulation obtained by refinement from

Tu (). Then, for any 0 <& <1 and v € V + Vi it holds

Cr
P < P Cr 2 2\ .
a,” (v,v) < (14 1) a (v,v) + (761 + 1) ('Uh,c +77H,C) (3.41)

Proof: For v € V + V we have

o= 3 IVelie+ 3 o ksl (3.42)
TETH() Ec&n, (D)
—2 ) ((Re(L(v)),Re(vv))o,ﬁ (Im(L(v)),Im(VU)QT).
TeTL(Q

Obviously, the following relationships hold true

Yoo la= ) Il (3.43a)

TeTh() TeTu ()
(0 2 o 9
— lelE pn < 2 el e (3.43b)
h H
Beg,(Qurp) ¥ Eegy(Qurp) T
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Using (B2434d) in (B242), we find

oy =af o+ 3 kel - Y g Ikslie (344)

Eeg,(Qurp) P Ee€€x(QUT'p)
=2 3 ((Re(L(v), Re(Vo))or + (Im(L(v)), Im(Vo))o.r)
+2 ) ((Re(L(v)),Re(W))mﬁ<Im(L(v)),Im(vu))0,T).

The assertion follows by using Young’s inequality in (824) and taking (BM),(B2d),

and (BZ3d),(B43H) into account.[]

3.4.2 Lower order Term

The following result, which will be strongly needed in the derivation of the quasi-
orthogonality result (cf. Theorem B2 below), is concerned with an estimate of the

lower order term
C

2 k* Re(c(u — uf, uf — uSy) + ikr(u — u,, u§, — u$y))

where u§ € V¢, uf € V) are the conforming approximations of (823). The proof uses

the following regularity assumption:

(A) The solution u of (B3) is (1 + r)-regular for some r € (1/2,1], i.e., it satisfies

uw e VN HY(Q) and for some positive constant C' it holds

lullire < C (Ifllos + lollors). (3.45)
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Lemma 3.4.2 Let T,(Q2) be a simplicial triangulation obtained by refinement from
Tu(Q) and let u§, € Vi£,ugy € V5 be the conforming approzimations of (833). Then,
under assumption (A), there exists a constant Cpp > 0, depending on the local

geometry of the triangulations, such that

2Re( K clu — uf, uy — uf) +ikr(u — uf, usy — uf)) < (3.46)
Cor 07 (Ju—wi B g + iy — w2 0).
Proof: Using a trace inequality, by straightforward estimation we deduce the exis-

tence of a constant C'r; > 0 such that

2 k* Re(c(u — uf, ufy —u) + ik r(u —uf, u, — us)) (3.47)

)

< Cur lu—uilio (g = uillog + llufy — uf)
We define z¢ € V' as the solution of

a(ve, 2°) — k* e(v, 2°) + ik r(v°, 2°) (3.48)

= (ufy —up, 000 + (ufy —up, v)or,, v°eW. (3.49)

Due to the regularity result (82H), we have 2¢ € V N H(Q) and there exists a

constant C'z > 0 depending on the domain €2 such that

1€0sne < Cn (Il = wlloss + sy = uillor ). (3.50)

Choosing v = u§ — u§ in (B28) and observing Galerkin orthogonality, the trace

inequality, the interpolation estimate
129 = In2llie < Cr 2" [|2%]1400
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and (B3A0), we deduce the existence of a constant C'r, > 0, depending on C, C'g, and

C'r such that

2
27 (lugy — willow + llufy — wilos ) < gy — sl + Iy — wil3r, =
a(ufy —uf, 2% — k? c(ufy — us, 2°) + ik r(ufy —uf, 2%) =
a(uly —uf, 2¢ — I,2°) — k? e(uSy — us, 2¢ — 1,2°) + ik r(us, — uf, 2¢ — 1,,2°)
< Cu " Juy = i (Il = uillos + sy — 5oy ).

whence

lufy — uplloo + lug — upllory, <2 Cra B" [ufy — ujl10. (3.51)

Hence, choosing Crp := 4Cp,Cpa, the assertion follows from (BZ1) and (B3).0]

3.4.3 Quasi-orthogonality

In this subsection, we prove the following quasi-orthogonality result:

Theorem 3.4.1 Let T,(S2) be a simplicial triangulation obtained by refinement from
Tu (), and let up, € Vi, ug € Vg and np,nu be the associated solutions of (B=1)
and error estimators, respectively. Further, let e, := uw — up, and ey = u — uyg be
the fine and coarse mesh errors. Then, for any 0 < € < 1 there exists a meshwidth

Pmaz > 0, depending on the wavenumber k, the domain € and e, and a constant
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Cq > 0, depending on v, Cy, Cee, Crr, and k, such that for all h < hy,q, 1t holds

all (en, ep) < (3.52)

C
(1+2) aff (emsen) = 5 lun = unllF o+ =2 (i + k).

Proof: With u§ € S, and u§, € Sy as the conforming P1 approximations of (B33)

with respect to the triangulations 7,(£2) and Tz (€2) we have

arl(en,en) = apF (en +uf, — uy, ep + uf, — us;) (3.53)

+2 Re a” (en, ugy — up) — ap” (uh, — ufy, ujy — ufy).

The three terms on the right-hand side in (8223) will be estimated separately. These

estimates will be provided by the following three lemmas.

Lemma 3.4.3 Under the same assumptions as in Theorem [3-4-1 there exists a con-
stant Cy > 0, depending on 7y, C1, Cee, Cy, and Cp, such that for any 0 < & < 1/2
there holds

. C
ar (en + uf, = wfy en + uf, — ujy) < (L+€) ajf (emem) + = (h + ). (3.54)
Proof: We split the first term on the right-hand side of (B253) according to

art (u — up + u§, — ufy, u— up, +ul —usy) = (3.55)

IP nc nc nc nc
ay (eg +ulfy —up’ ey +ulyy — upc).
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Using (BI2H), Young’s inequality, and Corollary BZ32, we find

a{LP(eH +uly —upt ey +uly —up) (3.56)
< alf(em,en) + O lups — uif |2 o + 2017 alf (en, )2 |ufe — wif |l

1
< (1+4e9) aif(ewr,em) +Cy (1 + 5_) |up® — u?f”%,h,Q

2

Cce
< (1+¢2) ay” (e, em) +4C

1
(1+—) (ni + 77?{)
€9

For the first term on the right-hand side in (B?58), the mesh perturbation result

(B2) and a subsequent application of (BTIH) tell us

2C,C
@}IZP(BHaeH) < (1 —|—€1) agp(eH,eH) + ﬁ <77i2z +77?{> (357)

Choosing 0 < g; < 1,1 < < 2, such that € := &1 + g9 + €169 < 1/2, and

CL
2

1
+ 401006(1 + _>7

C
CQ = 2(1 + 82) J -
2

€17y

the assertion follows from (B5@) and (B2x1).00

Lemma 3.4.4 Under the same assumptions as in Theorem [FZ.1, there exists a

constant C; > 0,3 <1 < 6, depending on v, Cee, and Cpr, such that

2 Re alf (ep, us; — uf) < (3.58)

Cs+Cg h" (

Cy 07 aff (enyen) + (F+Ca b7) un — w2+ )

where C3 := 2 Crp/v,Cy := 3CLr, and the positive constants Cs,Cg depend on the

wavenumber k and on Ce.., Crr.
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Proof: For the second term on the right-hand side of (B153) we have

2 Re(a{bp(eh,u% — uﬁ)) = 2 Re(k? c(en, ufy — us,) + ik rp(en, uy — u,i)))
=2 Re((k‘gc(u —uy,uf — uy) + ik r(u — uj, ug — uﬁ))) +
2 Re(K*c(u, — up, uSy — us) + ik r(uf, — up, ufy — ui)))
(3.59)

In view of Lemma B2, the first term on the right-hand side in (B5d) can be

estimated as follows
2 Re((kQC(u —ug, ufy — uy,) + ik r(u — up, uf — ui)) (3.60)
< Crr b’ (|@Z|ih,9 + ufy — U(szﬁhQ)

Taking advantage of (B12a) and Corollary BZ32, for the two terms on the right-hand

side in (B30) we find

e <2 (o= unlng + llun = w3 00)

2 C
< Z IP 2 ce 2
=7 ay’ (en,en) + o Mhs

ugy — Uil pe <3 <||UH —unllipg + lluf — unllf o+ llun — uiﬁh”)

CC@
<3 Jlun = wnll? 0+ 6= (n} + )
and hence,
2 Re <k2c(u —ug, ufy —uy,) + ik r(u —up, ugy — uﬁ)) (3.61)

2 CoCrr
< 5 Crr h" a£P<€h,€h) +3Crr A" HUH — uhHih@ +8 aLT h <7];2L —|—7ﬁ{>.
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We split the second term on the right-hand side in (8259) according to

>:

2Re<k20h(uz — up, Uy — upg) + ik rp(uy — up, ugy — uH)>—|—

2 .
2 Re(k cn(uf, — up, uy — uy) + ik rp(uj, — up, ug; — uj)

2 Re<k2ch(u2 — up,ug — up) + ik rp(uf — up, ug — uh)>+

2 Re (l{:Qch(uf1 — up, up, — uy) + ik rp(uj — wp, up — uﬁ)) (3.62)

By (B331) and Young’s inequality, the three terms on the right-hand side in (B52)

can be estimated as follows

2 Re<k2ch(u2 — up, Uy — ug) + ik rp(uy — up, ufy — uH)>

Cce 2
«

< 4 max(k, k?) b

2 Re<k2ch(uz — up, uy — up) + ik rp(ug, — up, ug — uh)>

<

gl 4Cec
o e =l p0 + o (max(k, %))* nj,
2 Re(kQCh(uz — Up, up, — uf,) + ik rR(uy, — up, up — u,i))

Cce 2 2 2
< 2 o max(k, k%) (nh+77H>.

Then, (B5R) follows from (B2h9)-(B62) and the preceding estimates. [

Lemma 3.4.5 Under the same assumptions as in Theorem [54.1, there exists a

constant C; > 0 such that
(3.63)

g 7
0k (u, = g 05, = iy) = 3 lun = walld 0 — — (0 + ).
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Proof: Taking into account (81Z&) and using Young’s inequality and (B=31) we find

Al (s, — g — w5y) 2 g — w20 > 1 (lon —wnlBg + (364)

o, — o+ g = w2 = 20 (un = war, vy, =y + wm = )1 el
9 _
> (7= 5) lun =l g =47 €™ (el pe + i)
(2 + ).

Then, (363) follows from (864) for ¢ = v with C7 := 4C,.. O

€ C
> < . 2 4 ce
> (v 2) [[un “H||1,h,sz Y e

Proof of Theorem [3Z.1. Using the estimates from Lemma BZ273, Lemma B2, and
B4 in (B223), we obtain

1+¢€ v/4 — esh”
ap” (en, en) < [RGAT: aj (em.en) — TG Jun — ugllf o (3.65)
a(l— Cyhry \eTH):
We choose h,,.,, > 0 such that
1+¢ . v/4—c4hl
— <142 L et > /8. 3.66
o SR T =2 (3.66)

Then, (B52) follows from (BEBH) with € := 2¢ and Cg = (Cs + Csh,, . + C7)/(1 —
Cshy

max

) .0

3.5 Contraction Property

We now use the monotonicity result (8=36) and the quasiorthogonality (B52) to prove

the following contraction property:
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Theorem 3.5.1 Let u € Hyp () be the unique solution of (B3R). Further, let
Tn(2) be a simplicial triangulation obtained by refinement from Ty (SY), and let uy, €
Vi, ug € Vi and nn,ng be the associated solutions of (B2) and error estimators,
respectively. Then, there exist constants 0 < 0 < 1 and p > 0, depending only
on the shape reqularity of the triangulations and the parameter 6 from the Dorfler
marking, such that for sufficiently large penalty parameter o and sufficiently small
mesh widths h, H the fine mesh and coarse mesh discretization errors e, := u — uy,

and eg = u — uyg satisfy

ai"(ensen) + p 1f <8 (aff (eren) + p ;). (3.67)

Proof: Multiplying the estimator reduction property (B=38) by 7/(8C.) and substi-

tuting the result into the quasi-orthogonality estimate (B552), for p > 0 we get

ar”(enen) +pmp < (1+¢) ajf (en,en) (3.68)
CQ Y 2 CQ 77(9) 2
<_ 8CT+p> "h+<?+ 8C. > T

For the choice

= - —= 3.69
vy P C.- o ( )
it follows from (B68) that
C (60
A enen) 4 < (142 aff (enen) + (C2+ O g,
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Invoking the reliability (BZ39) of the estimator, we find

ar”(ens en) + p mp < (3.70)
17T(0)Y -

o) s B

Cq , 7(0)

o 8C. ) n

2
H.
We choose § such that

p:ég%—%:(s—l (Crel<(1+5)—6>+%+g—g)>. (3.72)

Solving for ¢, we obtain

Cra1+¢) + %2 + 10

0= (3.73)
C
8_’C'LT - TQ + Crel
Now, we choose
., 1 (1=27Y2)9 1
T=T7"1== -
21—(1-2"172)6 4
1y(1—=71%
= —F < L.
© 2 8CrelCT*

It follows that

G 3322 1
0= vT o (3.74)
Crel + o

«

Looking for « such that

1A+7)  Co v Cg
- — < - ¥
16C. + a 8C. o

we find that 0 < § < 1 for

32CC, -
(1—7)y

This concludes the proof of the contraction property.[]

(3.75)
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CHAPTER 4

Numerical Results

4.1 Introduction

This chapter is devoted to a documentation of numerical results that illustrate the
performance of the adaptive IPDG method over a wide range of wavenumbers.

We begin with results of some initial numerical tests which were conducted for dif-
ferent polynomial orders of approximations and for wavenumbers « = 5,10, 20. In-
tuitively, these results provided some guidance towards an underlying dependence of
the wavenumber and the polynomial order N. Next, we present four model problems

for the Helmholtz equation with wavenumbers ranging from « = 5 to Kk = 70 using
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polynomials of order upto order 6. In particular, the main application is the screen
problem in two dimensions which describes the propagation of an acoustic wave and
its scattering around a soft sound screen. For this problem we had no prior knowl-
edge of the analytic solution. As expected, the residual-type error estimator detects
the singularities and refines in precisely around the singularities.

These model problems demonstrate quasi-optimality which is in accordance with the
theoretical results for the second-order elliptic boundary value problems (cf. [34]).
Moreover, as can be expected, for a high wavenumber the asymptotic regime is
reached later, i.e., for finer meshes, compared to lower wavenumbers. For all our
numerical experiments we maintained consistent choice of the penalty parameter

a = 50(N + 1)? where N is the polynomial order.

4.2 Preliminary Results for Smooth Problems

Our preliminary numerical experiments were for the symmetric IPDG method tested
on a smooth problem u(z,y) = —exp **@*¥) on the computational domain Q =

[—1,1] x [—1, 1], respecting the mesh constraint kh < 1.

A clear dependence on the polynomial order for resolving higher wave numbers

motivated us to investigate the impact of higher polynomial order on the convergence.
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CHAPTER 4. NUMERICAL RESULTS

4.3. TEST PROBLEMS ON NON-CONVEX DOMAIN

h-Convergence for k=5

h-Convergence for k=10 h-Convergence for k=20

¥
zzz=

o BN

‘57

10°

¥

TITE
D BN =

b

10 10"
1h

10 10" 10 10 10" 10
1h 1h

Figure 4.1: A comparison of the convergence for different polynomial order N for
wave numbers k = 5(left),k = 10(center) and k = 20(right) .

4.3 Test Problems on Non-convex Domain

In order to illustrate the convergence history of the adaptive IPDG approach in

terms of the exact discretization error e, := u — uy in the mesh dependent energy

norm a}”’ (e, ey)

1/2

, as a first example we choose an interior Dirichlet problem for

the Helmholtz equation where the exact solution is known. In particular, we con-

sider (B13) in a bounded polygonal domain 2 C R? with the boundary conditions

(BIH),(BId) replaced by a Dirichlet boundary condition on I' := 02 .

—Au—kKu=f inQ,

u=g¢g onl.

We note that the preceding convergence analysis applies to such interior Dirichlet

problems as well.Its implementation requires the appropriate changes made to the

right hand side of the IPDG formulation (B2).
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Example 1: Consider the interior Dirichlet problem

—Au—Ku=f inQ, (4.1a)

u=g¢g onl. (4.1b)

The source terms f, g are chosen such that u(r, ¢) = Jy,2(kr) (in polar coordinates) is
the exact solution, where Jj5(.) stands for the Bessel function of the first kind. The
solution is an oscillating function with decreasing amplitude for increasing r which
exhibits a singularity at the origin (cf. Fig. B2 (left)). We tested this problem on
two non-convex domains namely the notorious L-shaped domain (cf. B=3T) and the

circular domain with a cut-out wedge (Pacman Problem) (cf. B2372).
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4.3.1 L-shaped Domain

Analytic Soluton K: 20 K=10, N=6,Level=8,L-shaped Domain

Figure 4.2: Exact solution for & = 20 (left) and adaptively refined grid after 8
refinement steps for £ = 10, N = 6, and 0 = 0.3 (right).

We have applied the adaptive IPDG method to (E13),(ETH) with Q := (=1, +1)%\
[0,4+1) U (—=1,0]. For k& = 10, N = 6, and 6 = 0.3, Figure B2 (right) shows the
adaptively refined mesh after 8 refinement steps with a pronounced refinement in a

vicinity of the singularity at the origin.

Figure B=3 reflects the convergence history of the adaptive process. The mesh
dependent energy norm ||u—u||q := aif (u—up, u—uy)'/? of the error is displayed as a
function of the total number of degrees of freedom on a logarithmic scale. The curves
represent the decrease in the error both for uniform refinement and for adaptive
refinement in case of different values of the constant 6 in the Dorfler marking. In
particular, Figure B33 (left) refers to the wavenumber k£ = 5 and the polynomial
degree N = 6, whereas Figure B3 (right) shows the results for the wavenumber

k = 10 and the same polynomial degree N = 6.
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k=5,N=6,L.-Shaped Domain k=10,N=6,L-Shaped Domain
2 0
-1
0
-2
~ Tx-3
:!: :!:
) 1 -4
2 2
z Z .
-6 —+—p0=0.1 ——0=0.1
6=0.3 -6 6=0.3
-8 6=0.5 6=0.5
——0=07 =7{|——6=0.7
——uniform ——uniform

6 7 8 9 10 11 6 7 8 9 10 11
In(Degrees of Freedom) In(Degrees of Freedom)

Figure 4.3: Convergence history of the adaptive IPDG method. Mesh dependent

energy error as a function of the DOF (degrees of freedom) on a logarithmic scale:
k=5, N =6 (left) and k = 10, N = 6 (left).

4.3.2 Pacman Problem

In this method curvilinear elements instead of straight sided elements are used to
resolve the geometry of the domain. The geometrical representation by curvilin-
ear elements complements the performance of the estimator as is evident from the

refinement of the domain.

Figure B depicts the meshes obtained after 6 levels and 3 levels of the adaptive
algorithm. Whereas, Figure B3, shows the plots of the convergence which is slower
as compared to our previous example and this can be attributed to the curved nature

of the domain.
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Mesh Level 6 Mesh Level 3

Figure 4.4: Adaptively refined grids for k = 1, N =4, 6 = 0.1 (left) and k = 5,
N = 6,60 = 0.3 (right) after 6 and 3 levels of the adaptive cycle .

4.3.3 Screen Problem
The next example deals with the screen problem (BTa)-(Bd).
Example 2: We choose Q := (—1,+1)%\ (S; U S;) where

Sy == conv((0,0), (—0.25,+0.50), (—0.50, +-0.50)),

Sy := conv((0,0), (+0.25, —0.50), (+-0.50, —0.50)),

such that T'gr = 9(—1,+1)% and I'p := 95, U 9S,. The right-hand sides f and g are

chosen according to f =0 and
g = cos(kxy) + isin(kxs).

The real part of the computed IPDG approximation is shown in Figure B4 for

wavenumber k = 15 (left) and for wavenumber k = 20 (right).

Figure B71 contains the adaptively refined mesh for wavenumber £ = 10 and
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N=4,Pacman N=6, Pacman
_14‘ _1
_2 o
-3
-3
4
= T -4
F \ F
2 i
=7i{——uniform —+—uniform
gl o 6=01 -7 —o-8=01
6=0.3 6=0.3
—9l|—+—8=0.5 8[| ——6=05
6=0.7 6=0.7
10 1 12 %6 7 1

8 9 10 8 9 10
log(Degrees of Freedom) log(Degrees of Freedom)

Figure 4.5: Convergence history of the adaptive IPDG method.Mesh dependent
energy error as a function of the DOF (degrees of freedom) on a logarithmic scale:
k=5, N=4 (left) and k =5, N =6 (left).

Real Part of Computed Solution Real Part of Computed Solution

Figure 4.6: Real part of the computed IPDG approximation for k& = 15 (left) and
k =20 (right).
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N=6 Level 12,Screen Problem N=6 Level 8,Screen Problem
1 1
0.5 o5t &
X
€ d
N X
0 0 N
X
/]
;
V4
-0.5 -0.5 N
]
DK
-1 _q} o
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 4.7: Adaptively refined mesh for & = 10, N = 6 after 8 refinement steps
(left) and for k = 20, N = 6 after 12 refinement steps (right).

polynomial degree N = 6 after 12 refinement steps (left) and for wavenumber k& = 20

and polynomial degree N = 6 after 8 refinement steps (right).

k=10,N=4,Screen Problem k=10,N=6,Screen Problem

s g
g £ ®
41l ——0=0.1 81 ——6=0.1
6=0.3 6=0.3
-6 6=05 -10 6=0.5
——06=0.7 ——6=0.7
—+—uniform ——uniform
_a . . . , _12 A . . ,
7 8 9 10 11 12 8 9 10 11 12
In(Degrees of Freedom) In(Degrees of Freedom)

Figure 4.8: Convergence history of the adaptive IPDG method. Error estimator as
a function of the DOF (degrees of freedom) on a logarithmic scale: k = 10, N =4
(left) and k = 10, N = 6 (right).

Since we do not have access to the exact solution of the screen problem, we

document the convergence history of the adaptive IPDG method by representing

the decrease in the error estimator 7y, as a function of the total number of degrees
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of freedom on a logarithmic scale. In particular, Figure EZ8 shows the results for
wavenumber k£ = 10 and polynomial degree N = 4 (left) respectively polynomial

degree N = 6 (right).

k=15,N=4,Screen Problem k=15,N=6,Screen Problem

“2l|--6-0.1 “411——6=01
6=0.3 6=0.3
4 g:o.s 6 2:0.5
——0=0.7 ——0=0.7
——uniform ——uniform
7 9 10 11 12 8 9 10 1 12
In(Degrees of Freedom) In(Degrees of Freedom)

Figure 4.9: Convergence history of the adaptive IPDG method. Error estimator as
a function of the DOF (degrees of freedom) on a logarithmic scale: k = 15, N =4
(left) and k = 15, N = 6 (left).

Likewise, Figure B9 displays the convergence history for wavenumber k£ = 15 and
polynomial degrees N = 4 (left) and N = 6 (right). We observe a similar behavior
as in case of the interior Dirichlet problem in Section EZ3. For higher wavenumbers,
the asymptotic regimes require fines meshes. Moreover, as we expect, higher poly-
nomial degrees can handle higher wavenumbers better at the expense of increased

computational work.
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4.4 Convex Domain

Lastly, we consider the interior Dirichlet Problem on the convex computational do-
main = (0,1) x (0,1).

(kr)cos(26) (in polar co-

The source terms f, g are chosen such that u(r,¢) = J 5

3
2
ordinates) is the exact solution. This solution is known to live in H3/2¥17¢(Q) for
any € > 0, but not in H*?+1(Q) [Grisvard, [31] Theorem 1.4.5.3], with a corner

singularity at the origin.

Computed Solution K=70 Analytic Solution K=70

Figure 4.10: Computed solution (left) and exact solution (right) for k = 70.

The numerical solution of this problem by DG methods has been studied in [33] and
[30]. In particular, the approach in [33] relies on a plane wave DG scheme, whereas

in [30] a hybridized LDG method is used.

For the same choice of wavenumber &k = 4 and with the use of the linear and
quadratic elements, we observe the following h-convergence for our approach. In

contrast to the results obtained by Griesmaier and Monk [Figure 2, page 12 in [30]
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X107 Error Plots using Linear Elements x10° Error Plots using Quadratic Elements
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Figure 4.11: h-convergence using linear elements (left);quadratic elements (right).

|, we notice a faster order of convergence for a coarser mesh size.

We report the convergence history of the error with respect to the mesh dependent
energy norm ( as shown in Figure B3 )and with respect to L?— norm |lu — up|lo.q

(as shown in Figure BI1 ) in relation to the total degrees of freedom.

In Figure T3, the accelerated decay of the error can be attributed to the improved
regularity of our numerical solution.We also observe the impact of higher polynomial
order approximation especially (as we mentioned in our introductory remarks ) for
large wavenumber this is evident from the significant change in the optimal order

convergeince.
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K=70,N=4, Unit Square Domain K=70,N=6, Unit Square Domain
-10
-10 BN “’“‘\
+
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£ _og T -5
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In(Degrees of Freedom) In(Degrees of Freedom)

Figure 4.12: Convergence of the discretization error ||u —upljoq as a function of the
DOF (degrees of freedom) on a logarithmic scale: k = 70, N = 4 (left) and k = 70,
N =6 (left).

K=70,N=4, Unit Square Domain K=70,N=6, Unit Square Domain
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Figure 4.13: Convergence history of the adaptive IPDG method.Mesh dependent
energy error as a function of the DOF (degrees of freedom) on a logarithmic scale:
k=170, N =4 (left) and k =70, N =6 (left).
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CHAPTER 6

Conclusions and Future Work

We have developed an adaptive symmetric Interior Penalty Discontinuous Galerkin
(IPDG) method for the Helmholtz equation and analyzed its convergence by proving
a contraction property for a weighted sum of the global discretization error in the
IPDG energy norm and the residual-type a posteriori error estimator. The novelty
in the convergence analysis compared to IPDG applied to standard second order el-
liptic boundary value problems is the appropriate treatment of the lower order term
in the equation by resorting to the associated conforming approximation of the prob-
lem and using an Aubin-Nitsche type argument. We have illustrated the benefits of

the adaptive IPDG approach by various numerical experiments which also revealed
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quasi-optimality, although this property was not part of the theoretical convergence
analysis.

An issue that remains to be addressed in future work is the development of an
efficient and robust iterative solver for the IPDG discretized problem taking into
account that the condition number significantly grows with increasing polynomial
degree. The same issue can be expected for the hybridized version of the IPDG
method which is computationally attractive due to the substantial reduction in the
total number of degrees of freedom.

Finally, a natural extension of the present work would be to consider a similar IPDG
method for interior domain problems associated with the time harmonic Maxwell
equations, in particular, in the three-dimensional space. We believe that the conver-
gence analysis essentially carries over with a somewhat more subtle Aubin-Nitsche
type argument, but the solver issue will be even more challenging than for the

Helmholtz equation due to the non-trivial kernel of the curl operator.

61



Bibliography

1]

D.N. Arnold, F. Brezzi, B. Cockburn, and L.D. Marini, Unified analysis of
discontinuous Galerkin methods for elliptic problems, STAM J. Numer. Anal.,
39, 1749-1779, 2002.

M. Ainsworth, A posteriori error estimation for Discontinuous Galerkin finite
element approximation. SIAM J. Numer. Anal. 45, 1777-1798, 2007.

M. Amara, R. Djellouli, and C. Farhat, Convergence analysis of a discontinuous
Galerkin method with plane waves and lagrange multipliers for the solution of
Helmholtz problems, STAM J. Numer. Anal. 47, 1038-1066, 2009.

G. B. Alvarez, A. F. D. Loula, E. G. Dutra do Carmo, and F. A. Rochinha,
A discontinuous finite element formulation for Helmholtz equation. Comput.
Methods Appl. Mech. Engrg. 195, 4018-4035, 2006.

A. K. Aziz and A. Werschulz, On the numerical solutions of Helmholtz’s equation
by the finite element method. SIAM J. Numer. Anal. 17, 681-686, 1980.

I. Babuska, W.C. Rheinboldt, A posteriori error estimates for the finite element
method. International Journal for Numerical Methods in Engineering, 12, 1597-
1615, 1978.

[.Babuska, W.C. Rheinboldt, Adaptive approaches and reliability estimates in

finite element analysis. Computer Methods in Applied Mechanics and
Engineering,17-18, Part 3, 519-540, 1979.

62



BIBLIOGRAPHY BIBLIOGRAPHY

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[18]

[19]
[20]

I. Babuska and S. Sauter, Is the pollution effect of the FEM avoidable for the
Helmholtz equation?. STAM Review 42, 451-484, 2000.

I. Babuska and T. Strouboulis, The Finite Element Method and its Reliability.
Clarendon Press, Oxford, 2001.

[.Babuska, T.Strouboulis, C. S. Upadhyay, and S. K. Gangaraj, A posteriori es-
timation and adaptive control of the pollution error in the h-version of the finite
element method. International Journal for Numerical Methods in Engineering,
38, 4207-4235, 1995.

Ihlenburg F, Babuska I. Finite element solution of the Helmholtz equation with
high wavenumber part II:the h-p-version of the FEM. SIAM Journal on Numer-
ical Analysis, 34, 315 -358, 1997.

I. Babuska and W.C. Rheinboldt, Error estimates for adaptive finite element
computations. Siam J. Numer. Anal., 15, 736-754, 1978.

W. Bangerth and R. Rannacher, Adaptive Finite Element Methods for Dif-
ferential Equations. Lectures in Mathematics. ETH-Ziirich. Birkhéauser, Basel,
2003.

R. Becker, P. Hansbo, and M.G. Larson, Energy norm a posteriori error estima-
tion for discontinuous Galerkin methods. Comput. Methods Appl. Mech. Engrg.
192, 723-733, 2003.

A. Bonito and R. Nochetto, Quasi-optimal convergence rate of an adaptive
Discontinuous Galerkin method. STAM J. Numer. Anal. 48, 734-771, 2010.

C. Carstensen, T. Gudi, and M. Jensen, A unifying theory of a posteriori error
control for discontinuous Galerkin FEM. Numer. Math. 112, 363-379, 2009.

J.M. Cascon, Ch. Kreuzer, R.H. Nochetto, and K.G. Siebert, Quasi-optimal rate
of convergence of adaptive finite element methods. STAM J. Numer. Anal. 46,
2524-2550, 2008.

C. L. Chang, A least-squares finite element method for the Helmholtz equation.
Comput. Methods Appl. Mech. Engrg. 83, 1-7, 1990.

L. Chen. Short bisection implementation in MATLAB. report, 2006.

E. T. Chung and B. Engquist, Optimal discontinuous Galerkin methods for wave
propagation. SIAM J. Numer. Anal. 44, 2131-2158, 2006.

63



BIBLIOGRAPHY BIBLIOGRAPHY

[21]

[22]

[23]

[24]

[25]

[20]

[27]

[28]

[29]

B. Cockburn, Discontinuous Galerkin methods. Z. Angew. Math. Mech. 83,
731-754, 2003.

D. Colton and P. Monk, The numerical solution of the three-dimensional inverse
scattering problem for time harmonic acoustic waves. STAM J. Sci. Statist. Com-
put. 8, 278-291, 1987.

Dorfler, W.; A convergent adaptive algorithm for Poisson’s equation. SIAM J.
Numer. Anal. 33, 1106-1124, 1996.

B. Engquist and O. Runborg, Computational high frequency wave propagation.
Acta Numer. 12, 181-266, 2003.

X. Feng and H. Wu, Discontinuous Galerkin methods for the Helmholtz equation
with large wave numbers. STAM J. Numer. Anal. 47, 2872-2896, 2009.

X. Feng and H. Wu, hp-discontinuous Galerkin methods for the Helmholtz equa-
tion with large wave number. submitted, arXiv:0907.3442v1, 2009.

G. Gabard, Discontinuous Galerkin methods with plane waves for time-harmonic
problems. J. Comp. Phys. 225, 1961-1984, 2007.

C. Gittelson, R. Hiptmair, and I. Perugia, Plane wave discontinuous Galerkin
methods: Analysis of the h-version. ESAIM: M2AN Math. Model. Numer. Anal.
43, 297-331, 2009.

J. Gopalakrishnan and J. Pasciak, Overlapping Schwarz preconditioners for in-
definite time harmonic Maxwell equations. Math. Comp. 72, 1-15, 2003.

R. Griesmaier and P. Monk, Error analysis for a hybridizable discontinuous
Galerkin method for the Helmholtz equation. J. Sci. Comp. (in press), 2011.

P. Grisvard, Elliptic Problems in Nonsmooth Domains, Monographs and Studies
in Mathematics, vol. 24, Pitman, Boston, MA, 1985.

J.S. Hesthaven and T. Warburton, Nodal Discontinuous Galerkin Methods.
Springer, Berlin-Heidelberg-New York, 2008.

R. Hiptmair, A. Moiola, and I. Perugia, Plane wave Discontinuous Galerkin
methods for the 2D Helmholtz equation: Analysis of the p-version, Report 2009-
20, SAM, ETH Ziirich, Ziirich, Switzerland. Submitted to SINUM, 2009.

R.H.W. Hoppe, G. Kanschat, and T. Warburton, Convergence analysis of an
adaptive interior penalty discontinuous Galerkin method. SIAM J. Numer.
Anal.; 47, 534-550, 2009.

64



BIBLIOGRAPHY BIBLIOGRAPHY

[35]

[36]

[37]

[38]

[39]

[44]

[45]

[46]

P. Houston, D. Schétzau, and T.P. Wihler, Energy norm a posteriori error es-
timation of hp-adaptive discontinuous Galerkin methods for elliptic problems.
Math. Models Methods Appl. Sci. 17, 33-62, 2007.

F. Thlenburg, Finite Element Analysis of Acoustic Scattering. Springer, Berlin-
Heidelberg-New York, 1998.

F. Thlenburg and I. Babuska, Finite element solution of the Helmholtz equation
with high wave number. II. The h-p version of the FEM. STAM J. Numer. Anal.
34, 315-358, 1997.

N. A. Kampanis, J. Ekaterinaris, and V. Dougalis, Effective Computational
Methods for Wave Propagation. Chapman & Hall/CRC, Boca Raton, 2008.

P. Monk and D.Wang, A least squares method for the Helmholtz equation,
Computer Methods in Applied Mechanics and Engineering 175. 121-136, 1999.

O. Karakashian and F. Pascal, A posteriori error estimates for a Discontinu-
ous Galerkin approximation of second-order elliptic problems. STAM J. Numer.
Anal. 41, 2374-2399, 2003.

O. Karakashian and F. Pascal, Convergence of adaptive Discontinuous Galerkin
approximations of second-order elliptic problems. STAM J. Numer. Anal. 45,
641-665, 2007.

J.-C. Nédélec, Acoustic and Electromagnetic Equations. Integral Representa-
tions for Harmonic Problems, Springer, Berlin-Heidelberg-New York, 2001.

I. Perugia and D. Schétzau. An hp-analysis of the local discontinuous Galerkin
method for diffusion problems. In Proceedings of the Fifth International Confer-
ence on Spectral and High Order Methods (ICOSAHOM-01) (Uppsala), volume
17, pages 561-571, 2002.

B. Riviere, Discontinuous Galerkin Methods for Solving Elliptic and Parabolic
Equations. Theory and Implementation. SIAM, Philadelphia, 2008.

B. Riviere and M.F. Wheeler, A posteriori error estimates and mesh adapta-
tion strategy for discontinuous Galerkin methods applied to diffusion problems.
Computers & Mathematics with Applications 46, 141-163, 2003.

A. Schmidt and K. G. Siebert, Design of Adaptive Finite Element Software: The
Finite Element Toolboox ALBERTA. Springer, Berlin-Heidelberg-New York,
2005.

65



BIBLIOGRAPHY BIBLIOGRAPHY

[47] D. Schétzau, C. Schwab, and A. Toselli, Mixed hp-dgfem for incompressible
flows. SIAM J. Numer. Anal., 40, 2171-2194, 2003.

[48] L. Tartar, Introduction to Sobolev Spaces and Interpolation Theory. Springer,
Berlin-Heidelberg-New York, 2007.

[49] L. Zhong, L. Chen, S. Shu, G. Wittum, and J. Xu, Convergence and optimality
of adaptive edge finite element methods for time-harmonic Maxwell equations.
Preprint, Department of Mathematics, University of California at Irvine, 2010.

66



	Dedication
	Introduction
	Adaptive Cycle
	SOLVE
	ESTIMATE
	MARK
	REFINE

	Convergence Analysis 
	Screen Problem 
	The IPDG Method 
	A Posteriori Error Analysis 
	Reliability
	Efficiency

	Quasi-orthogonality
	Mesh Perturbation Result
	Lower order Term
	Quasi-orthogonality

	Contraction Property

	Numerical Results 
	Introduction
	Preliminary Results for Smooth Problems
	Test Problems on Non-convex Domain 
	L-shaped Domain
	Pacman Problem
	Screen Problem

	Convex Domain 

	Conclusions and Future Work 
	Bibliography

