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Abstract

The optimal design of structures and systems described by partial differential equations
(PDEs) often gives rise to large-scale optimization problems, in particular if the under-
lying system of PDEs represents a multiscale, multiphysics problem. Therefore, reduced
order modeling techniques such as balanced truncation model reduction (BTMR), proper
orthogonal decomposition (POD), or reduced basis methods (RB) are used to significantly
decrease the computational complexity while maintaining the desired accuracy of the ap-
proximation. We are interested in such shape optimization problems where the design
issue is restricted to a relatively small portion of the computational domain and in optimal
control problems where the nonlinearity is local in nature. In these cases, it appears to be
natural to rely on a full order model only in that specific part of the domain and to use
a reduced order model elsewhere. A convenient methodology to realize this idea is a suit-
able combination of domain decomposition techniques and BTMR. We will consider such
an approach for optimal control and shape optimization problems governed by advection-
diffusion equations and derive explicit error bounds for the modeling error.

As an application in life sciences, we will be concerned with the optimal design of capillary
barriers as part of a network of microchannels and reservoirs on surface acoustic wave driven
microfluidic biochips. Here, the state equations represent a multiscale multiphysics problem
consisting of the linearized equations of piezoelectricity and the compressible Navier-Stokes
equations. The multiscale character is due to the occurrence of fluid flow on different time
scales. A standard homogenization approach by means of a state parameter results in
a first-order time periodic linearized compressible Navier-Stokes equations and a second-

order compressible Stokes system. The second-order compressible Stokes system provides



an appropriate model for the optimal design of the capillary barriers.
Another application considered is the shape optimization of an aorto-coronaric bypass.
Finally, in order to address environmental issues, we present an optimal control problem

where our aim is to reduce the water pollution in a region of choice.
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CHAPTER 1

Introduction

Microfluidics is the science dealing with the behavior, precise control, and manipulation of
fluids in the sub-millimeter scale. We are all familiar with the revolution brought to us by
the advancement in microelectronics in our day to day life by providing, smaller, cheaper,
and highly efficient devices. One should expect microfluidic sciences to follow the same

path.

In life sciences, a popular concept is “labs-on-a-chip” which is defined as chip-based
miniature laboratories that can be controlled electronically. Microfluidic biochips represent
an important example (cf. Fig. (left)). The miniaturized chip laboratories are able
to do complex tasks within a few micrometers for which usually a full-size laboratory is

required. Often only a very tiny amount of sample is available, e.g., in forensics and in



gene expression profiling analysis.

Microfluidic biochips are used in pharmaceutical, medical, and forensic applications for
high throughput screening, genotyping, and sequencing in genomics, protein profiling in
proteomics, and cytometry in cell analysis [92, [I01]. They provide a much better sensitivity
and a greater flexibility than traditional approaches. More importantly, they give rise to
a significant speed-up of the hybridization processes and allow the in-situ investigation of
these processes at an extremely high time resolution. This can be achieved by integrating
the fluidics on top of the chip by means of a lithographically produced network of channels

and reservoirs (cf. Fig. (left)).

water
L]
dye - 2
332 e
plastic chip
IDT
LiNbO,

Figure 1.1: Microfluidic biochip (left) and sharp jet created by surface acoustic waves
(right)

The idea is to inject a DNA or protein containing probe and to transport it in the
fluid to a reservoir where a chemical analysis is performed. The fluid flow can be taken
care of by external pumps which, however, do not guarantee a very precise control of the
fluid flow and are subject to wear. A new generation of biochips is based on a surface
acoustic waves (SAW)-driven fluid flow [47, 58| [T18| 119, 122]. Surface acoustic waves are
generated by interdigital transducers (IDT), well-known from Micro-Electro-Mechanical
Systems (MEMS). They propagate through the base of the device with amplitudes in
the range of nanometers and enter the fluid-filled microchannels creating sharp jets (cf.

Fig. (right)). This happens within nanoseconds. In the microchannels, the SAW get



significantly damped so that an almost stationary fluid pattern emerges which is called
acoustic streaming. This relaxation process occurs on a time scale of milliseconds. We
are thus faced with a multiscale, multiphysics problem whose mathematical modeling and
numerical simulation represents a significant challenge. It is also a challenging problem
with regard to various optimization issues such as the optimal design of the microchannels
in order to achieve a maximum pumping rate. Another one is the design of pressure driven
capillary barriers between the channels and the reservoirs to guarantee a precise filling of
the reservoirs with the probes (cf. Fig. [1.2). This amounts to the solution of a shape
optimization problem where the mathematical model for the acoustic streaming consists of
the linearized equations of piezoelectricity and the compressible Navier-Stokes equations.
| DS 2

3

#

=

Figure 1.2: Capillary barriers

The multiscale character of the problem can be appropriately taken care of by a ho-
mogenization approach. Following [10, [75], after homogenization we obtain a linearized
compressible Navier-Stokes equation and a compressible Stokes system. We will discuss

this in more detail in Chapters [2| and [6]

For the efficient solution of the optimal design problems, we have developed an adaptive
multilevel interior-point method of barrier type featuring a predictor-corrector continuation
method with an adaptive choice of the barrier parameter along the barrier path. The

prediction step relies on a nested-iteration type tangent continuation, and the correction



1.1. BIOCHIP IN ACTION

step is a Newton-multigrid method for the KKT system. Despite the fact that this approach
leads to a considerable reduction in the computational work compared to more standard
optimization strategies, the amount of computational time is still significant, and there
is a need for further reductions. Such reductions can be achieved by model reduction
based optimization methods using reduced order models for the underlying state equations
generated, e.g., by Proper Orthogonal Decomposition (POD), Balanced Truncation Model

Reduction (BTMR), Krylov subspace methods, or reduced basis methods.

Among these techniques, we have chosen BTMR combined with a domain decompo-
sition approach referred to as DDBTMR, since for many of the above mentioned optimal
design problems the region, where the optimal design has to be implemented, is small com-
pared to the rest of the microfluidic network. Our approach uses domain decomposition
applied to the optimality system to isolate the subsystem that explicitly depends on the op-
timization variables from the remaining linear optimality system. We derive estimates for
the error between the solution of the original optimization problem and the solution of the
reduced problem and these estimates are confirmed by numerical results. We first consider
shape optimization problems governed by the Stokes system and then extend DDBTMR

to microfluidic biochips where the governing equations are compressible Stokes equations.

1.1 Biochip in action

A microfluidic biochip (cf. Fig.|1.3|(left)) consists of a lithographically produced network of
microchannels located on top of a substrate (glass or plastic plate coated by a piezoelectric
material such as LiNbO3). An IDT, which is attached to a chip holder (cf. Fig[L.4] (left)) is
placed on top of the substrate. The chip holder holds an RF-input connection for receiving

the high frequency signal produced by the signal generator (cf. Fig. (right)). This



1.2. OUTLINE OF THE THESIS

high frequency signal (around 100 MHz) causes the IDT to excite and launch SAWs. The
SAW move like miniature earthquakes and transport fluids and solid matter across the

microchannels (cf. Fig/L.3] (right)).

intardigital transducar

——

surface wave

-
substrate

Figure 1.3: Microfluidic biochip placed on a substrate (left) and fluid flow in part of a
microchannel steered by SAW generated using IDT (right)

The Chip Holder Lithium Niobate

Figure 1.4: IDT on a substrate (left) and RF signal generator (right)

1.2 Outline of the thesis

This thesis is organized as follows:



1.2. OUTLINE OF THE THESIS

In Chapter 2, we will present a mathematical model for the acoustic streaming that
can be derived by a homogenization approach based on the coupling of the equations of

piezoelectricity and the compressible Navier-Stokes equations.

Chapter 3 is devoted to shape optimization by means of a so-called all-at-once approach
featuring the simultaneous optimization and numerical solution of the state equations (sta-
tionary Stokes system in this case).

The all-at-once approach is realized by a barrier type interior-point method in terms of
a path-following predictor-corrector continuation scheme with an adaptive choice of the
continuation steplength along the barrier path. The barrier method is implemented within
a multilevel framework using a nested iteration type predictor and a Newton multigrid
technique as a corrector. The results obtained are compared with classical barrier methods
such as the long-step path-following method and Mehrotra’s predictor-corrector method.

Some parts of this chapter have been taken from [I6] and [17].

Chapter 4 introduces a technique for the dimension reduction of a class of PDE con-
strained optimization problems governed by linear time dependent advection-diffusion
equations for which the optimization variables are related to spatially localized quanti-
ties. Our approach uses domain decomposition applied to the optimality system to isolate
the subsystem that explicitly depends on the optimization variables from the remaining
linear optimality subsystem. We apply balanced truncation model reduction to the linear
optimality subsystem. The resulting coupled reduced optimality system can be interpreted
as the optimality system of a reduced optimization problem. We derive estimates for
the error between the solution of the original optimization problem and the solution of
the reduced problem. The approach is demonstrated numerically with an optimal control

problem and a shape optimization problem. This chapter is based on [14].



1.2. OUTLINE OF THE THESIS

In Chapter 5, the technique introduced in Chapter 4 is extended to optimization problems
governed by the Stokes equations. Here, we are interested in shape optimization problems
where the design issue is restricted to a relatively small portion of the computational
domain. In this case, it appears to be natural to rely on a full order model only in
that specific part of the domain and to use a reduced order model elsewhere. A convenient
methodology to realize this idea consists in a suitable combination of domain decomposition
techniques and balanced truncation model reduction. We will consider such an approach
for shape optimization problems associated with the time-dependent Stokes system and
derive explicit error bounds for the modeling error.

Although conceptually the approach in this case is same as in Chapter 4, the extension
requires several important changes. These are due to incompressibility constraints that
affect the model reduction, the domain decomposition and the coupling of both, as well
as the error analysis. As a numerical example, we will be concerned with the optimal
design of capillary barriers as part of a network of microchannels and reservoirs on domain
motivated by microfluidic biochip, but with Stokes equations as the state system. This

chapter contains the results from [15].

Chapter 6: The mathematical model for microfluidic biochips represents a multiphysics
problem consisting of the piezoelectric equations coupled with multiscale compressible
Navier-Stokes equations that have to be treated by an appropriate homogenization. We
discussed the modeling approach in Chapter |2, here we present algorithmic tools for the
numerical simulation and address optimal design issues. In particular, the optimal design
of specific parts of the biochips leads to large-scale optimization problems. In order to
reduce the computational complexity, we present a combination of domain decomposition
and balanced truncation model reduction which allows explicit error bounds for the error

between the reduced order and the fine-scale optimization problem, similar to Stokes case
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in Chapter It is shown that this approach gives rise to a significant reduction of the
problem size while maintaining the accuracy of the approximation. This chapter is based

on [13].



CHAPTER 2

Modeling microfluidic biochips

In this chapter we will present a mathematical model for the acoustic streaming that
can be derived by a homogenization approach based on the coupling of the equations of
piezoelectricity and the compressible Navier-Stokes equations. In Section [2.1] we will first
review the piezoelectric equations, and then take care of the multiscale character of the
microfluidic biochip problem using an homogenization approach, which gives us a linearized
compressible Navier-Stokes equation and a compressible Stokes system. For further details
we refer to [10] [13], 48, [49] [74] [75]. Section is devoted to the general discussion of a

shape optimization problem. We will be more specific in the later chapters.



2.1. MATHEMATICAL MODELING

2.1 Mathematical modeling

In this section, we will develop and analyze a mathematical model describing the opera-
tional behavior of SAW driven microfluidic biochips. The model consists of the equations of
piezoelectricity unilaterally coupled with the compressible Navier-Stokes equations. In par-
ticular, in Subsection we will be concerned with the piezoelectric equations, whereas
Subsection will be devoted to the compressible Navier-Stokes equations. Using tech-
niques from heterogeneous multiscale methods [37, 38|, we will derive a compressible Stokes

system which serves as a model for the acoustic streaming.

Throughout this section, we will use standard notation from Lebesgue and Sobolev
space theory. In particular, for a bounded polygonal or polyhedral domain Q C R? d e
{2,3}, with boundary I' = 99, we denote by L?(Q2) and L?(Q) the Hilbert spaces of scalar
and vector-valued Lebesgue integrable functions on €2 with inner products (-,-)o o and
norms || - ||o.. Likewise, H1(Q) and H*(Q) refer to the Sobolev spaces with inner products
(-, )1.0 and norms | - ||1,q, whereas HY/2(T") and HY/2(I"),T" C T, stand for the associated
trace spaces. We further refer to H~1(€2) and H™!(2) as the dual spaces of H{ () and

H}(Q), respectively. For further notation account we refer to Appendix

2.1.1 The piezoelectric equations

In piezoelectric materials, the stress tensor o depends linearly on the electric field E ac-

cording to a generalized Hooke’s law
oc(w,E) = ce(u) — eE. (2.1)

Here, €(u) := (Vu + (Vu)T)/2 refers to the linearized strain tensor with u denoting the

mechanical displacement, whereas ¢ and e stand for the symmetric fourth-order elasticity

10



2.1. MATHEMATICAL MODELING

tensor and the symmetric third-order piezoelectric tensor, respectively. Hence, the appli-
cation of an electric field will cause a displacement of the material. Piezoelectric materials
also show the reverse effect to generate an electric field when subjected to mechanical stress.
These properties are called the piezoelectric effect and the inverse piezoelectric effect. The
origin of the piezoelectric effect is related to an asymmetry in the unit cell of a piezoelectric

crystal and can be observed only in materials with a polar axis (cf., e.g., [40} 82]).

The frequency of the electromagnetic wave is small compared to the frequency of the
generated acoustic wave so that a coupling will be neglected. In particular, the electric
field will be considered as quasistatic. Moreover, it is irrotational and hence, according to
E = —V® it can be expressed as the gradient of an electric potential ®. Since piezoelectric
materials are nearly perfect insulators, the only remaining quantity of interest in Maxwell’s
equations is the dielectric displacement D which is related to the electric field by the
constitutive equation

D = ¢E + P, (2.2)

where € is the electric permittivity of the material and P stands for the polarization. In

piezoelectric materials, the polarization P due to external strain is linear, i.e., there holds
P = ee(u). (2.3)
We assume that the piezoelectric material with density p, > 0 occupies some rectangular

domain €y with boundary I'y = 0€2; and exterior unit normal n; and decompose boundary

in two different ways such that
I'h =TgpUlgn, TepnTen =70,
I :fp7D UFP’N, vaDmFILN :(D,

where 'y p C I'y is a (d — 1) dimension manifold and I'g y := 'y \ Tg p. Given boundary

data ®g p on I'g p, the pair (u, ®) satisfies the following initial-boundary value problem

11



2.1. MATHEMATICAL MODELING

for the piezoelectric equations

9%u

Prga V-o(uwE)=0 in Q; x (0,T1), (2.4a)

V- -D(u,E)=0 in Q; x (0,71), (2.4b)

u=0 onlypx(0,71) , ni-0=0n on I'y y x (0,71), (2.4¢)
®=®pp onlgpx(0,71) , n;-D =Dy, onI'p N x (0,11) , (2.4d)
u(-,0)=0 ((;;l(‘,O) =0 in 4, (2.4e)

which have to be completed by the constitutive equations (2.1)),(2.2)) and (2.3)).

Assuming time periodic excitations ®g p(-,t) = Re (éE,D exp(— iwt)) such that éE,D €

H'?(Tg p), we are looking for time harmonic solutions
u(,t) = Re(u(-)exp(—iwt)) , &(-,t) = Re(P()exp(— iwt)) .

This leads to a saddle point problem for a Helmholtz-type equation which in its weak
form amounts to the computation of (u,®) € V x W, where V := Hé,FpD(Ql)d and
W= {p € H'() | ¢ry, = ®pp}, such that for all v € V and ¢ € Wy := H} ()
a1, v) + (@, v) — w2y, Voo = (V). (2.5)
Here, Hyp () :={v e H'()? | v|r, , =0}, Hyp, (1) == {¢ € H' (™) | dlrpp, =
0}, and the sesquilinear forms a(-,-),b(-,-),c(-,-) and the functionals ¢; € V* ¢y, € W* are

given by

a(v,w) = /Q ce(v):e(w)dx , blp,v) = /Q eVy:e(v) dr,

o) = [ eVo-Vido,
gl(V) = <Un17V>p,N ) 62(1/}) = <Dn17’l/}>E,N7

12



2.1. MATHEMATICAL MODELING

with (-, )p.~, (-,-) E,n denoting the dual pairings between the associated trace spaces and

their dual spaces, respectively.

We denote by A: V- V*B: W — V* and C: W — W* the operators associated

with the sesquilinear forms and by I the injection I : V — V*. Then, an equivalent

formulation of (2.5al),(2.5b) is

(A —w?p,Hu+Bd =f, (2.6a)

B'u-Cd=f. (2.6b)
Here, the right-hand sides f € V* and f € W* are given by
f = /¢ — Bé)E,D , f = 9 + C&)E,D; (27)

where ® e,p stands for the extension of the Dirichlet data onto W.

In particular, the operator A is symmetric and V-elliptic, and the operator C is symmetric
and W-elliptic. The symmetry of A results from the symmetry of the elasticity tensor
c, whereas the V-ellipticity is a direct consequence of the positive definiteness of ¢ and
Korn’s inequality. Likewise, the symmetry of C follows from the symmetry of the dielectric
permittivity € and the W-ellipticity can be deduced from the positive definiteness of €.

Elimination of ¢ from , results in the Schur complement system

Su — wpu =g. (2.8)
Here, the Schur complement operator S : V. — V* is defined according to

S := A + BC''B*, (2.9)
whereas the right-hand side g is given by

g =f + BC!f. (2.10)

13



2.1. MATHEMATICAL MODELING

Theorem 2.1.1 For the Schur complement S given by (2.9) and the Schur complement

system. (2.8)) there holds:

(i) The spectrum of S consists of a sequence of countably many real eigenvalues 0 < (¥ <

(3 < ... tending to infinity, i.e., lim;_. Cjz = 0.

i) If w?p, is not an eigenvalue of S, for every g € V*, (2.8) admits a unique solution
Pp

u € V depending continuously on g.

iii) If w?p, € R is an eigenvalue of S, ([2.8) is solvable if and only if g € Ker(S —w?p, I)°
Pp P

where

Ker(S —w?p, I)' := {v* € V*| (v,v) =0, v € Ker(S —w?p, )} .

Proof: The Schur complement system (2.8) can be rewritten according to
Su — w2pp u = —w2pp S(SJT%1 —w_ngl I) u=g,

where S5' : L?(Q1) — V is given by Sp'v = S7lv |, v € L2(Q). It is easy to see that
Sp' is a compact self-adjoint endomorphism on L?(9) and hence, the assertions (i), (ii),
and (iii) follow from the Hilbert-Schmidt theory and the Fredholm alternative (cf., e.g.,

[123)). 0

2.1.2 The compressible Navier-Stokes equations

Since compressible effects dominate the SAW-induced fluid flow, it has to be described
by the compressible Navier-Stokes equations. We denote by Qa(t),t € [0,T5], the time

dependent domain occupied by the fluid with boundary I's(t) = I'(t)y pUL'(t)y v » T'2,p()N

14



2.1. MATHEMATICAL MODELING

'y n(t) = 0. Here, I's p(t) is that part of the boundary where the SAWs enter the fluid-filled
microchannels. We assume that the coupling between the piezoelectric and the Navier-
Stokes equations is unilateral and occurs by means of the deflection of the walls of the
microchannels caused by the SAWs. We denote by v and p the velocity and the pressure,
and we refer to py, 7, and £ as the density of the fluid and the standard and bulk viscosities.

Then, the pair (v, p) satisfies the following initial-boundary value problem

ov

pf(a-i-V‘VV) =V.o in Qo(t), t € (0, Ty, (2.11a)
aaif + V- (psv) =0 in Qo(t), t € (0,Ty], (2.11Db)
v(-+u(,1),t) = thl(',t) on I's p(t), t € (0,T3], (2.11c)
on=0 on 'y n(t), t € (0,T3], (2.11d)

V(.00 =vo, p(-0) = in 0,(0). (2.11¢)

where

o = (04)}jo1 » 05 = —p 0ij + 2neii(V) + 655(€ — 21/3)V - v,

and u in stands for the deflection of the walls of the microchannels caused by
the SAW. We note that u can be computed by the solution of the linearized equations
of piezoelectricity as described in previous subsection, for more details see [49]. In this
dissertation we assume that u is given as the time periodic boundary data. We will discuss
this in more detail in Chapter [6]

Since the deflection of the walls of the microchannels by the SAWs is approximately 10~ m
compared to lengths, widths, and heights of the microchannels in the range of um to mm,

in the sequel we will neglect the time dependence of €2s.

The SAW-induced fluid flow exhibits two different time scales. When the SAWs enter

the fluid-filled microchannels, sharp jets and vortices are created within nanoseconds (cf.
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2.1. MATHEMATICAL MODELING

Fig. and . The SAWSs propagate along the channels and experience a significant
damping which results in an almost stationary flow pattern, called acoustic streaming.
This relaxation process happens on a time scale of milliseconds. The multiscale character
can be appropriately taken care of by a homogenization approach. Following [10, [75], we
introduce a scale parameter 0 < € < 1 which represents the maximum deflection of the

walls of the microchannels, and we consider the asymptotic expansions
pr = pro + ep; + &0 + OE%),
v = vo +ev + 2V + 0@E,
p = po+ep +p + O0FE.
Collecting all terms of order O(g), assuming vy = 0 (fluid at rest, if no SAW actuation),

and setting py1 = ap’f, v :=ev/,p; :=ep/, we find that the triple (py,1, vi, p1) satisfies the

linear system (for notation convenience we assume that this problem has time scale [0, 71])

0
pm% —V.g,=0 in Qy x (0, 71], (2.12a)
Ops1 Vovi=0 in Q x (0,7 2.12b
ot +proV v = in Q9 x (0,71], (2.12b)
Vi =81 on FQ’D X (O,Tl], (2120)
on=0 on I'y x x (0,71, (2.12d)
Vl(-,O) = 0, pl(',O) =0 in QQ, (2.126)

where o1 = ((Ul)ij)g{jzl , (0'1)1']' =D 52’]’ +2776ij(V1) +5U(f*2’l7/3)v V1, 81 = 8u/5)t

and where p; and py 1 are related by the constitutive equation
p1 = c§pr1 in Qe x (0,T4] . (2.13)

Here, ¢y stands for the small signal sound speed in the fluid. The system describes the

propagation and damping of the acoustic waves in the microchannels.
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2.1. MATHEMATICAL MODELING

We substitute pr; in (2.12b)) by means of (2.13) and introduce the function spaces
Vg, = {v e L*((0,T1); H'(Q2)) N H'((0,T1); H ' (22)) | V[r,, = &1},
W =HY(0,T1); L*(Q0)) .

We note that H*((0,Ty); H1(Qs)) N L2((0,T1); HY(s)) is continuously embedded in

C([0,Ty],L2(Q2)). The weak formulation of (2.12a)-(2.12d]) amounts to the computation
of (vi,p1) € Vg, x W such that for all (w,q) € H<1J,F2 L (€2) x L*(92) there holds

ov
<ﬂf,03717 w) +a(vi, w) +b(p1, w) =0, weHgr, (), (2.14a)
_1 —20m . 9
(Proco” 5> Dose = blg,v1) =0, q € L*(Q), (2.14b)

vi(-,0) =0, pi(-,0)=0. (2.14c¢)

Here, (-,-) stands for the respective dual pairing, and the bilinear forms a(-,-) and b(,-)

are given by

a(v,w) ::n/Vv:dex + (§+g)/v-vv‘wda?, (2.15a)
QQ QZ

b(p,w) = /pV-wd:c. (2.15b)
Qo

For time periodic excitations g;, we also consider the time periodic problem:

Find (v1,p1) € Vg, x W such that for all (w,q) € H(l),rg 5 (§2) x L?(€23) there holds

ov
<'0f’0(97t1’ w) +a(vi, w) + b(p1, w) =0, (2.16a)
1 —20p;
(P06 QEa 7)o, — blg,v1) =0, (2.16b)
Vl(',O) :Vl(',T), pl(-,O) :pl(-,T). (216C)

Theorem 2.1.2 For the solution of the variational problems (2.14a)-(2.14c) and (2.16a))-

(2.16d)) there holds:

17



2.1. MATHEMATICAL MODELING

(i) If g1 € L2((0,7); H(1)62(F27D)) then there exists a unique solution (vi,p1) € Vg, x W
of (2.14al)-(2.14c) satisfying the stability estimate

”(Vlapl)HVngW < Cn ”gl||L2((O,T1);H(1)(/)2(F27D)) ) (2.17)

where C, > 0 is a constant depending on T.
(ii) If the forcing term g is time periodic, then there exists a unique solution (vi,p1) of

163169,

Proof: Taking advantage of the ellipticity of the bilinear form a(-,-), i.e.,
av.v) = afv|ia, . a>0.

and the fact that the bilinear form b(-, ) satisfies the inf-sup condition

inf sup M > 06 >0,
a€L§(©@\M0} veny . (@)\{0} l7llo.02lVILo,

the existence of a solution (vi,p1) € Vg, x W of (2.14a))-(2.14c|) satisfying (2.17) can be

shown by standard arguments based on the Galerkin method (cf., e.g., [95]). The unique-

ness is an immediate consequence of (2.17)). For the proof of (ii) we refer to Theorem 3.12

in [75]. O

Collecting all terms of order O(e?), neglecting the time derivative with respect to the

pressure, and performing the time-averaging

to+T1
(w) := T;l/ wdt,

to

18



2.1. MATHEMATICAL MODELING

we arrive at the compressible Stokes system (for notation convenience we assume that this

problem has a time scale [0,77)

pfp% —V-oy= (—pm% —prolVvi]vi) in Qy x (0,71, (2.18a)
proV - ve = (=V-(ps1v1)) in Qy x (0,77, (2.18b)

Vo = g2 on I's p x (0,77, (2.18¢)

oon =0 on I'y y x (0,77, (2.18d)

va(+,0) =0, pa(-,0) =0 in Qo, (2.18e)

where go := —([Vvi]u) in and
o2 = ((02)ij)}j=1 » (02)ij == —p2 0ij + 2055 (V2) + 6i5(€ — 21/3)V - va.
The density pro can be obtained via the constitutive equation
pa = c§ pra inQyx(0,7]. (2.19)

The compressible Stokes system ([2.18a))-(2.18d)) is used as a model for the acoustic stream-
ing.
The weak formulation of (2.18al)-(2.18d) requires the computation of (vo,p2) € Vg, x W,
where

Vg, = {ve H'((0,7),H () N L*((0,T), H (22)) | v|r, = g2} ,

W =H'((0,T); L*()),

such that
<pf7067\;2,w> + a(va, W) + b(p2, w) = (£, W)0.0,, w € H[1)7F27D(Qz), (2.20a)
b(q,v2) = ([, 00,9, q € L*(), (2.20b)
va(,0) =0, pa(-,0)=0. (2.20c)
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Here, the bilinear forms a(-,-),b(+,-) are as in (2.15a)),(2.15b]), and the right-hand sides f, f

are given by

(9V1

£ = ~(ppap toroVVilvi) o f = 0V (pravi)) -

Theorem 2.1.3 If f € L?(Qy), f € L?(), and g € H(l]é2(F27D), the weak formulation

(2.20a)),(2.20b) of the compressible Stokes system admits a unique solution (vo,p2) € Vg, X

W. Moreover, there exists a constant Cr > 0 depending on T such that

Iv2 ) Ivgw < Cr (Iflocs + Iflo0e + ez, ). (221)

Proof: The proof follows along the same lines as that of Theorem [2.1.2 U

2.2 Shape optimization

We have performed shape optimization of the walls of the microchannels and reservoirs

using objective functionals of tracking type or representing the pumping rate at selected

cross sections or minimizing the vorticity using ([2.18a))-(2.18b)) as state system.

The optimal design of the shape or topology of structures is an area within the theory
of optimization with applications, e.g., in aero- and fluid dynamics, electromagnetics, and
mechanics whose importance is reflected by a series of monographs on this topic that have

been published during the past decades (cf. [9) 211, 22, [32) 57, 60, 61, 85, OT1 104]).

A typical shape optimization problem associated with a time-dependent PDE or a
system thereof as the underlying state equation amounts to the minimization of a shape

functional .J over bounded domains Q2 x [0, 7] with Q € R? and T > 0. The state function y
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2.2. SHAPE OPTIMIZATION

is assumed to satisfy an initial-boundary value problem as described by means of a partial
differential operator L, and there may be further equality and/or inequality constraints on
the domain. We also assume that the domain 2 does not vary with time. Then the shape

optimization problem over a set of domains is

T
igf J(y, ), //E z,t,y(z,t)) dzdt, (2.22a)
0 Q
subject to
Ly(z,t) = f(z,t) in Q x (0,77, (2.22b)
y(z,t) = g(x,t) on I' x (0,77, (2.22¢)
h(z,t) > 0 in Q x [0, T]. (2.22¢)

In order to cope with the inherent difficulty that the minimization is over a certain class
of domains instead of a set of functions in an appropriate function space, we have used the
classical approach based on a parametrization of the domain by a finite number of design
variables: The boundary I' is represented by a composite Bézier curve using a certain
number of Bézier control points § € © C R* k € N, which serve as design variables. We
further assume that © := {6; € R | H;”i” <6; <0 1 < i<k} is independent of time
and is closed and convex. The equality and/or inequality constraints are expressed by

means of the design variables. The above shape optimization amounts to solving

;n(g J(0), / / Uz, t,0,y(x,t)) dedt, (2.23a)
€
0 (6)
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subject to

Ly(z,t) = f(x,1) in Q(0) x (0,7, (2.23b)
y(z,t) = g(z.1t) on T'(6) x (0,7, (2.23¢)
y(z,0) = yo(z) in Q(6), (2.23d)

0 eo. (2.23¢)

For the finite element approximation of — we choose # as reference design
variable and refer to Q 1= Q(g) as the associated reference domain. Then, the actual domain
Q(#) can be obtained from the reference domain Q) by means of a mapping Q(0) = @(ﬁ; 0).
The advantage of using the reference domain Q is that finite element approximations can
be performed with respect to that fixed domain without being forced to remesh for every

new set of the design variables.

An alternative approach would be the use of shape calculus [32], i.e., of shape gradients
and shape Hessians in case of interior-point methods requiring first- and second-order
information. Since stable numerical implementations of shape Hessians were not available
at the time the research has been conducted, we decided to use the standard approach

described above.
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CHAPTER 3

Optimal design of stationary Stokes flow by path-following interior-point

methods

Recall that in Chapter [2] we derived the acoustic streaming system i.e., the compressible
Stokes system given by . The system derived generates almost a stationary pattern
called acoustic streaming. Keeping in mind our goal i.e., modeling, simulation, and shape
optimization of microfluidic biochips, as a first step in this chapter we consider shape opti-
mization problems governed by incompressible stationary Stokes system. The key features
of this chapter are all-at-once approach, primal-dual barrier method in terms of a path-
following predictor-corrector continuation scheme with adaptive choice of the continuation
steplength, extension of barrier method to multilevel framework and comparison with the

classical primal-dual path-following methods. This chapter is based on [16] and [17].
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Optimal design problems associated with fluid flow problems play a decisive role in a
wide variety of engineering applications (cf., e.g., [85] and the references therein). A typical
example is to design the geometry of the container of the fluid, e.g., a channel, a reservoir,
or a network of channels and reservoirs, in such a way that a desired flow velocity and/or
pressure profile is achieved. The solution of the problem amounts to the minimization of
an objective functional that depends on the so-called state variables (velocity, pressure)
and on the design variables which determine the geometry of the fluid-filled domain. The
state variables are supposed to satisfy the underlying fluid mechanical equations, and
there are typically further technologically motivated constraints, e.g., bilateral constraints
on the design variables which restrict the shape of the fluid-filled domain to that what is

technologically feasible.

Shape optimization problems have been extensively studied and are well documented
in the literature (cf., e.g., the monographs [9], 21, 22}, 29, 32, [60}, 61, ’5 OT, 99, 104] ). The
traditional approach relies on a separate treatment of the design objective and the state
equation by an iterative cycle that starts from a given design, computes an approximate
solution of the state equation for that design, invokes some sensitivity analysis for an up-
date of the design, and continues this way until convergence is achieved. In contrast to this
successive approximation, recently so-called ’all-at-once methods’ or ’one-shot methods’
have attracted considerable attention in PDE constrained optimization whose character-
istic feature is that the numerical solution of the state equation is an integral part of the
optimization routine. In particular, it has been shown that this novel approach may lead

to significant savings of computational time (see e.g. [6, [7, 8, 66, [68] [69] 102]).

In this chapter, we consider the optimal design of stationary fluid flow problems as

described by the Stokes system. The objective is to design the geometry of a channel
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or a particular geometric feature of a channel such that a desired profile of the velocity
and/or the pressure is realized as closely as possible. The design variables are chosen as
the Bézier control points of a globally continuous Bézier curve representation of the walls
of the channel. The control points are subject to bilateral constraints. For instance, for the
shape optimization of a backward facing step (cf. Fig. , we use kg number of control

points for the lower backward facing step (curved line).

The approach that we are pursuing here is an ‘all-at-once method’ based on a primal-
dual formulation where the Stokes system is coupled by Lagrange multipliers and the
constraints on the design variables are taken care of by parameterized logarithmic barrier

functions.

—)

-\

N

Figure 3.1: Channel with a backward facing step

This leads to a family of minimization subproblems parameterized by the barrier parameter.
The optimality conditions result in a parameter dependent nonlinear system whose solution
gives rise to the so-called central path (cf., e.g., [46, 120]). A significant challenge is
to follow the central path as closely as possible as the barrier parameter goes to zero.
Here, we use three path-following strategies. The first one is an adaptive continuation
method with tangent continuation as a predictor and Newton’s method as a corrector
following the ideas from [33], whereas the second and third ones are variants of the long-
step target following algorithm and Mehrotra’s algorithm known from linear programming

(cf., e.g., [121]). We note that path-following algorithms for shape optimization problems
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in structural mechanics have been used in [63].

3.1 The shape optimization of parametrized Stokes equa-

tions

Let 2(f) € R? be a bounded domain that depends on design variables 8 = (61,--- ,0;)7 €

O, where © C R* is a given convex set, 0;,1 < i < k, are the Bézier control points of a Bézier

curve representation of the boundary and © := {f; € R | /" < ¢, < g 1 <4 < k}.

We assume that the boundary 0€2(6) consists of an inflow boundary I'i,(#), an outflow

boundary Tout(6), and a lateral boundary T, (6) such that 9Q(0) = Tin(0) U Toue(6) U

T1at(0), Tin(0) N Tout(0) N T1at(9) = 0. Consider shape optimization problems associated

with the stationary Stokes system of the form
inf J(v,p,0)

veH! (Q),peL2(02),0€0

where

and where v(0), p(6) solve

—v Av(z) + Vp(z) = f(z), z € Q(f),
V-v(z) =0, z € Q(0),
V(@) = vin(2), € Tin(0),
v(z,t) =0, z € Tia(0),
(Vv(z) —p(@))n=0, 2 € Cout(0).
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3.1. THE SHAPE OPTIMIZATION OF PARAMETRIZED STOKES EQUATIONS

where n and v denoting the exterior unit normal vector and viscosity of the fluid, respec-
tively and f denotes the forcing term. It is well-known that the weak formulation of (3.1f-g)

admits a unique solution (cf., e.g., [80]).

For the finite element approximation of we choose 8 € O as a reference design
and refer to () := () as the associated reference domain. Then, the actual domain Q(6)
can be obtained from the reference domain € by means of a mapping Q(6) = ®(; 6). The
advantage of using the reference domain Q is that finite element approximations can be
performed with respect to that fixed domain without being forced to remesh for every new
set of the design variables.

For the discretization of the stationary Stokes system we use one of the many standard
methods [51], such as the classical P2-P1 Taylor Hood element, or methods with discontin-
uous pressure discretizations. We assume that the simplicial triangulation 75 of the spatial
domain (0) is geometrically conforming and aligns with I',(0), a4 (0) and Loy (0). This

leads to the discrete optimization problem

v 0 T(,6) (3.2a)
where
J(0) = £(v(0),p(6),,0), (3.2b)
and where v(9), p(6) solve
so| V=9 (3.2¢)
P g2(0)

For ease of notation, we have kept the same symbol for the velocity v and pressure p
as it was there in the continuous setting. Here, £(-) in (3.2p) results from the spatial

discretization of the integral of the objective functional in (3.1p). The discrete Stokes
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operator S(f) in (3.2c) is given by
S(9) := , (3.3)

where A(f) € R™™"™ and B(#) € R™*™ are the stiffness matrix, and the matrix represen-
tation of the discrete divergence operator. The vector ga(f) € R™ in ) stems from
the semi-discretization of the incompressibility condition due to the boundary condition at
the inflow boundary. We note that the data of the discrete problem depend on the design

variable 6 due to the dependence of the spatial domain on 6.
Assume that § € © satisfies the so-called box constraints i.e.,
O:={0cR|O™M" <0, <O 1<i<k} (3.4)

Then due to the nonlinear dependence on the design variables, (3.2) represents an in-
equality constrained nonlinear programming problem. It will be numerically solved by

path-following primal-dual interior-point methods as described in the next section.

3.2 Path-following interior-point methods

Introduce Lagrange multipliers A, € R", A\, € R™ for the PDE constraints (3.2c) and
couple the inequality constraints (3.4)) by logarithmic barrier functions with a barrier pa-

rameter = 1/u > 0, u — oo,. This leads to the saddle point problem

inf sup £ (y, A, 6), (3.5)
y.0

where y := (v,p), X := (Ay, Ap) and L") stands for the Lagrangian

LW (y, X, 0) = B¥(y,0) + AT (S(0)y — g), (3.6)
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and B (y,0) is the so-called barrier function as given by

[In(6; — 0"™) + In(6"* — ;)] . (3.7)
=1

B(M)(Y79) = J(y,&) -

==

(for details cf., e.g., [120]) and g = (g1, g2)" .

The central path g — x(p) == (y(1), M), Q(H))T is given as the solution of the nonlinear

system

£y (v, A 0)
Fxw)nm) = | Yy, 20 | =0 (3.8)

L8y, A, 0)
where the subindices refer to the derivatives of the Lagrangian with respect to the primal,
the dual, and the design variables. The choice of the barrier parameter strongly influences
the performance of the interior-point method. There are static strategies with the Fiacco-
McCormick approach as the most prominent one (cf. [44]), where the barrier parameter
is fixed until an approximate solution of has been obtained, and there is a variety of
dynamic update strategies (cf. [20] 39, 50] 88, I1T), 113| 114]). Convergence properties of
the Fiacco-McCormick approach have been studied in [27] and [IT5], whereas a convergence

analysis of dynamic update strategies has been addressed in [20], 39, [88, [113].

We consider the solution of (3.8) by an adaptive continuation method based on the
affine invariant convergence theory of Newton-type methods and nonlinear variants of the

long-step and Mehrotra’s path-following method (see [84]).

3.2.1 Adaptive continuation method

The adaptive continuation method is a predictor-corrector method with an adaptively de-

termined continuation step size in the prediction step and Newton’s method as a corrector.
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3.2. PATH-FOLLOWING INTERIOR-POINT METHODS

It relies on the affine invariant convergence theory of Newton and Newton-type methods
(cf., e.g., [33]) and ensures that the iterates stay within a neighborhood (contraction tube)

of the central path so that convergence to a local minimum of the original minimization

problem can be achieved (cf. Fig. [3.2)).

Ape ox(p)

x*

Figure 3.2: Adaptive continuation method: Prediction step (left) and correction step (right)

Prediction step: The predictor step relies on tangent continuation along the trajectory

of the Davidenko equation

Fa(x(p), p) x' (1) = =Fu(x(p), 1) (3.9)

and amounts to the implementation of an explicit Euler step: Given some approximation

()

x(pg) at pr > 0, compute i(j‘))(ukﬂ), where pg11 = px + Aukj , according to

Fu(X(pr), px) ox(pr) = — Fu(X(pr), ) (3.10a)
K00 (1) = K(u) + Apg ox(ur) (3.10b)

starting with j = 0 (j > 1 only if required by the correction step (see below)). We use
A,u(()o) = Apyg for some given initial step size Apug, whereas for k > 1 the predicted step size

A,u,(co) is chosen by

(Jo) —1\1/2
AL = ( _AxB )l V2 1) ” At (3.11)
I5(

g px) — X00) () || 200 (pay)
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3.2. PATH-FOLLOWING INTERIOR-POINT METHODS

where Apg_1 is the computed continuation step size, Ax(jo)(uk) is the first Newton cor-
rection (see below), and II(u;) < 1 is the contraction factor associated with a successful

previous continuation step.

Correction step: As a corrector, we use Newton’s method applied to F(x(pg+1), e+1) =
0 with xU0)(11,1) from (3.10)) as a start vector. In particular, for £ > 0 (Newton iteration
index) and j, > 0 (j being the steplength correction index) we compute AxUe)(upy1)

according to

Fe(XYO (i) 1) AxYO (1) = — FEYD (g1, prrr) (3.12)

update XU+ (g1 1) = XU (1) + AxU (g 1) and compute E(m(ukﬂ) as the asso-

ciated simplified Newton correction

Foel &9 (ugin), 1) DX (gn) = — FEID () + AxU (1), pisr) . (3.13)

We monitor convergence of Newton’s method by means of

99 (pgy) o= A% a1/ 8% ()|

In case of successful convergence, we set X(jupy1) := XU (jup41) with ¢ being the current
Newton iteration index, accept the current step size Apuy 1= A,u,(j ) with current steplength
correction index j and proceed with the next continuation step. However, if the mono-
tonicity test

1109 (pgyy) < 1 (3.14)
fails for some j;, > 0, the predicted steplength Au,(cj ) has been chosen too large so that
the predicted solution XU0) (11, 1) is not situated within the Kantorovich neighborhood of

x(ftg+1), 1., it is outside the contraction tube around the central path (cf. Fig. [3.2](right)).

The corrector step provides a correction of the steplength for the tangent direction dx(py)
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3.2. PATH-FOLLOWING INTERIOR-POINT METHODS

such that the new iterate stays within the contraction tube. To do so, the continuation

step from (3.10b|) has to be repeated with the reduced step size

GH) . (V2=1N\2 ()
Apy; = (g(H(jé’))> Apg” (3.15)

g(l) = VI+1-1
until we either achieve convergence or for some prespecified lower bound Ajpiy,;, observe
Aul(jﬂ) < Almin -
In the latter case, we stop the algorithm and report convergence failure.

A Newton step: The Newton steps are realized by an inexact Newton method featuring
right-transforming iterations (cf., e.g., [66, [68], [77]). Consider for example we want to solve
the KKT system (3.12)). The block structure of this system is given by (for notational

convenience, in the following the upper index (u) in the Lagrangian will be dropped)

Fx Ax F

VyyJ(0) S(0) Lyg Ay VyL
S(6) 0 Ly AX | = | vag |- (3.16)

E@Vy £97)\ £979 A6 V@E

Introduce the positive auxiliary variables z = (z(1), z(?)7 with entries

1) 1 2) 1 .
Mm = P <<k, 3.17
‘ p(f; — 0rm) p(07r — 6;) (3:17)

which are well-defined as p > 0 and for € € int(©). We can rewrite (3.17) as

1 ) .
D,z = e D, := diag(6; — 07", ..., 0), — O7™), (3.18a)

1
Dyz?) = e D, := diag(67" — 6y, ..., 0% — 6;,), (3.18Db)
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3.2. PATH-FOLLOWING INTERIOR-POINT METHODS

where e := (1,...,1)7 € R¥. The Newton linearization corresponding to ([3.18) is given by

7, A0+ DAz = — (D2 — le) (3.19a)
I

7570+ DyAZ?) — —(Dyz® — Le) (3.19b)
7

where Z; := diag(z(li)7 e zg)), 1 <i¢<2. The new KKT system reads as follows

K
VyyJ (@) S@) Lys O Ay VyL
S(0) 0 Lxp O AN VAL
R = — . (3.20)

Loy Lox Log 1 A6 VoLl

0 0 Z D Az Dz — 1/pe

where K is the KKT matrix and
T
~ D; O . -1, N VAl
D := , I:.= , 4=
0 D I, —Zs

We then apply the condensation and right-transforming iterations to solve ([3.20). For

complete details, we refer to [11J, [77].

The first- and second-order derivatives w.r.t. design variables 8 occurring in the KKT
system are computed by automatic differentiation (cf., e.g., [55]) based on the automatic

differentiation package from the INTLAB toolbox (see [100]).

3.2.2 Long-step path-following method

Long-step path-following method amounts to compute an increment Ax := (Ay, AX, Af,

Az)T by solving the KKT (Newton’s) system as before, namely,
K Ax = —§, (3.21)
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3.2. PATH-FOLLOWING INTERIOR-POINT METHODS

where, g := (g, D1z —op~te,Dyz® —op~'e)”, with an additional centering parameter
o>0.

We define N_(7),0 < v < 1, as the following neighborhood of the central path
Noww() = {(y, A 0,2) | 522 u'7} . (3.22)

where s() := (s(M(6), s (O))T, sV (0) := 6 — g™, s2)(9) := gmar — 9.

The long-step path-following algorithm proceeds as follows:

Initialization: Specify 0 < v < 1, bounds 0 < opmin < Omaz < 1 for the centering

parameter, and choose a start iterate

x© = (y@, 2 9©) 20y e N (v) .

Iteration loop: For j =0,1,2,... set

| K k
(4) .—
pr = max <s(1>(9<j>)Tz<1)(9(j>)’ 5@ (90T 5 (9(j))> ' (3:23)

Choose o) € (Omin, Omaz), and compute
Ax) — (Ay(j), AT A9 Az(j)>
as the solution of (3.21)). Set the next iterate as
xU+D) = x0) 4 ) Ax),
where, nU) = max {n € (0,1) | x¥) +nAx0) € N_(7)}.
Given a tolerance ¢, the iteration will be terminated, if for some j* > 1
AJ = |J(yY),007)) — gyl =D U=y < e
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3.2. PATH-FOLLOWING INTERIOR-POINT METHODS

. . . L\ 2
For j > 1, a possible choice of the centering parameter @) is (@) := (;N‘”/M”) .
The solution of (3.21)) is computed based on static condensation of the slack variables and
the application of right-transforming iterations to the resulting reduced Hessian system

(cf., e.g., [66, [T7]).

3.2.3 Nonlinear version of Mehrotra’s method

Using the same notation as in Subsection the nonlinear version of Mehrotra’s method

(cf. [84]) is as follows:

Initialization: Choose a start iterate

<0 = (0 2O 90) ,©))

Iteration loop: For j = 0,1,2,... define xU) as in (3.23) and solve (3.21]) with o = 0 for

affine scaling direction Axg;ff) = (Ay(%), AAaQa AH;{T, AZ%) )T.
Choose step lengths for the primal (p) and dual (d) components as
Py = max{@ € (0,1) | 09 + BA0Y > 0},
B = max {B € (0,1) | 29 + pAzY) > 0} .
Choose centering parameter adaptively by first setting

k
. NT , e
(s(u)(g(y)) + ﬁgﬁAgéﬂﬁ)> (Z(u) 0D)) + ﬁgﬁAz; ),(J)>

= max
Haff 1<522

Solve ([3.21) for (Ay@, AXD A9 AzN)T with right-hand side g replaced by

: . - : . N — T
g = (g,Dlz(l) + ADlAz%}’m — o) le, Doz + ADQAZ(?T)’(J) — o)) 1e) ,

a
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3.3. MULTIGRID AND INTERIOR-POINT METHODS

where
AD; = diag (egj) + Bl AV — 9;’”‘”) , 1<i<k,
AD; = diag (67" — (07 + 3y 200))) 1<i<k
Again choose the step lengths as
3P = max {ﬁ eR' | 69) 4 BAGY) > o} ,
Bl = max{ﬁ eRT ‘ zY) 4+ BAZ0) > 0} ,
4 = max {0.9937,1},  B% = max {0.995”1, 1} ,
and compute a new iterate xUt1) according to
(yUHD gU+y = (y0) g0y 4 gr(AyL) AgL)),
(AU 20Dy = (A0 20Dy 4 g (AND)| Az,

The termination criterion is the same as in the long-step path-following method.

3.3 Multigrid and interior-point methods

We perform the predictor-corrector scheme (cf. Subsection in a multilevel framework
with respect to a hierarchy of discretizations. We describe the multilevel approach in case of
a two-level scheme with the levels /—1 and /¢ (cf. Fig . In the general case of more than
two levels, the multilevel predictor-corrector continuation method consists of a recursive
application of the two-level scheme (cf. [I7, [77]). The extension to other path-following

methods discussed in Subsections [3.2.2] and [3.2.3| follows on the similar lines.
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levels &
(1) (given) #*(nj12) (predicted)
level ¢ . —
P
xzfl(lﬁj) wé*l(ujﬂ) acéfl(ﬂjw)

level ¢ — 1_? @ @ > 1

Figure 3.3: Two-level predictor-corrector scheme

3.3.1 Multigrid adaptive continuation method

The solutions on coarse grid level £ — 1 are computed using the adaptively chosen barrier
parameters p; < pj11 < pjy2 using the path-following technique as described in Sub-
section The fine grid solution Xz(,uj) is obtained either by an initialization step or

results from a previous application of the multigrid prediction-correction scheme.

Prediction step: We use the the level £ — 1 approximations ‘=1 (y;) and 21 (142) as
well as the level ¢ approximation xé(uj) to obtain a level ¢ prediction at pyo using the

formula

R (142 = X (113) + Py (X (52) = X7 (1) (3.24)
where qu is the prolongation operator from level £ — 1 to /.
Correction step: The approximation x¢ (fj+2) is then corrected by the two-level Newton
multigrid scheme incorporating a two-level PDE solver with augmented Lagrangian as

the pre- and post-smoother. For acceptance of Newton’s method a monotonicity test is

performed [33].

37
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3.3.2 Multigrid long-step path-following method

The solutions on coarse grid level £/ — 1 are computed using the barrier parameters p; <

Hj+1 < pj+2 using long-step path-following technique as described in Subsection
Prediction step: The prediction on level ¢ is made using the formula (3.24)).

Correction step: The approximation X (fj+2) in step above on level /£ is corrected using

the long-step method with augmented Lagrangian as the pre- and post-smoother.

3.3.3 Multigrid Mehrotra’s method

The solutions on coarse grid level £ — 1 are computed using the barrier parameters p; <

tj+1 < pj+2 using Mehrotra’s method as described in Subsection
Prediction step: The prediction on level ¢ is made using the formula (3.24)).

Correction step: The approximation X (fj+2) in step above on level £ is corrected using

the Mehrotra’s method with augmented Lagrangian as the pre- and post-smoother.

3.4 Applications

3.4.1 Channel with a backward facing step

As a benchmark problem, we consider Stokes flow in a channel with a backward facing
step (cf. Figure . The objective is to design the wall of the step in such a way that a

desired velocity v¢ is attained.
The computational domain @ C R? is displayed in Figure The boundary 0f2 is
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dotted line:
optimal shape

Figure 3.4: Initial and optimal shape of the backward facing step

decomposed into I'y, = {0} x (—1,1),Tope = {10} x (=1.5,1), and Ty = 92\ (T'in U Tout)-
The data of the problem is chosen as follows. Assume f = 0 in 2, a Poiseuille velocity
profile vi,(z1,22) = 6(x2 + 1)(1 — z2) on 'y, outflow boundary conditions on T'gyt, and
no-slip conditions on I'iy. The objective is to design the shape of the backward step I's g,
with solid line in Figure in such a way that a prescribed velocity profile v is achieved
in €. We use a parametrization of the backward step by means of the Bézier control points
6 € R k = kg, of Bézier curve representations of I’y g, where kp refers to the number of
control points for I'y p. The shape optimization problem amounts to the minimization of
J(0) = / lv(z) — v¥(z)|*dx
Q(0)

subject to the Stokes equations (3.1k-g) and design parameter constraints
emin < < gmaz

with viscosity v = 1. The bounds #™™", ™% on the design parameters are chosen such
that the design constraints are never active in this example. We use kg = 5 Bézier control
points to specify the step boundary. The desired velocity v¢ is computed by specifying the
optimal parameter 8* and solving the state equation on Q(6*). The optimal domain Q(6*)

is shown in Figure [3.4] marked by the dashed line.
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We consider a geometrically conforming simplicial triangulation 75(2) of the reference
domain. The discretization in space is taken care of by P2-P1 Taylor-Hood elements. For

D C Q, we denote by Ny 4 (D), Ny n(D) the set of velocity and pressure nodal points in D.

We use automatic differentiation [54] [100] to compute the derivatives with respect to
the design variables #. The stationary optimization problems are solved using various

methods described in Sections B.213.3]

Table reflects the convergence history of the iterative process using the adaptive
continuation method as described in Subsection and Figure shows the convergence

of objective functional J.

10
k 7 Ap AJ
0 | 1.0e+2 | 3.0e+2 - o
1] 1.0e+2 | 3.0e4+2 | 1.70e+0
6.02¢-1 Wl
8.80e-2 >
2.31e-1 s
2| 27042 | 1.7e+2 | 1.06e-2 o
1.90e-4 B
2.05e-5 o
3| 3.6e+2 | 9.8e+1 | 1.32e-5
4| 3.7e4+2 | 3.9e+2 | 1.08e-5 107 5 - - - 10
k
Table 3.1: Backward facing step: Adap- Figure 3.5: Backward facing step: Conver-
tive continuation strategy convergence gence history of the objective functional
history

The adaptive continuation method has been compared with the dynamic barrier update
strategy from [50], which was also used in [66] [68], and the nonlinear variant of Mehrotra’s
path-following method. For these three methods, Tables [3.2] and contain the number
of continuation steps, the final value of the objective functional, and the execution time
on a coarse mesh (Myq; = 0.3) and on a finer mesh (A4, = 0.1), where ‘no conv.” means

no convergence. The results show that the adaptive continuation method is more efficient
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than the dynamic barrier update strategy and more robust than Mehrotra’s method for
which convergence only occurs, if the mesh is fine enough. On the other hand, for this

robustness one has to pay a price in terms of the execution time (cf. Table [3.3)).

Method Cont. Steps J Exec. Time
ACM 4 6.68E-07 5 min
DBUS 8 9.32E-07 8 min
MEHR - no conv. —

Table 3.2: Backward facing step: Comparison of adaptive continuation method (ACM),
dynamic barrier update strategy (DBUS) from [50] and Mehrotra’s method (MEHR) on a
coarse mesh (Nyae = 0.3)

Method Cont. Steps J Exec. Time
ACM 3 4.98e-07 59 min
DBUS 11 9.42e-07 142 min
MEHR 8 6.61e-07 34 min

Table 3.3: Backward facing step: Comparison of adaptive continuation method (ACM),
dynamic barrier update strategy (DBUS) from [50] and Mehrotra’s method (MEHR) on a
finer mesh (hyqe = 0.1)

We consider multigrid extension of the above developed interior-point methods i.e.,
adaptive continuation, long-step and Mehrota’s method. Three levels of refinement is used
with the number of unknowns on the coarsest and finest level to be 7599 and 116859
respectively. The results obtained using different interior point methods are almost the
same. The multilevel code works three times faster as compared to the single grid. We

omit the data table in this case and will show it in next example.

The computed optimal value of the design parameter using all the methods is

0* = (+1.0,-0.5,—0.55, —0.6, —0.6, —1.5).
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3.4.2 Capillary barrier

One of the issues in the optimal design of the biochips is to make sure that the reservoir is
filled with a very precise amount of the fluid. This is taken care of by a capillary barrier

placed between a channel and the reservoir (see Fig. [3.6).

Figure 3.6: Channel with capillary barrier on an SAW driven microfluidic biochip (left)
and optimal shape obtained (right)

As computational domain we have chosen part of a channel with a capillary barrier at
its end and part of a reservoir connected with the channel by the capillary barrier. The
objective is to design the walls of the barriers in such a way that a desired velocity profile

v is attained.

The boundary 952 is decomposed into Iy, = {—2} x (=1,1),Tout = {5} x (=1,1), and
Dat = 02\ (Tiy UToyt). The data of the problem is chosen as follows. Assume f = 0 in
Q, a Poiseuille velocity profile vi,(z1,x2) = 6(z2 + 1)(1 — z2) on I'j,, outflow boundary
conditions on I'gyt, and no-slip conditions on I',;. The objective is to design the shape of
the barrier (dotted walls in Figure [3.6(right)) top s,z and the bottom I'y g of 92 in such
a way that a prescribed velocity profile v? is achieved in §. We use a parametrization of
the barrier by means of the Bézier control points § € R* k = kp + kg, of Bézier curve

representations of I'y 7 and I'g g, where k7 and kp refers to the number of control points for
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'y 7 and I'y B, respectively. The shape optimization problem amounts to the minimization

of

subject to the Stokes equations (3.1c-g) and design parameter constraints
emin < g < gmaz

with viscosity ¥ = 1. The bounds ™", ™% on the design parameters are chosen such
that the design constraints are never active in this example. We use k = kp + kp = 16
Bézier control points for the Bézier curve representation of the capillary barrier as design
variables. The desired velocity v? is computed by specifying the optimal parameter §* and

solving the state equation on Q(6*).

Figure (right) displays the computed optimal shape of the barrier together with
an underlying finite element mesh. The channel additionally has passive outlet valves (cf.
Figure that are activated when the barrier operates in stopping mode and back flow
occurs. Figure (left) provides a visualization of the velocity field for the optimized
channel under conditions of flow from the channel into the reservoir. Likewise, Figure [3.7]
(right) displays the velocity field for the optimized channel under back flow conditions, i.e.,

when the capillary barrier operates in stopping mode.

TT T T T T

Figure 3.7: Velocity field: Optimal configuration barrier non-stopping mode (left) and
stopping mode (right)
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We compared the adaptive continuation method with the long-step path-following al-
gorithm and Mehrotra’s algorithm, first for a single grid and then consider the extension to
the multigrid. As in the previous example, we observed robustness of the adaptive contin-
uation method as it converges on relatively coarse meshes where the two other algorithms
fail to convergence. Below we report the convergence history and execution times of all
three algorithms for a sufficiently fine finite element mesh with a total of Ny, = 62916
degrees of freedom with a tolerance ¢ = 1073 as termination criterion. Tables and

display the convergence histories of the three algorithms for a single grid.

k 7 Ap AJ Time
0 | 2.0E4+02 | 5.0E402 -

1| 6.9E+02 | 4.9E+02 | 2.83E+00

2 | 1.2E403 | 5.3E+02 | 4.58E-05 | 747 min

Table 3.4: Capillary barrier: Adaptive continuation method

k 7 o " AJ Time
0 | 2.0E402 - - -

1| 2.0E+02 | 1.0E-03 | 1 | 2.35E400

2 | 3.2E+03 | 1.2E-01 | 1 | 4.80E-01

3| 92E+03 | 7.2E-03 | 1 | 5.34E-04 | 360 min

Table 3.5: Capillary barrier: Long-step path-following method

k 7 o GP, 3% AJ Time
0 | 2.0E+02 - - -

1| 2.0E4+02 | 1.0E-05 | 0.99 | 2.37E400

2 | 3.2E+03 | 4.1E-02 | 0.99 4.62E-01

3 | 1.2E403 | 1.4E-07 | 0.99 | 5.04E-04 | 371 min

Table 3.6: Capillary barrier: Mehrotra’s method

Extension to the multigrid is considered of the above developed interior-point methods
i.e., adaptive continuation, long-step and Mehrota’s method. Four levels of refinement are
used with the number of unknowns on corasest and finest level to be 2362 and 141634

respectively. The results obtained using different interior-point methods are almost the
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same. The multilevel code works three times faster as compared to the single grid. Table[3.7]

shows the results obtained for the multigrid adaptive continuation strategy.

level | k L Ap AJ
1 2.0E402 | 5.0E402

o

2.83E+-00

1] 6.3E+02 | 43E4+02 | 1.87E-05
2 | 1.1IE403 | 4.9E+02 | 3.40E-06
3 | 1.6E403 | 5.1E+02 | 1.09E-06
4 | 2.3E4+03 | 6.8E402 | 5.70E-07
5 | 3.5E403 | 1.1E+03 | 3.63E-07
6 | 5.3E403 | 1.9E4+03 | 1.99E-07
7 | 8.8E4+03 | 3.5E+03 | 1.02E-07
8 | 1.6E4-04 | 7.3E+03 | 4.50E-08
2 2 | 1.1E403 | 9.2E402
4 | 2.3E403 | 1.2E403
6 | 5.3E403 | 3.0E403
8 | 1.6E+04 | 1.1E+04
3 4 | 2.3E403 | 2.1E403
8 | 1.6E4+04 | 1.4E4-04
4 8 | 1.6E4+04 | 1.6E4-04

Table 3.7: History of the adaptive multilevel predictor-corrector strategy (capillary barrier,
4 levels)

3.5 Concluding remarks

In this chapter, we have provided an ’all-at-once approach’ for the optimal design of station-
ary flow problems described by linear and nonlinear Stokes flow featuring path-following
primal-dual interior-point methods by means of an adaptive predictor-corrector type con-
tinuation method, a long-step path-following algorithm and a nonlinear version of Mehro-
tra’s algorithm. A multilevel extension of these methods is discussed and implemented.

The computation of the first-order derivatives in the KKT systems and the second-order
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derivatives in the Hessians is significantly facilitated by automatic differentiation. Numer-
ical examples including a benchmark problem and a real-life design problems demonstrate
that the methods can be used in shape optimization with the adaptive continuation method
being the most robust algorithm at the expense of slightly higher execution times on finer

finite element meshes.
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CHAPTER 4

Domain decomposition and model reduction for optimal control and

shape optimization of an advection-diffusion system

We consider optimization problems where the optimization variables are located in a small
spatial region Qs of the entire spatial domain 2 on which the PDE is posed. Consider, for
instance the shape optimization of capillary barriers for the microfluidic biochips, where
only a small portion of the shape can be modified, or the parameter identification problems

where the parameters are associated with spatially localized material properties.

In this chapter we investigate this for the numerical solution of optimization problems
governed by time dependent advection-diffusion partial differential equations (PDEs) and
is based on [14]. The approach is extended to the time dependent Stokes or the time de-

pendent linearized Navier-Stokes equations, linearized around a steady state in Chapter
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In Chapter [6] we consider the compressible Navier-Stokes equations for the shape opti-
mization of microfluidic biochips. The extension to the Stokes is non-trivial and handling
the advection-diffusion case first provides us the insight into the main ideas behind our

approach and the error analysis.

Although the optimization parameters are located in a small spatial region ()5, standard
methods for the numerical optimization of such systems require the repeated solution of the
governing PDE (the state equation) and the associated adjoint PDE over the entire domain
Q. It is desirable to reduce the overall problem size by essentially reducing the optimization
problem to the small spatial region on which the optimization parameters act. Since the
governing PDEs on the small spatial region interact with the solution on the entire domain,
it is not feasible to simply truncate the domain, but one has to carefully reduce the problem
to preserve the important interactions between the different components of the system. For
a class of problems we present a systematic approach based on domain decomposition and
balanced truncation model reduction to reduce the subproblems corresponding to the large

subdomain €\ .

There are many examples where domain decomposition and some form of model re-
duction is used to reduce the computational complexity of the simulation. For example,
the papers [42] 43, [45], 03] use physics-based model reduction. A complex system of PDEs
is replaced by a simpler model away from the region s of interest. Specifically, [42] 43]
discusses the coupling of the Navier-Stokes equations to the linear Oseen equations. In [45]
the 3D Navier-Stokes equations are coupled with a 1D model for the flow in blood vessels.
Section 3.3 of the review paper [93] discusses the coupling of distributed parameter models
with lumped parameter models for the modeling of blood flow. The papers [79, [78, 108, T09]

use dimension reduction techniques (see [23] for a recent overview). The papers [79, [78]
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describe the use of domain decomposition and Proper Orthogonal Decomposition (POD)
for the simulation of flows with shocks. Domain decomposition and balanced truncation
model reduction is used in [108, 109] for the simulation of PDEs with spatially localized
nonlinearities. The approach in these two papers is related to ours, except that we apply it
in the optimization context. Moreover, we provide an a priori bound for the error between

the solution of the original and the model reduced optimization problem.

We study optimization problems governed by advection-diffusion equations of the type

QY(w, t) = V(k(@)Vy(z,1) + V(z) - Vy(z,1)) = f(z,1)

in Q x (0,7), together with suitable boundary and initial conditions. The optimization
variables can, for example, be shape parameters that describe the domain §2 or they can
be related to the parameters k, V, f in the PDE. In Section [4.4] we discuss an optimal
control problem in which the optimization variable is related to the source f and a shape

optimization problem in which the optimization variables are shape parameters.

After a discretization in space the optimization problems studied in this chapter are of

the form
minimize /T Ly(t),t,0)dt, (4.1a)
0
subject to
M(Q)%y(t) +AQ)y(t) = B(0)u(t), t e (0,7), (4.1b)
M(6)y(0) = yo, (4.1c)
6 co. (4.1d)

Here M(0), A(f) € RV*N are mass and stiffness matrices that arise from a spatial dis-

cretization. Furthermore © is a closed convex set of admissible parameters and B(f) €
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RNX™M 1 are given inputs which relate to the source f and boundary data in the advection-

diffusion equation. We will discuss the derivation of (4.1) for two applications in Sec-
tion [£.4] Since the optimization variables 6 are related to spatially localized quantities
(shape parameters, coefficients,..) in the advection-diffusion equation, only few entries of

M(0), A(6),B(0) depend on 6.

Our goal is to replace (4.1)) by a reduced order problem

T
minimize / Ly (t),t,0)dt, (4.2a)
0
subject to
ﬁ(@)%?(t) +A(0)y(t) = B(O)u(t), te(0,7), (4.2b)
M(0)y(0) = 5o, (4.2¢)
6eco, (4.2d)

with matrices M(@),K(Q) € R B(#) € R™™, such that n < N and such that the

solution 6, of 1' is well approximated by the solution 0, of 1)

Our approach uses domain decomposition techniques to divide the optimality system
corresponding to into linear subproblems and small nonlinear subproblems. Balanced
truncation is applied to the linear subproblems with inputs and outputs determined by the
original in- and outputs as well as the interface conditions between the subproblems. The
reduced optimality system is identified as the optimality system of a reduced optimization
problem . We provide a priori estimates for the error between the solution 8, of
and the solution @’\* of |D These bounds depend on the balanced truncation error bounds

as well as properties of the subsystem that is not reduced.

We expect that this combination of domain decomposition and balanced truncation will

lead to a substantial reduction of the original problem, if the nonlinearities are localized, i.e.,
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4.1. BALANCED TRUNCATION MODEL REDUCTION

the nonlinear subproblems are small relative to the other subdomains, and if the interfaces

between the subproblems are relatively small. This is confirmed by our numerical results.

In the next section we provide a brief review of balanced truncation model reduction.
Section applies balanced truncation to reduce a linear quadratic optimal control prob-
lem. Although this optimization problem is simpler than (4.1]) it is relevant for many
applications and already provides insight into the main ideas behind our approach and
the corresponding error analysis. The integration of domain decomposition and balanced
truncation model reduction for the reduction of is presented and analyzed in Sec-
tion In Section we discuss two problems which lead to (4.1)) and the application of

our approach for the reduction of these problems.

Throughout this chapter we use || - || to denote the Euclidean norm in RY or the

corresponding matrix norm in R¥*Y Instead of LP(0,T;R") we simply write LP.

4.1 Balanced truncation model reduction

Model reduction seeks to replace a large-scale system of differential or difference equations
by a system of substantially lower dimension that has nearly the same response charac-
teristics. Balanced reduction is a particular method that preserves asymptotic stability
and also provides an error bound on the discrepancy between the outputs of the full and
reduced order system [18, 23] [34] [53] 86]. We use balanced truncation model reduction

because of the availability of an error bound.

We briefly review balanced truncation model reduction for linear time invariant systems
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4.1. BALANCED TRUNCATION MODEL REDUCTION

in state space form

My'(t) = Ay(t) + Bu(t), te (0,7T) (4.3a)
z(t) = Cy(t) + Dsu(t), te(0,7) (4.3b)

y(0) = yo, (4.3¢)
—~MN(t) = ATX(t) + CTw(t), te (0,7) (4.3d)
a(t) = BIA(t) + Daw(t), te (0,7) (4.3¢)
A(T) = 0, (4.3f)

where M € RVY*N is symmetric positive definite, A € RV*N B ¢ RVx™m (¢ ¢ RN,

D, € R¥*™ and D, € R™*k,

Projection methods for model reduction generally produce N x n matrices V, W with
n < N and with W MV = I,,. One obtains a reduced form of equations (.3 by setting

y = Vy and projecting (imposing a Galerkin condition) so that
T d PN
w [Mvﬁy(t) —AVy(t) — Bu(t)] =0, te (0,7).

Applying an analogous projection to 1- ,e) with X replaced by Wx, we obtain a reduced

order system of order n given by

' (t) = Ay (t) + Bu(t), te(0,T) (4.4a)
Z(t) = Cy(t) + Dsu(t), te(0,7T) (4.4b)
y(0) = %o, (4.4c)
~X(t) = ATX(t) + CTw(t), te(0,7) (4.4d)
a(t) = BYA(t) + Daw(t), te (0,7) (4.4e)
A(T) =0, (4.4f)
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4.1. BALANCED TRUNCATION MODEL REDUCTION

with A = WT AV, B=WTB, C =CV, and 7, = WT Myo.

Balanced reduction is a particular technique for constructing the projecting matrices
Y and W. Originally, balanced reduction was developed for state space systems with
M = 1. To apply it to , we factor M = RRT, multiply by R~!, and substitute
y = Rly, X = RTX. Then we apply the standard balanced reduction to the resulting
system. Afterwards we transform back to the original variables and express all operations

in terms of the original system (4.3)).

To compute the balanced reduction, we first have to compute the controllability and
observability Gramians P, Q, respectively. Under the assumptions of stability, controlla-
bility and observability, the matrices P, @ are both symmetric and positive definite and

they solve the Lyapunov equations

APM + MPAT + BBT =0, (4.5a)

ATOM + MQA+CTCc =0. (4.5b)

There are direct methods for the small dense case and iterative methods for the large sparse
setting to compute P = UUT and Q@ = LL7 in factored form. In the large-scale setting

the factorization is typically a low rank approximation.

The balancing transformation is constructed by the SVD

UTML = ZSYT7, (4.6a)

V =UZ,S;'/?, (4.6b)

W =LY,S; /2 (4.6¢)

Here, S,, = diag(o1,092,...,0,) with S = Sy. The o, are in decreasing order and n

is selected to be the smallest positive integer such that o,4+1 < 701 where 7 > 0 is a
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4.1. BALANCED TRUNCATION MODEL REDUCTION

prespecified constant. The matrices Z,,, Y, consist of the corresponding leading n columns

of Z,Y.

It is easily verified that PMW = VS,, and that OMV = WS,,. Hence,

0=WT(APM + MPA" + BB )W
= AS, + S, A" + BB, (4.7a)
0=VI(ATOM + MQA +CTC)Y

= A”S, +S,A+C"C. (4.7b)

The terminology “balanced” refers to the fact that the controllability and observability
Gramians of the reduced systems are both diagonal and equal. This is true for every

possible order n of the truncation.

It is well known (see, e.g., [I8, 53], 124]) that A must be stable. Furthermore if yo =0,

and o, > 0,41, then for any given inputs u, w we have

2z =212 < 20l 2 (00 + .+ on), (4.82)

lla—qllzz <2|wlr2(one1 + ... +0oN). (4.8b)

Remark 4.1.1 One can derive error bounds for inhomogeneous initial values yo. These
require a slight modification of the problem setup in which the original B is augmented.
Since we are interested in the handling of local nonlinearities and our examples have ho-

mogeneous initial values yg = 0, we omit this extension.
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4.2. BALANCED TRUNCATION MODEL REDUCTION AND OPTIMAL CONTROL

4.2 Balanced truncation model reduction and optimal con-

trol

Before we consider the optimization problem (4.1]), we consider a simpler problem, a linear

quadratic optimal control problem

1 /T
min J(u) = 2/0 |Cy(t) + Du(t) — d(t)|*dt, (4.9)

where y(t) = y(u;t) is the solution of

My'(t) = Ay(t) + Bu(t), te (0,7), (4.10a)
y(0) = yo. (4.10b)

Here M € RY*N is symmetric positive definite, A € RV*N B ¢ RVx™m C e RN,
D € R¥*™ and d € L?(0,T) is a given function. We assume that there exists o > 0 such
that

vIiAv < —aviMyv, vv € RY. (4.11)

Note that (4.11) implies that all eigenvalues of the pair (A, M) have negative real part.

Remark 4.2.1 We can show that under suitable assumptions, the finite element discretiza-
tion of advection dominated problems satisfies (4.11). We refer to Chapter 6 in [9]] and

Chapter 3 in [73] for complete details.

We want to reduce this optimization problem using balanced truncation model reduc-
tion and establish bounds for the error between the solution u, of (4.9), (4.10) and the

solution u, of the reduced optimal control problem. This will provide some insight into
the process that will be applied for the reduction of the optimization problem (4.1]) in a

simpler setting involving less notation.
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The necessary and sufficient optimality conditions for (4.9)), (4.10]) are given by

My'(t) = Ay(t) + Bu(t), te (0,7) (4.12a)
z(t) = Cy(t) + Du(t) — d(t), te(0,7T) (4.12D)

y(0) = yo, (4.12¢)
—MNX (t) = ATX(t) + CTz(t), te(0,7) (4.12d)
q(t) = BTA(t) + DTz(1), te(0,7) (4.12¢)
A(T) =0, (4.12f)
q(t) =0, te(0,7). (4.12g)

The optimality system (4.12]) is written in a slightly unconventional way to highlight its
connection with the system (4.3) to which balanced truncation model reduction can be

applied.

We use balanced truncation model reduction to compute W,V and the reduced opti-

mality system

¥'(t) = Ay(t) + Bu(t), te(0,7) (4.13a)
Z(t) = Cy(t) + Du(t) — d(1), te (0,T) (4.13D)
3(0) = Jo, (4.13¢)
N () = ATX() + CTZ(1), te (0,T) (4.13d)
a(t) = BTA(t) + D Z(t), te (0,7T) (4.13¢)
A(T) =0, (4.13f)
q(t) =0, te(0,T), (4.13g)

with A = WTAY, B= WTB, C= CV, and yg = WTMy,. We assume that
Yo =0, (4.14)
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cf., Remark

We note that the reduced optimality system (4.13]) is the optimality system for the

reduced optimal control problem

~ 1 T .
min J(u) = 5 /0 |ICy(t) + Du(t) — d(t)||*dt (4.15)

where y(t) = y(u;t) solves
y'(t) = Ay(t) + Bu(t), te(0,7), (4.16a)
$(0) = Fo. (4.16D)
Next we provide an estimate for the error between the solution u, of (4.9)), (4.10) and

the solution u, of (4.15)), (4.16)). We assume that J is a strictly convex quadratic function.

More precisely, we assume the existence of x > 0 such that
(u—w,VJu) - VJ(wW))2 > kllu— w7, (4.17)

for all u,w € L2. If u, solves (£.9), (4.10) and 1, solves (4.15), (4.16]), then

~

VJ(u,) = VJI(#,) =0

and (4.17) implies

~

s = G2 VT = V@) 2 = s — G2 VT (w) — VI 12
> (w, — Gy, VJ(u) — VJ(@)) 12

> Kl — ﬁ*”%%

Hence

lue = G2 < /7 VI — VI@)] 2 (4.18)
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Thus, to estimate the error we need to estimate the error in the gradients between the

original problem (4.9)), (4.10) and of the reduced (4.15]), (4.16)).

To emphasize the dependence of the solution of (4.12a-f) and of (4.13a-f) on the inputs
u, we often write y(u), z(u), A(u), q(u) and y(u), z(u), X(u), q(u). If for given u
the functions y(u), z(u), A(u), q(u) satisfy (4.12h-f) and y(u), Z(u), A(u), G(u) satisfy

(4.13p-f), then

To estimate the error ||q(u.) —q(Uy)|| ;2 we cannot use the error estimate (4.8]) for balanced

truncation model reduction directly, since (4.3d,e) and (4.4d,e) both depend on the same
input w, whereas (4.12{d,e) has input z and (4.13d,e) has input z.

We consider the auxiliary adjoint equation

~MX (t) = ATX(t) + CTZ(t), te(0,7) (4.19a)
a(t) = BTA(t) + DTZ(t), te (0,T) (4.19b)
A(T) = 0. (4.19¢)

Lemma 4.2.2 Let {{.11)) be satisfied. For any z,z € L? the outputs q and q of (4.13{d-f)

and (4.19)), respectively, satisfy
la—allz2 < cllz — 2|2,

where ¢ = a~12||CM~Y2|||[M~/2B|| + ||D]].

Proof: Since M is symmetric positive definite, M'/2 exists and is symmetric positive

definite. The scaled adjoints M'/2(X — ) satisfy
~MY2(X =AY (t) =M Y2ATM Y 2MY2 (A = A)(t) + MY2CT (z - 2)(¢b),

M2(X = X)(T) =0.
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Lemma, in the Appendix [A] gives

IMY2(X = X)) 2

2|lCM—1/2||
< f!\z — 2| 2.

The desired inequality follows since

d-q=B"M'2M2(X-A)+D”(Z - 2).

O
We assume that the Hankel singular values satisfy
012 ...20,>0p41> ... 20N . (4.20)
The error estimate for balanced truncation model reduction implies
12 =2l < 20l 2 (0ns + ..+ on), (4.21a)
la—allrz < 2|jz][r2(on1 + .. +on) (4.21Db)

for all u € L? and all Z € L2. We can now use Lemma and the balanced truncation

model reduction error estimates (4.21)) to derive a bound for the error between the solutions

w, of (E9), (LT0) and ., of (LT5), (1),

Theorem 4.2.3 Let (#.11)) and ([#.20) be satisfied. For any u € L? let y(u) be the corre-
sponding reduced state and z(u) = 6§(u) + Du —d. The error in the gradients obeys

~

IVJ(a) = VJ(u) 2 < 2(cllull2 + [[Z2(w)][2) (Gns1 + ... + o),
where ¢ is the constant specified in Lemma[{.2.3.
Proof: For arbitrary u € L? let the functions y(u), z(u), A(u), q(u) satisfy (4.12p-f), let

y(u), Z(u), A(u), G(u) satisfy —f), and let A(u), q(u) satisfy ([{.19).
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~

We have VJ(u) = q(u), VJ(u) = q(u). Lemma and the balanced truncation model

reduction error estimates (4.21]) imply

la(w) — ()l < llatw) - dw)l 2 + [dw) - qw)]
< clz(w) - 2(w)]| 2 + 2EW) | 2 (G0s1 + ... + on)

<2(clullzz + Z2(w)llz2) (Ons1 + ... + o).

Inequality (4.18) and Theorem imply the following estimate for the error in the

optimal controls.

Corollary 4.2.4 Let (4.11) and (4.20) be satisfied and let k > 0 be a constant such that

(4.17) holds. Furthermore, let u, solve (4.9), (4.10) and let u, be the solution of (4.15)),
(4.16)) with corresponding state y. and z, = 63’\* +Du,—d. The error between the solutions

satisfies

. 2, . ~
e = Bl < = (el + 17l122) (01 + -+ ow),

where ¢ is the constant specified in Lemma [{.2.3.

Note that the size of 0y, 41+ ...+ on can be controlled by the user during the computation

of the reduced order models. Moreover, ||u||;2 and ||z.||;2 can be computed.
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4.3. THE OPTIMIZATION PROBLEM

4.3 The optimization problem

We now return to the optimization problem (4.1)). The Lagrangian associated with this

problem is

T T
L(y, A, 0) = /0 Uy (b),t,0)dt + /0 )\(t)T(M(O)y’(t)+A(9)y(t)—B(G)u(t))dt.

Since © is a closed convex set, the first-order necessary optimality conditions for (4.1)) with

0 € O, are given by the state-adjoint system

M(H);; (t) + A(0)y(t) = B(O)u(t), te (0,7), (4.22a)
—M(G)Tjt}\’( )+ AO)TA(t) = —Vyl(y(t),t,0), t e (0,7), (4.22b)

and the inequality
/ Doy (1)1, 0)(@ — 0)dt
+ [ 2w [(D9M<e><5 ) Ly(t) + (DoA)@ - 0)y(1)

— (DyB(6)(6 — 9))u(t)} dt >0 (4.22¢)

for all § € ©, and y(0) = yo, A(T) = 0.

4.3.1 Domain decomposition

We assume that ©(0) is decomposed into a subdomain €; independent of # and a subdomain
Q2(0) that depends on 6. More precisely, we assume

Q) =Q UQ(0), Q1 NQ0)=0.
Moreover, we assume that the integrand ¢ in the objective function (4.1h) is of the form

Uy(),,0) = HICHyP @) - dV 012 + yr (1), ¥ (¢),1,0). (4.23)
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In the following section we will use domain decomposition to decompose the optimality
conditions into three components, one corresponding to the fixed subdomain €,
one corresponding to the variable subdomain 5(6), and one corresponding to the interface
between 1 and Q9(#). The decomposed problems will be used to identify linear quadratic
subproblems corresponding to the fixed domain €21, which will be reduced using balanced

truncation model reduction.

We note that both subdomains ; and 22(#) could be subdivided further. This ad-
ditional structure can be used in the implementation of the balanced truncation and the
optimization algorithm for the solution of the reduced shape optimization problem. How-
ever, the division of 2(0) into 21 and Q2(0) is enough to study the essential features of our

approach.

We use a standard nonoverlapping domain decomposition approach (substructuring)
to decompose the optimality system. See, e.g., [I03, Ch. 4] and [I12, Ch. 1]. Our notation
follows that of [103, 112]. The finite element stiffness matrix can be decomposed into

AR AR o
AO) = | Af) Ar(©0) AFO)
N NAORNAD
where

Arr(0) = A + AR g).

The matrices M, B admit similar representations and the vectors y,u can be structured

accordingly.
In the following we frequently omit the argument ¢ and, for example, simply write y?)

instead of ygl) (t).
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Using the domain decomposition structure, the state equations (4.1p) can be written as

d d
MLy ay CERYID Lyt ADyD 4 ANy~ BOL, (4.24)
d d
M7 («9)@% "+ M (0)—-yr+ AP0y + AR @)yr = BP0, (4.24p)
nd @ d d
Ml(“l)gyg )+ Mrr(0) pra M) dtyg )
+AUYY + Arr@)yr + AZyP = BT (9)ur. (4.24c)

The optimality conditions (4.22)) can now be written as (4.24a-c) and the adjoint equations

1) d 1) d T\ (1 DNT INT /(1) (1 1
LN e (AR (A T = ()T (),
(4.24d)
d d T
~MP(0) LA - MR (0) 2 Ar + (A77(6) AT

+(A§“2]) (9))T)\F = —Vyg2)l7(yr,y§2),t, ), (4.24e)

d d

+(A) AN + (Arr(0) " Ar + (Agg)

2 d

and

/Dge (yr, v\ t,0)(6 — 6)dt

T
T Ar ~ d [ yr ~ yr
+ / (DM O)@ - 0)) & 1 (DsAD(0)(@ - 0))
o (@ dt | @ @)
I Yr Y
~ ur
— (DsB@(0)(0 - 0)) o } dt >0 (4.24g)

uy

for all 6 € ©.
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We have set
Mrr(6) M2 (6) Arr(6) A% (0)
M® (9) = ) X , AP(0) = ) , :
M2 (6) MY (9) A% AP 0)
BO)(9) = B12“(9)
B (0)

We apply balanced truncation model reduction to the optimality subsystem that corre-

sponds to the fixed subdomain 2.

4.3.2 Balanced truncation model reduction of the fixed subdomain prob-

lem

We will apply balanced truncation model reduction to the optimality subsystem that cor-
responds to the fixed subdomain 2;. To accomplish this we need to identify how y(l)
and )‘(11) in (4.24]) interact with the other components of the system and we have to make

sure that the resulting subsystem is of the form (4.3)) to which balanced truncation can

be applied. This is the reason why we have assumed that the integrand ¢ in the objective
function (4.1h) is of the form (4.23).

If we inspect (4.24)) to see how ygl) and )\(11) interact with the other components of the

system, we are led to

d d
My Zyi) = - ARy - M v+ B u - Ay (4.252)
2V = - cMy® 4 a®, (4.25b)
d
=-M{) Sy i WAy, (4.25¢)
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nd.a INT§ (1 1 d INT. (1 INT
MY A = = (A AT MY S — () W - (AR)) A (4.254)
ai’ =(B{") A, (4.25¢)
d T
ar :MS}%A?) —(A)"AM, (4.25¢)

In fact 1% and 10 are identical to |e and ), respectively, if ng) =
—zgl) = Cgl)ygl) — dgl). The output 1- enters into 1- and the output 1 )
enters into (4.24f). Similarly, the output (4.25f) enters into (4.24f). The output (4.25p) is

included as an auxiliary variable. It does not enter into any of the equations in (4.24]), but

is included to establish the connection with the generic system (4.3)).

If
M) =0 and M) =o, (4.26)
then (:25) is given by
wd_m 1)) (1) (1) u
My ; PR —Ay; + (BI |- AIF) (4.272)
yr
(1) (1)
Z -C I
| 11 v 4 am, (4.27b)
ZF —Aél) 0
O\ [
d -C w
M IAY = —A A+ [T ! (4.27¢)
~Al) Ar
qy” o
_ <B§1)\ _A§1F)> A (4.27d)
qar

This system is exactly of the form (4.3)) that is needed for balanced truncation. We assume
that

vIAv < —avi My, Vv e RY, (4.28)
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Note that assumption (4.28)) implies

(1)
VTA(III)V < —oszMgll)v, vv e RN (4.29)

As a consequence of (4.29)) all eigenvalues of the pair (Agll), Mgll)) have negative real part
and, hence, balanced truncation model reduction can be applied to (4.27)) which leads to

the following reduced subsystem

%ﬂ” = —ADyY - Allyr + B uf) (4.30a)
7)) =-CVy\Y +aY, (4.30b)
7zr = — AWy, (4.30¢)
IR = AR A A - (@) Wl (4:30d)
i = BM)X, (4.30¢)
r = — (AT, (4.30f)
We assume that
yio =0, (4.31)

cf., Remark

Balanced truncation generates a reduced order model (4.30]) such that the error between

the input-to-output maps of (4.25) and (4.30) can be estimated by

e Egl) ugl)
— <2 T, (4.32a)
zr Zr 12 yr 12
1) ~(1) (1)
q q w
L I <2 T, (4.32b)
qar ar /||, Ar )L
where
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To be consistent with (4.26]) we also assume that M%) =0 and M(F2I) = 0. The reduced

order optimality system corresponding to (4.24)) is given by the state equation

d ~ D e
ydi W+ AWFW 4 AWy = B u®), (4.33a)
d_
M§I>dt ? L APFP L APg = BP WP, (4.33b)
Mo L AWM 4 A AQc® _p 433
FthYF+ rry;r + FI‘YF+ rIYr rur, ( . C)
the adjoint equation
d<()  ~ () TR ~(NT A A1 1
X AR BRI e = (@) (@5 - a),
(4.33d)
d <2 72(2) T2 ~
My SN+ (AR N+ (AR) A = Vo l(r. )7, 1,0). (4.33¢)
d~ =~ < ~
Mrr S+ (ADTAY L AR+ (AD)TAY = v, A5, P 40),  (4.330)

where MY = M2 (6), Mrr = Mpr(0), AY = AP 6), Arr = Arp(0), AR = AR (6),

A? = AP (9), B?Y = BP(6), By = Br(9), and by

T o~ ~
/ Dyl(§r,52,1,0)(F — 0)dt
0

T

[ X _ 3 v
] [emee@-0) 4| 7| 0aPed-o) |
o 3@ dt | ~@2) ~(2)
Al Yr Y

ur

— (DB (6)(0 - 0)) o }dtzo (4.33g)
uy

for all @ € ©.

The reduced order optimality system (4.33)) is the first-order necessary optimality sys-

tem for the reduced order semidiscretized shape optimization problem

minimize fo o1 |6§1)§§1)(t) - dgl)(t)H% + U(yr (1), ?52) (t),t,0)dt, (4.34)
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4.3. THE OPTIMIZATION PROBLEM

subject to (4.33a-c) with initial conditions §§1)(0) = ?%, §§2) (0) = y%, yr(0) = yro and

parameter constraints 6 € O.

4.3.3 Error analysis

We define the objective functions

J(6) = /0 LICPy D) — dP @12 + e (), y P (1), 1, 0) dt,
T ~
7(6) = /0 LEWFD (1) — dD (0)[12 + Ugr @), 72 (2), 1,0 dt.

where y}l),y?),yp solve -c) and where yg ),y( )y ,yr solve —c). Using these ob-

jective functions, which treat the states y( ) yg ),yr and yg ), y( )y ,¥r as implicit functions

of # € O, the optimization problems (4.1)) and (4.34) can be written as
minJ(0) and min J(6)

0cO [ISC)

respectively. Recall that © is a closed convex set. If 6, € © and 92 € © are solutions of

these problems, then
vJI0)TO-6,)>0 — VJIO)T(O-6,) >0 (4.35)
for all & € ©. This implies
(VJ(6) — VI(0.))T (0, — 6.) >0 (4.36)
If we assume the convexity condition
(VJ(B,) — VIO 0, —0,) > k|0, — 6., (4.37)

then combining (4.36)) and - leads to

(VI((02) = VI (0:))" (0 — 02) = 5[0« — 0.
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4.3. THE OPTIMIZATION PROBLEM

Hence, we have the error estimate
16, — 0, < K™YV I(0,) — VI @) (4.38)

As before, assuming (4.37), an estimate of the error in the solution of (4.1]) and (4.34)) re-
quires an estimate of the error in the gradient of the full and the reduced order optimization

problem.
The gradients are given by
vJ(6)To

= [ paltye .y, o)
0

T
T [ Ap(t) @/ d [ yr()
* /0 )\(12) (t) { (DGM (0)9) dt y§2) (t)

yr(t)

2 2
v () up” (1)
where ygl), y(I ), yr )\(11), )\?), Ar solve —f), and

vJ(6)To

+ (DeAP(0)0)

/ Dyl(3r(t )( t),t,0)0dt

T )\F() @) ~ i S’\F(t)
+ /0 N, {(DQM (0)8) = S

— (DyBP(0)0) ur(t) }dt

+ (DyAP ()
(DA Sy u? (1)

1 ~
where yg ), y(Q) yr, }\(I ), )\g ), Ar solve (4.33a-f), respectively.
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4.3. THE OPTIMIZATION PROBLEM

The difference between the full and the reduced gradients is given by
~ NT~
(w(e) - VJ(e)) g

T ~ ~ ~
= / (Dollyr, v, 1,0) = Doll(5r, 517 1.6) )
0

T
T A - yr—y ~ [ yr—¥
+ " {om@@a) LT | (pea@@d) | T | Ve
o | @ dt | o oo @) _ o)
Aj Yo —Yr Yo=Y
T
T Ar—X . y ~ ¥
+ / N IRTER Y EIO7 S R ENCCIOD
A PNCIY g g
~ u
~ (0eBP)0) | | Jar (4.39)
o

We begin with an estimate of the error in the states.

Lemma 4.3.1 Let (4.20) and (4.28)) be valid. If ygl), ygz); yr solve a—c), and ?31),

§§2), yr solve a—c), then

N AIM-LeW e,
HC?)Y?) 7C§1)y§1>‘ < <2+ I CI)JI! |l AI _ (4.400)
yr 12
2 _ 52 o (1)
Yr - —vy u
r < 4”1\2” ! T, (4.40b)
yr—yr 12 yr 12

where T =0py1+ ... +0N.

Proof: Let ygl), y?), yr solve —c), and let §§1)7 ?52), yr solve —c). Further-

more, let iﬁl) solve

MY Z5H ) + ADFD @) + AR = BPuM (1) (4.41)
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4.3. THE OPTIMIZATION PROBLEM

with initial condition ?gl)(O) = ygl()).

The balanced truncation error bound (4.32) implies

cWs) _ &g e
! (1‘?[ Ail)yf <20l T. (4.42)
Apyr — Apyyr 2 yr 2

The equations (4.24h-c), (4.33p-c), and (4.41)) give

d ~ ~ ~
M7 (60) 2 v = 51) + AR O 1 - 7) + AR O) e~ 5r) =0, (4.43a)
d ~ ~ ~
M7 (6) 2 57 = 57) + A O3 - 977) + AR O) (0~ 9r) =0, (4.43b)
d ~
Mrr(6) o, (yr = ¥r) + Arr(0)(yr — ¥r)

+AL Y -3 AR O -37) = AL — ALY

(4.43c)
with initial conditions y{"(0) — y(0) = 0, ¥ (0) = 3% (0) = 0, yr(0) — 31 (0) = 0.

Application of Lemma in the Appendix [Al to (4.43) followed by an application of
(4.42) gives

(1 _ &)
T v vt | i
. 2 M- 1) ~(1 1)~(1 4[|M~ uI
v —g@? (| <= AR - Al < == R T
R yr 12
Yr —yr 12
(4.44)
This implies (4.40p). The estimate (4.40p) follows from (4.42) and (4.44). O

The errors in the adjoints are estimated similarly.
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4.3. THE OPTIMIZATION PROBLEM

Lemma 4.3.2 Let (4.20) and (4.28)) be valid and assume that

= (2 ~~(2) ~ 2)  ~(2 ~ 1/
IV 8y yr,6,0) = Ty A3, 90,6011 < L (I = 5712 + llye - 3r)1)

~ _ 1/
IV, 05 yr.8,0) =V, 057 50,011 < L (v = 57712 + Iye = 51

for ally'? =52 e RV yr —5r e R¥, 0 0. IfyD, vy yr AN AP AL soive

4.24a-f), and ?gl), §§2), yr, X?), X?), Ar solve 4.33a-f), then

)\gz) B X?)
. < C,\(O‘n+1 =+ ... —I—UN), (4.45)
)\F — )\F L?
where
~ (1)~ (1 1
RS | SRR
= —— R
. )\r L?

a «a a?

- _ (1)
+<2uc§”||uM (o 4l lly | suM 11\?) u

L2

Proof: Let ygl), ygz), yr, /\gl), )\§2), Ar solve (4.24a-f), and y§ ), y(2) yr, Af, ), )\5 ), Ar

solve ([4.33p-f) and set

2Erl) _ 651)%1)'

~(1
Furthermore, let )\g ) solve

1) d ~(1) (1)

MY SR (1) + (AT () + (AF)TAe () = —(Cf) (€3 —aft)  (4.46)

with the final condition X(Il)

(T)=0.
The balanced truncation error bound (4.32) implies

S _ 4
<92 1y !

(Ont1 + ... +on). (4.47)

(1) (1)
‘ L2

H BMTX; - (BMTR]

~(1) (1)
(AT} — (AD)TR]

L2

I
Ar
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4.3. THE OPTIMIZATION PROBLEM

The equations -d f) -i f), and (4.46|) imply

1 d
Ildt

M 1M

~MPZAD X+ @)l - X))

AT (Ar = Ar) = — () (cPy ) — Mg,

d NG,
-MPO) AP =X+ AR O) A =X

AL O)T (Ar = Ar) = = (Ve (v yr.6,0)
- V§§2)£(§§2) ) S’\F, 97 t))v

M (6) 5 (e = Ar) + (Arr(8) (r = 3r)

~(1) (1)
HAMTAL Z 3+ (AR0)Ta? = 37 = @AW)TRY — (AD)TR]

(1)
— (Vyr by yr.0.1)
- v?p£(§§2) ) ?F) 97 t))

(1)

with final conditions }\gl)(T) =X A

(1) =0, AP(T) = X, (T) = 0, and Ap(T) = Ap(T) =

0. Lemma gives the estimate

/\9) _ X?)
~(2 < 2™ ol ~(1)
AR | < T Ie v - €9 e
Ar — Ar
L2
2|M| (1)
+ 2 AR — AR
C)RPNE)
2L||IM~! yi -y
+ ”a” ! (4.49)
yYr—yr 12
The error estimate follows from (4.49)), (4.40) and (4.47). O

Equation (4.39) and Lemmas imply the following result:
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4.3. THE OPTIMIZATION PROBLEM

Theorem 4.3.3 Let the assumptions of Lemma[{.3.9 be valid and assume that
IVolly . yr.1.0) = VoI5 2. 5,100l < L Iy — 5217 + lye —5e1?)
for all yE-Q) — ygz) € ]RNFQ), yr —yr € RVt 9 € 0O, and
max {|| DM (0)7)], | DA @ (9)7)], | DB ()8 } <

for all ||6]] <1 and all § € ©. Then, there exists ¢ > 0 dependent on u, ¥, and X such that

o~ C
IVI0) = VI Oz < ~(0ns1 + -+ ow).

Proof: The inequality follows directly from equation (4.39) and Lemmas O

Corollary 4.3.4 If the assumptions of Theorem |4.3.5 and (4.37)) hold, then there exists

¢ > 0 dependent on u, y, and X such that

~ c
He* - 9*” < 7(0_n+1 + ...+ UN)-
(677

Remark 4.3.5 (i) The error estimates in Theorem and Corollary rely on an
estimate of the type (4.32)) of the errors between the input-output operators of the full state
and adjoint systems and the reduced state and adjoint systems. Balanced truncation model
reduction provides such a bound. Any other model reduction technique for which such a

bound is available can be used as well.

(ii) The assumption (4.28)) is used in two ways. First, it implies that all eigenvalues
of the pair (Agll),M(Ill)) have negative real part and, consequently, it is necessary for the
application of balanced truncation model reduction. Secondly, we use it in connection with

Lemma [A.1.1, We could, for example, use Gronwall type estimates to derive different
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4.4. NUMERICAL EXAMPLES

bounds for the solution of a dynamical system in terms of the right hand side of the dy-
namical system. These bounds can be easily substituted for the bound in Lemma[A.1.1. If

such estimates are used, assumption (4.28)) could be weakened.

4.4 Numerical examples

4.4.1 Optimal control of water pollution

This example is motivated by [31], where adaptive finite elements are considered for a
steady state version of the optimal control problem described below. See also [4] for a

related problem.

The domain  is shown in Figure The boundary specifications in Figure are

those for the advection-diffusion equation (4.51)).

0.4
FN
0.2 o
U1
| FD ) @
Uz
-0.2 0
Ty Iy
_04 . . . . .
0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 4.1: The domain 2 with boundary conditions for the advection-diffusion equation
(4.51))
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4.4. NUMERICAL EXAMPLES

The advection V is the solution of the steady Stokes equation

—uAV(z) + Vp(z) = 0, in 0 (4.50a)
V- V(z) =0, in 0 (4.50b)

V(z) = Vin(a), on Ty, (4.50¢)

V(z) =0, on Ty (4.50d)

(uVV(z)n — p(z)I) n =0, on Toys. (4.50¢)

The problem data are chosen as in [31]. In particular, p = 0.1 and Vj,(z) = (1 —
(22/0.2)%,0)". Furthermore, the inflow boundary is I'in = {(z1,22) € Q : 21 =0}, the

outflow boundary is I'yys = {(azl,xQ) €N a1 = 1.2}, and I'p = 02\ (T'in U Tout)-

The optimal control problem is governed by the advection-diffusion equation

aaty(xvt) - V(kVy(Jf,t)) + V(.CC) ’ Vy(:c,t)) = u(x7t)XU1 (‘T) + u(xvt)XUz(x) in Q,

(4.51a)
with boundary and initial conditions
y(x,t) =0 in I'p, (4.51Db)
%y(x, t)=0 in [y, (4.51c)
y(x,0) =0 in Q. (4.51d)

Here xg is the characteristic function corresponding to the set S. Furthermore, k = 0.015,
V is the solution of (4.50)), the boundary segments I'p and I'y and the control regions U

and Uy are shown in Figure [L.] In our experiments, the final time is 7' = 4.

The objective function is

17 2 10~ (7 2
= (y(z,t) — d(z,t))*de dt + u”(x,t)dx dt,
2 0 D 2 0 U1UU2
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4.4. NUMERICAL EXAMPLES

where D is the observation region shown in Figure

For the spatial discretization we use piecewise linear finite elements on three different
triangulations with decreasing mesh sizes. We use the modified low-rank Smith method
in [56] with m = 4 shifts to solve the controllability and observability Lyapunov equations
(4.5). For the model reduction, we select those Hankel singular values o, with o, >
10~%y. Table displays the size of the reduced and the full order problems for the three

grid sizes. The size of the reduced order model is insensitive to the size of the discretization.

grid
number m  k N n
1 168 9 1545 9
2 283 16 2673 9
3 618 29 6036 9

Table 4.1: The number m of observations, the number k of controls, the size N of the full
order system, and the size n of the reduced order system for three discretizations.

Figure shows the largest Hankel singular values for the fine grid discretization,

together with the threshold 10~%¢y indicated by the solid line.

Hankel Singular Values

10°
*u
.
10°F e,
¥
*ﬂ‘**‘
ﬂ“
ﬂ*‘
10 10 | ﬁﬁ*‘
e
*
.
&,*‘
!*‘*
.
1 0715 as,.‘“
¥g‘*‘*
*u,
‘*“*
1 0720 n n n n n
0 10 20 30 40 50 60

Figure 4.2: The largest Hankel singular values and the threshold 10~%o4
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4.4. NUMERICAL EXAMPLES

For the numerical solution of , we use the Crank-Nicolson method in time
with time step size 1072. The resulting problem is solved using the conjugate gradient
method. The conjugate gradient is stopped if the initial residual is reduced by a factor
1074, Figureshows the integrals fUl u?(x,t)dx and ng u?(x,t)dz of the optimal controls
computed using the full and the reduced order model on the fine grid problem. The full and
the reduced order model solutions are in excellent agreement as expected by Corollary [£.2.4]
For the fine grid problem, the error between full and the reduced order model solutions is

e — T2, = 6.2 1072,

0 0.5 1 1.5 2 25 3 3.5 4 0 0.5 1 15 2 2.5 3 3.5 4
Time Time

Figure 4.3: The left plot shows the integrals fU1 u2(x,t)dzr and fU1 u2(x, t)dz of the optimal
controls computed using the full (solid line) and the reduced order model (dashed line).
The right plot shows the integrals fU2 u?(x,t)dz and fUz u?(x,t)dz of the optimal controls
computed using the full (solid line) and the reduced order model (dashed line). The full
and reduced order model solutions are in excellent agreement.

The convergence histories of the conjugate gradient algorithm applied to the full order
and reduced order optimal control problem are shown in Figure .4 The convergence
behavior of the conjugate gradient algorithm applied to the full and the reduced order

problems is nearly identical. Although there is no rigorous theoretical justification for this
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behavior, it is not surprising, given the gradient error bounds derived in Theorem

CG Residual

Iteration

Figure 4.4: The convergence histories of the conjugate gradient algorithm applied to the
full (+) and the reduced (o) order optimal control problems

4.4.2 Shape optimization

Our second example is a shape optimization problem governed by the heat equation. The

domain  is of the type shown in Figure with a circular hole Q. It is decomposed

into subdomains Q; = Q4 U Qp and Qy = Q¢ \ Q. The boundary 99 is decomposed

into 'y, g, I'r, ', and 'y = 9Qpy. The interface between €2y and €5 is given by I'; =

(QA ﬂﬁc) U (QB ﬂgc).

FT
1 1 1
o 1l@ 3
Q
_1 | | | | | | | |
-10 -8 -6 -4 -2 0 4 6 8 10
1—‘B

Figure 4.5: Reference domain €2,cf
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Assuming a heat source f in Q9 x (0,7'), no heat flux through 02 at any time, and zero
initial temperature, the objective is to design the shape of the top I'y r and the bottom
'y g of 0€2s in such a way that a prescribed temperature distribution y? is achieved in
Qg x (0,T) and on (', UT'R) x (0,T). We use a parametrization 3(6) of Q2 by means of
the Bézier control points 6 € RF ,k = kr + kp, of Bézier curve representations of I'y 7 and
I's g, where k7 and kp refer to the number of control points for I'; 7 and I'y g, respectively.

The shape optimization problem amounts to the minimization of

T T
J(0) :/ / |y—yd2dsdt+/ ly — y42dxdt
©)

0 I'puUl'g 0 Qo

subject to the differential equation

yi(z,t) = Ay(z, 1) +y(z,t) =f(,1) in (6) > (0,7),
n-Vy(z,t) =0 on 092(0) x (0,T),
y(z,0) =10 in (0),

and design parameter constraints
emin < < gmaz

We set f = 100 in 22(0) x (0,7") and f = 0 else. Furthermore, we specify 7' = 4. The

bounds 87", ™ on the design parameters are chosen such that the design constraints are

never active in this example. We use kr = 3, kp = 3 Bézier control points to specify the

top and the bottom boundary of the variable subdomain Q9(#). The desired temperature
d

y® is computed by specifying the optimal parameter 6, (specified in Table below) and

solving the state equation on Q(6.). The optimal domain (6,) is shown in Figure

For the semi-discretization in space we use conforming piecewise linear finite elements

with respect to a simplicial triangulation of the computational domain () that aligns with
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Figure 4.6: Optimal domain

its decomposition into the subdomains Q; and Qy. For D C €, we denote by N (D) the
set of nodal points in D. We use the domain decomposition methodology as described in
the previous section and set N(VJ)c = card(N, (2, \T)), v = 1,2, and Ncgff := card(WV,(T'y))

so that Ngor = Néo} + Néo} NFI is the total number of degrees of freedom.

The matrices A, M in the semidiscretized optimization problem are given as usual.
If ¢; are the piecewise linear basis functions associated with the triangulation of (), then,
for example,

A(0)i —/ (V] Vi + ¢¢1)da
Q(0)

The matrix B(f) € RN4s*1 corresponds to the right-hand side f and is given by B(6); =
sz(a) ¢idz such that with u = 100, fQ(G) f(z,t)p;dz = B(O)u (recall that f = 100 in
02(0)x (0,T) and f = 0 else). If the boundary data in the heat equation were nonzero, they

would also be incorporated into B(6) by adding another column. For example, n-Vy(z,t) =

g1(x)ga(t) on 9(6) x (0,T) would lead to a second column of B(#); 2 = faQ(e) ¢ig1(x)dx

T

The observation matrix Cgl) in ({:23) is associated with the term [ [ |y—y?|?dsdt in
0rLUr'g
the objective function. If ¢;, 7 = 1,..., k1, are the basis functions associated with the nodes

(1)
on I', Ul'R, then we compute the entries of Cg ) e RFPNaor ag (C gl))i,j = Jo, i(x)pj(x)dx

for 1 = 17,,,,]{31, andj: 1,7N(§(];3c

We use automatic differentiation [54, [100] to compute the derivatives with respect to the
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design variables f. The semi-discretized optimization problems are solved using a projected
BFGS method with Armijo line search [71]. The optimization algorithm is terminated when

the norm of projected gradient is less than e = 1072,

As before, we use the modified low-rank Smith method in [56] with m = 4 shifts to
solve the controllability and observability Lyapunov equations (4.5)). Figure shows the
largest Hankel singular values. For the model reduction, we select those Hankel singular

values o, with o; > 10~%0;. The threshold 10~ %0 is indicated by the solid line in Figure

5!

0 50 100 150 200 250 300

Figure 4.7: The largest Hankel singular values and the threshold 10~ ¢

Table displays the sizes for the full and the reduced order problems.

N éi} Naoy
Reduced 147 581
Full 4280 4714

Table 4.2: Sizes of the full and the reduced order problems

The optimal shape parameters 8, and 0. computed by minimizing the full and the reduced
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order model, respectively, are shown in Table The error ||0* — 5*”2 =2.325-10"% is

proportional to the threshold applied to the truncation of the Hankel singular values, as

predicted by Corollary

6. (1.00, 2.0000, 2.0000, -2.0000, -2.0000, -1.00)
0. (1.00, 1.9999, 2.0001, -2.0001, -1.9998, -1.00)

Table 4.3: Optimal shape parameters 6, and g* (rounded to 5 digits) computed by mini-
mizing the full and the reduced order model, respectively

The convergence histories of the projected BFGS algorithm applied to the full and
the reduced order problems are shown in Figure 4.8 Except for the final iterations, the
convergence behavior of the optimization algorithm applied to the full and the reduced
order problems is nearly identical. Although there is no rigorous theoretical justification for

this behavior, it is not surprising, given the gradient error bounds derived in Theorem [4.3.3

2 2
10 '(‘9@@ 10
®
®® Peooonoda NDODG
, D o A Pdg
10 R 1 10
® = P@d+
e = EEE T
;3‘ (‘D@ = OOOOO +
= -2 ®@ > -2 o
> 1077 ® o 107t o)
Poe .,
107} Ty 1 107} 7o
905 .
00000
-6 -6
10 10
0 5 10 15 20 25 30 0 5 10 15 20 25 30
k k

Figure 4.8: The convergence histories of the projected BFGS algorithm applied to the
full and the reduced order problems. The left figure shows the convergence history of the
objective functionals for the full (+) and reduced (o) order model. The right figure shows
the convergence history of the projected gradients for the full (4) and reduced (o) order
model.

83



4.5. CONCLUDING REMARKS

4.5 Concluding remarks

In this chapter, we have integrated domain decomposition and balanced truncation model
reduction for the numerical solution of a class of PDE-constrained optimization problems
which are governed by linear time dependent advection-diffusion equations and for which
the optimization variables are related to spatially localized quantities. Our approach leads
to a reduced optimization problem with the same structure as the original one, but of
potentially much smaller dimension. We have derived an estimate for the error between
the solution of the original optimization problem and the solution of the reduced problem.

The estimate is largely determined by the balanced truncation error estimate.
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CHAPTER b

Domain decomposition and balanced truncation model reduction for

shape optimization of the Stokes system

In this chapter we extend the technique introduced in Chapter (4] to study the numerical
solution of a class of shape optimization problems governed by the time dependent Stokes or
the time dependent linearized Navier-Stokes equations, linearized around a steady state, in
which only a small part of the overall domain is modified. The numerical solution of such
optimization problems using gradient based optimization methods requires the solution
of coupled systems of partial differential equations (PDESs) involving the forward in time
governing equation and the backward in time adjoint equation. The solution of this coupled
system can be very expensive, both in terms of computing time and memory. This chapter

is based on [15].

85



Our approach to reduce the computational complexity of the numerical optimization
is an integration of domain decomposition and model reduction. Domain decomposition
in space is used to decouple the small subproblem that corresponds to the subdomain
whose shape is modified by the optimization from the fixed subdomain problem. Balanced
truncation model reduction is used to replace the subproblem corresponding to the fixed
subdomain by a substantially smaller problem. Domain decomposition identifies the proper
connectivities between the subproblems, which are used in the balanced truncation. In
principle any model reduction technique can be used, but balanced truncation provides an
error bound for the quality of the reduced order subsystem. This error bound will be used

to derive an error bound for the coupled shape optimization problem.

Chapter [4] was devoted to the numerical solution of optimal control and shape op-
timization problems associated with linear time dependent advection-diffusion equations
by DDBTMR. This chapter extends the approach and analysis presented in Chapter [] to
shape optimization problems governed by the time dependent Stokes or the time dependent
linearized Navier-Stokes equations, linearized around a steady state. Although conceptu-
ally the approach in this chapter is similar to the one in Chapter [, the extension to the
Stokes system requires several important changes. These are due to the presence of the
incompressibility constraints and affect the model reduction, the domain decomposition,

the coupling of both, and the analysis.

The chapter is organized as follows: Section 5.1 is devoted to an appropriate setup
of the problem. Balanced truncation model reduction (BTMR) for the semi-discretized
Stokes system is reviewed in Section 5.2. Section 5.3 introduces the domain decomposition
(DD) methodology, including the specification of the optimality systems for the respective

subdomain and interface problems. This is followed by the application of BTMR to the
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5.1. SHAPE OPTIMIZATION OF THE TIME DEPENDENT STOKES SYSTEM

domain decomposed optimality system in Section 5.4. Section 5.5 is concerned with an a
priori estimate of the modelling error which, under certain assumptions, is shown to be
largely determined by the BTMR error bound. Two numerical examples concerning the
application of DDBTMR to the shape optimization problems are presented in Section 5.6.
The first example is motivated by the shape optimization of a capillary barrier in a surface
acoustic wave-driven microfluidic biochip (c.f., Subsection 5.6.1). The shape optimization
of an aorto-coronaric bypass is considered in Subsection 5.6.2. Finally, Section 5.7 contains
some concluding remarks as well as an outlook to possible extensions. While problems
governed by the Stokes system are used to demonstrate our approach, it can be applied to
problems governed by the Oseen equation or linearized Navier-Stokes equations, linearized

around a steady state.

5.1 Shape optimization of the time dependent Stokes system

Let Q(0) C R? be a bounded domain that depends on design variables 8 = (1, --- ,04)T €
O, where © C R? is a given convex set, e.g., §;,1 < i < d, are the Bézier control points of
a Bézier curve representation of the boundary and © := {6; € R | 927’"'" <6; <01 <
i < d}. We assume that the boundary 0€(#) consists of an inflow boundary I';,(0), an
outflow boundary Ty (f), and a lateral boundary T, (6) such that 9(0) = T;,(0) U
Tout(6) U L1t (6), Lin(0) N Tout(0) N Tiae(0) = 0. We set Q(6) = Q(0) x (0,7),%(0) =
00(0) x (0,T7),2in(0) := Tin(0) x (0,T),%14:(0) := T'yqe(0) x (0,T), T > 0, and consider

shape optimization problems associated with the time dependent Stokes system of the form

inf J(0) (5.1a)

87
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where

T
J(0) := / 0v(0),p(0),z,t) dz dt, (5.1b)
0

and where v(0), p(6) solve

aatv(x,t) — v Av(z,t) + Vp(a,t) = £(z,1) (z,t) € Q(0), (5.1c)
Vv(z,t)=0, (z,t) € Q(0), (5.1d)

v(z,t) = v"(z,t) (x,1) € Sin(0), (5.1¢)

v(z,t) =0, (z,1) € Siar(6), (5.1f)

(Vv(z,t) — pla,t)[)n =0, (2,1) € Sour(0), (5.1g)

v(z,0) = vO(z) , z € Q(6). (5.1h)

Here, v = v(z,t) = (vi(z,t),v2(z,t))” and p = p(x,t) stand for the velocity and the
pressure, f = f(z,t) is a given forcing term, v*" denotes a prescribed normal velocity on
Yin(0), vI0 = v (), 2 € Q(f), is the velocity distribution at initial time ¢ = 0, satisfying
V-v(® =0, v > 0 refers to the viscosity of the fluid, and t,n are the unit tangential
and unit exterior normal vector on 9€2(#). Moreover, the integrand £(-) in the objective
functional J is a given function of the velocity, the pressure, and the independent variables

x,t.

For the spatial discretization of the time dependent Stokes system we use one of the
many standard methods [51], such as the classical P2-P1 Taylor Hood element, or methods
with discontinuous pressure discretizations. We will discuss this in more detail in Section
and for details of numerical implementation we refer to Appendix [Bl We assume that
the simplicial triangulation 7}, of the spatial domain (6) is geometrically conforming and

aligns with I';;, (0),T'14¢(0) and T, (0). This leads to the semi-discrete optimization problem
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inf J(9) (5.2a)

where .
J(0) = / (v (0), p(0), 2,1, 0) dt, (5.2b)

0
and where v(0), p(0) solve
E(0) % YO s | YY) 2 [ 209 om0
(t) p(t) g2(0)(t)

M(0)v(0) = v(O(8), (5.2d)
—B(O)M vV () + g2(6)(0) = 0. (5.2¢)

Here, the integrand £(-) in ([5.2b]) results from the spatial discretization of the inner inte-
gral of the objective functional in ([5.1b]). The block matrix E(6) and the discrete Stokes

operator S(f) in (5.2c|) are given by
E(9) := . S(0) = , (5.3)

where M(0) € R™"™ A(f) € R™™™ and B(f) € R™*" are the lumped mass matrix, the
stiffness matrix, and the matrix representation of the discrete divergence operator. The
vector go(6)(t) € R™ in stems from the semi-discretization of the incompressibility
condition due to the boundary condition at the inflow boundary and v(9)(6) is the initial
velocity satisfying the discrete incompressibility condition . We note that the data
of the semi-discrete problem depend on the design variable 6 due to the dependence of the

spatial domain on 6.

The Oseen equation and the linearized Navier-Stokes equations, linearized around a

steady state, also lead to systems of the type (5.2c))—(5.3)). The existence and uniqueness
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of a solution (v,p) € L2((0,T);R"™) x L?((0,7);R™/(Ker BT)) of the semi-discretized
equations , as well as its continuous dependence on the data of the problem is a
consequence of the following result which will also play a prominent role with regard to the
application of BTMR and the derivation of upper estimates for the modeling error. The
following result applies to the semi discretized Stokes system, but also to class of problems

governed by the Oseen equations or the linearized Navier-Stokes equations.

Theorem 5.1.1 Let A, M € R™ "™ B € R™*" m < n, be matrices with the following

properties:

(i) M is symmetric positive definite.

(ii) A is positive definite (not necessarily symmetric) on Ker B, i.e., there exists a con-

stant o > 0 such that

vIAv>avIMv , v¢€ KerB. (5.4)

(11i) B has full row rank m.

Consider the initial value problem

E% M P R O N I I (0, 7], (5.5a)
p(t) p(t) ga(t)
Mv(0) = v, (5.5b)

where B, S are as in (5.3) and g1 € C([0, T];R™), g, dga/dt € C([0, T|;R™) and v(?) € R"

satisfies

-BM 'v® + gy(0) = 0. (5.6)
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Under the assumptions (i), (%) and (iii), the initial value problem (5.58),(5.5b) has a unique
solution (v,p) € C([0,T);R™) x C([0,T];R™/(Ker BT)), and there exist constants C; —

Cs > 0, depending on A, B, M such that

IVlize < G (IOl + Callga(O)]]) + Csllgallze + Culal 2,

d
Ipllze < €1Cs (VO + Callgz(0) ) + Collgallzz + Crllgalle + Cs | Zg2| .
L2
where
ﬂm—l/z M1/2 9 M—l
o U ey, -
?[m7]
Cy=—— |AM~'BT(BM'B")"!|| + |[M'BT(BM'B) |,

Cs = [(BM™'BY)"'BM || ||A| ,

Ce = ||(BM'BT)'BM || (i HM“H IA| + 1) ,

¢ =||BMBT)'BM!|| |[AM'BT(BM'BT)| <2 M| nag+ 1> ,

Cs = ||(BM'BT) 1|
Proof: We set IT := I — BT(BM~'B”)"'BM~'. Since II? = II, IIM = MII’,
null(IT) = range(B”) and range(IT) = null(BM™1), i.e., IT is an oblique projector.
We split v(t) = vy (t) + vp(t) and v(O = TIv(® + Vgpo), where

vi(t) € KerB , vp(t):= M'BT(BM'BT)1gy(t), (5.7)

Vi = BT(BM'BT) ' g,(0).

We note that vp(t) and vg) are particular solutions of the second equation in (5.5a) and
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of (5.6)), respectively. Then, the initial value problem (/5.5al),(5.5b)) can be transformed to

HMHT%VH(t) = AN vy () +Tgt) , te(0,T], (5.8a)
TIMIT v (0) = viy| (5.8b)

where vg) =TI v(® and g € R is given by

g(t) :=gi(t) - AM'BT(BM'BT) gy (t). (5.9)
Moreover, p(t) € R™/(Ker BT) can be recovered according to

p(1) = (BM'BT)~! (BM "~ Ava(t) + &) T eo(r)). (5.10)

In view of (i),(ii), the matrices M := IIMII’ and A := ITIAII? are symmetric positive

definite on Ker B and satisfy
—vIAv < —avIMv , v eKerB.

Then, Lemma in Appendix [A] implies

ﬂH 71/2“ H 1/2H H IH

M M (0) ~

< + ——- . 5.11
HVH”L2 = \/a HVH H a HgHL2 ( )
We conclude due to (5.7)),(5.10) and (5.11)). O

Remark 5.1.2 The semi-discretized Stokes system a) satisfies (5.4]). We refer to the

proof of Theorem 7.1 in [62)].
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5.2 Balanced truncation model reduction for Stokes-type

systems

Balanced truncation model reduction is a particular model reduction technique that seeks
to replace a large-scale system of differential or difference equations by a system of sub-
stantially lower dimension that has nearly the same response characteristics, that preserves
asymptotic stability and that provides an error bound on the discrepancy between the out-
puts of the full and reduced order system [18| 23], 34, 53, [R6], 124]. Originally, balanced
truncation model reduction was developed for systems of ordinary differential equations
(ODEs). Recently it has been extended to descriptor systems. An overview of balanced
truncation model reduction for descriptor systems can be found in [83]. Balanced trun-
cation model reduction for semi-discretized Stokes and linearized Navier-Stokes systems is
studied in [62), 98, 107]. We summarize the basic ideas for a system that is closely related
to the optimality system arising in control and shape optimization problems governed by
the semi-discretized Stokes or linearized Navier-Stokes equations. Our presentation follows

[62]. We consider

M%v(t) = —Av(t) - BTp(t) + Ku(t), te (0,7), (5.12a)
0= —Bv(t) + Lu(t), te(0,T) (5.12b)

z(t) = Cv(t) + Fp(t) + Du(t), te(0,7T), (5.12¢)
Mv(0) = v(0, (5.12d)
BM~'v(? = Lu(0), (5.12¢)
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and

d

~MA(t) = —ATA(t) - BTk(t) + CTw(t), t e (0,7), (5.13a)
0=-BX(t) + FTw(t), t e (0,7), (5.13b)

q(t) = KTX(t) + LTk(t) + DTw(1), t e (0,7), (5.13¢c)
MX(T) = A1), (5.13d)
BM AT = FTw(T), (5.13¢)

where M € R™*™ ig a symmetric positive definite matrix, A € R™*™ B € R™*"v,
n, < Ny, is a matrix with rank n,, K € R™*" L € R™*" C e R™*" F ¢ R"*",
and D € R™*". The terms Du(t) and DTw(t) are ‘feed through terms’ in the output
equations. The system is the adjoint system corresponding to . Conditions
(5.12¢) and ) ensure the compatibility of the inputs u and w with the initial and

final values [28].

In addition to the assumptions above, we assume that the generalized eigenvalues of
the pair (A, M) have positive real part. This assumption is needed to apply balanced

truncation model reduction.

The numerical method discussed in [62] for computing reduced order models using
balanced truncation is applied to the system directly. However, it is derived
by eliminating the variables p and & via projection. This leads to dynamical systems
governed by ODEs to which standard balanced truncation can be applied. The application
of balanced truncation to the projected system of ODEs is then translated into an approach
that applies directly to . Since the transformation of into a a system
of ODEs is also important for the later application of balanced truncation in optimization

contexts, we summarize the main steps. Details can be found in [62].
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As in the proof of Theorem we choose v(t) = vy (t) + vp(t), where
vp(t) = M 'BT(BM'BT)"'Lu(t) (5.14)

is a particular solution of (5.12p) and vg(t) satisfies 0 = Bvy(t). If we insert v(t) =

vi(t) + vp(t), (5.14) into (5.12h-c), we obtain

M & va(t) = — Ava(t) ~ B p(1)
+ (K- AM 'B"(BM 'B”)"'L) u(?)
— BT(BM_lBT)_lL%u(t), (5.15a)
0 = Bvy(t), (5.15h)
z(t) = Cvy(t) + Fp(t) + (D + CM'B" (BM'B”)"'L) u(¢). (5.15¢)

Equations (5.15p,b) imply that
p(t) = — (BM'BT)"'BM ! Avg(t)

+BM 'BN)'BM ! (K - AM'BT(BM'B”)"'L) u(¢)
d

— (BM_lBT)_1L£u(t) (5.16)
and TITvy(t) = vy(t), where
nm=1-B"BM'B")"'BM ' (5.17)

Note that IT? = TI, IIM = MII?, null(II) = range(B”) and range(IT) = null(BM™1),

i.e., IT is an oblique projector.

Next, we insert (5.16) into (5.15h,c), use the identity II7 vi(t) = vu(t), and multiply

the resulting equation (5.15p) by II. Since TIBT (BM~'B”)~'L = 0 this leads to

d ~
HMHTavH(t) = —TIATI v (t) + TIBu(t), (5.18a)

z(t) = CII vy (t) + Du(t) — F(BM_lBT)_lL%u(t), (5.18b)

95



5.2. BALANCED TRUNCATION MODEL REDUCTION FOR STOKES-TYPE
SYSTEMS

where

B=K-AM 'B"(BM'B")"'L,
C=C-FBM 'B")"'BM A,

D=D+CcM 'B"BM 'B")"'L+FBM 'B")'BM'B.

To obtain the initial condition for vy we set v(?) = TIv(®) + (I — IT)v(®) and use (5.12¢)

vO = 1v® 4+ BT(BM'BY)"'BMv(®

=IIv(® + BT (BM'BT)"'Lu(0).
Furthermore, we have

Mv (0) = Mvy(0) + Mvp(0) = MIT? v (0) + Mvp(0)

= IIMvy(0) + BT (BM'BT)~'Lu(0).

This leads to

ITMvy(0) = TIMIT v (0) = TIv©® (=: v{?), (5.18¢)

We can proceed in the same way to transform (5.13). We set A = Ag(t) + Ap(t) where
Ap(t) = M7'BT(BM!'B”)"'FTw(t). The equations (5.13) can be transformed into

—M%)\H(t) — _ ATAu(t) - BTk(1)

+ (CT = AT™™M BT (BM'BY)'FT) w(t)
+ BT(BM*lBT)*lFT%w(t) (5.19a)
0 = BAg(t), (5.19b)

q(t) = K" Au(t) + LTk(t) + (D" + KTM'BT(BM'B”) " 'F") w(t). (5.19¢)
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Equations (5.19p,b) imply that

k(t) =— (BM BT 'BM AT Aq(1)
+BM 'BT)"'BM ! (CT - ATM'BT(BM 'BT) 'F) w(t)

+ (BM*IBT)*FT%W@) (5.20)

and TIT Ag(t) = Au(t), where IT is given as before.

Next, we insert ([5.20]) into (5.19}a,c), use the identity TIT Ag(t) = Au(t), and multiply

the resulting equation (5.19a) by II. Since IIBY(BM~'BT)~'F7 = 0 this leads to

—HMHT%)\H(U = —IMATII" Ag(t) + ICTw(2), (5.21a)
a(t) = BT  Au(t) + DTw(t) + LT(BM‘lBT)_lFT%w(t), (5.21b)
MAu(T) = TIAD), (5.21c)

where ]§, C and D are given as before.

For model reduction purposes we view u and %u as inputs into (5.18]) and w and %W

as inputs into ([5.21)). The terms involving u and w in (5.18b) and (5.21p) are ‘feed through’

terms, since inputs are directly fed to the outputs z and q respectively. These terms are

not reduced. Note that the transformed system ([5.21]) is the adjoint system corresponding
to (.18).

The systems (5.18) and (5.21]) are almost in the form to which standard balanced
truncation model reduction can be applied. Since IT has a non-trivial null-space, the
dynamical systems in (5.18) and ([5.21)) have to be solved for vy with II7vyy = vy and Ay

with TI” Ay = Ayr. This can be made explicit by expressing

In=0,0" (5.22a)
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with @, ®, € R™* (1) satisfying
e/e, =1 (5.22b)

Substituting this decomposition into (5.18) shows that vy = ©] vy € R™ ™™ must satisfy

@TTMG)T%VH(t) — —OTA®,7u(t) + ©TBu(t), (5.230)
o i’v ™ _ —1p7T\-—1 i
a(t) = GO, u(1) + Du(t) - FBM'BT) 'Lou(r).  (5.23)

An analogous substitution is applied in ([5.21]). Standard balanced truncation model reduc-
tion can now be applied to the system ([5.23) and the corresponding adjoint system derived
from (5.21]). The projection matrices computed by balanced truncation for (5.23|) and the

corresponding adjoint system derived from ([5.21)) can then be transformed into projection

matrices for the systems (5.18) and ([5.21]).

Balanced truncation model reduction generates projection matrices V, W & R *k

with k& < n, such that
V=I'V,W=1"W, and WMV = I.

The reduced order model for (5.18) is obtained by replacing vy (t) in (5.18) by Vv(t) and

multiplying the resulting equation by W7, This gives

d .

() = ~WTAVY(t) + WI'Bu(t), (5.24a)
7(t) = CVI(t) + Du(t) - F(BM_lBT)_lL%u(t), (5.24D)
v(t) = WItIv(©®, (5.24c)

Similarly, the reduced order model for ([5.21)) is obtained by replacing Ap(¢) in (5.21))
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by WX(t) and multiplying the resulting equation by V’. This gives

—%X(t) = -VIATWA(t) + VICTw(t), (5.25a)
d(t) = BTWA(L) + D w(t) + LT(BM*IBT)*lFT%w(t), (5.25b)
A(t) = vITIa®™, (5.25¢)

We can show that W7 AV is stable see [62], Sec. 7] for details. Furthermore if vi(0) =
Au(T) =0, and

012 ...20,>0k41 2> ... 2 0Op (5.26)

then for any given inputs u, w we have

1z =2l < 20l (ops1 + -+ 0w), (5.27a)

la—allz: < 2[wllz2(orss + .. + 0n). (5.27b)

Remark 5.2.1 Inhomogeneous initial conditions can be handled by modifying the balanced

truncation model reduction as discussed in [19].

5.3 Domain decomposition

We consider a decomposition of () into subdomains €, Q3(6) such that
Q(Q) = 51 U 52(9) , 1N 92(9) =10 , I':= ﬁl ﬁﬁg(H), (528)

where I' stands for the interfaces between the subdomains. The domain decomposition is
motivated by such PDE-constrained optimization problems where the optimal design issues
focus on a relatively small portion of the domain, namely the subdomain Q9(#). Conse-

quently, only that subdomain is supposed to depend on the design variables 6, whereas €2y
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is independent of #. In practice, the subdomains €1 and 5(6) can be further subdivided.
Multiple subdomains can be incorporated into our approach, but to keep the presentation

simple we consider the two subdomain case.

We assume that the objective functional can be split accordingly
J(0) == J1(v,p) + J2(v(0),p(0), 0). (5.29)

Here, Ji(v,p) is given in terms of observation operators C : L2((0,7);V) —
L3((0,T); (L3()%)), F : L*((0,7); L3(2)) — L2((0,T); (L*(21))?) and a feedthrough
operator D : L2((0,7);L3(Q2)) — L2((0,7);(L%*(Q1))9), ¢ € N. For a given function

d € L*((0,7); (L*(1))?), we define
T
Ji(v,p) = //\Cv+Fp+Du—d\2 dz dt. (5.30)
0 Q1

On the other hand, J2(v,p, #) is supposed to be as in (5.1b)) with €(6) replaced by Q2(6).

We consider geometrically conforming simplicial triangulations 73, (£2(0)) that align with
the decomposition in the sense that their restrictions to €21, 2(f) represent geometrically
conforming triangulations 73,(£21), 7,(Q2(6)). The semi-discretization in space of the Stokes
equation in the domain decomposition context requires some care. See, e.g., [3, 25] [72 00,
96, 97, 110, [112]. For semi-discretization in space, we may use stable discontinuous pressure
elements such as nonconforming P2-P0 or P1-P0 elements [30] or spectral elements [90, 112].
The subsequent analysis also applies, if we use continuous pressure elements such as the
Taylor-Hood P2-P1 element or the mini-element [24], 26], provided the incompressibility
condition on the interface I'(#) is not discretized and hence, we do not explicitly consider

the semi-discrete pressure on the interface I'(0) (cf., e.g., [97]).

The discretization needs to be such that the coupled problem is solvable, i.e., the local

subproblems corresponding to the subdomains ; and Q2(#) as well as those corresponding
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to the interface are solvable. The global problem — has a unique solution (v, p) €
L2((0,7);R™) x L2((0,T); R™/(Ker BT)). Some of the local problems associated with the
subdomain € or Q5(#) correspond to Stokes subdomain problems with Dirichlet boundary
conditions only. Consequently, for these subproblems the pressure is only unique up to a
constant. To ensure that the subdomain solution is the restriction of the solution of ([5.2d)-
to the subdomain, we split the subdomain pressures into a constant and a subdomain
pressure with zero spatial average. The latter is determined uniquely as the solution of the
subdomain problem, whereas the constant is determined through the coupled problems.
This split is not necessary for subdomains with an outflow condition, where the local
pressure is unique. However, to simplify the presentation, we assume that the split has to

be made for both subdomains.

The velocities are discretized using
n
vn(,t) = Y vi(t)g; (),
j=1

where ¢;(t), j = 1,...,n1 have support in Qi, ¢;(t), 5 = n1 + 1,...,n1 + n2 have sup-
port in O, and ¢;(t), j = n1 +ng + 1,...,n = ny + nz + np are the remaining basis
functions, which are associated with the interface. The semi-discretized pressure pp(x,t)
is the sum of subdomain pressures py, ;(x,t), i = 1,2 with zero average on the subdomain,

fﬂj phi(x,t)de =0, ¢ = 1,2, and constant pressures pg;(t), ¢ = 1,2, for each subdomain.

We have
2 m—2
pr(a,t) =Y poj(t)xq, (@) + D pi(t)e;(@),
j=1 j=1
where xs denotes the characteristic function of a set S C Q, 9;(t), 7 =1,...,m; are basis
functions that have support in Q, and ¢;(t), 5 = mi1 + 1,...,m — 2 = my + mo have
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support in Q. We require that
mi m2
/ > pj(tyy(x)da =/ D P () omy 1j(z)da = 0.
Qj j=1 Qj j=1
Thus, we have velocities vi(t) € R™, va(t) € R"2, vp(t) € R™ associated with Q1, Q2(6),
and I'(#), respectively. We set v(t) = (v1(t),va(t), vr(t))T. The pressures associated with
Q, Q2(0) are p1(t) € R™, pa(t) € R™2. Additionally, we have constants po 1(t), po2(t) €
R. We set po(t) = (po1(t),po2(t))T and p(t) = (p1(t), p2(t),po(t))?. Finally, we define

the state variables

X(t) = (VlaplaV27p27VF7p0)T , te€ [O;T} (531)

The numerical implementation of domain decomposition for the Stokes equations or lin-

earized Navier-Stokes system is discussed in Appendix

With this discretization and partitioning of variables, the matrices A () and B(f) can

be partitioned as follows

An 0 Aqr B 0 Bir
A0)=| 0 Ay A , Bl =| 0 Bxn®) Bx@®) |- (532
Al AZr(6) Arr(6) 0 0 By

Here, A11 S Rnlxnl, A.QQ(H) S RnQXﬂQ, AFF(Q) S RTLI‘XTL[" Alr(e) & RnanI" 1< < 2, and
By € R™7™ Boy(6) € R™2X"2, Byp(f) € R™*™r | 1 < < 2, By(A) € R2¥"r. Likewise,

the matrices K(0),L(#) and the lumped mass matrix M(#) admit the decompositions

K(9) = (K1, K2(8), Kp(6))" L(A) = (L1, La(6), Lo(8)7, (5.33a)

M(6) = blockdiag(M;, M3 (6), Mr(6)), (5.33b)

where K;(0) € R">* L;(0) € R™** 1 < i <2, Kr(0) € R Lp(d) € R*** and
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M, € RmXm My(0) € R™2X2 Mp(f) € R We set

E, S1 0 Sir
E@)=| 0 Ey0 S2(0)  Sor(0) |.  (5:34)
0 Sir S3r(9) Sr(0)
where
g | M ° ( , Er(0) = Mr(#) 0 (5.352)
0 0 0 o
T
T . Sa() = Axn(®) Bz(0) , (5.35D)
B O B2 (0) 0
T .
Sr(0) = Arr(6) By (8) . Sir(0) = Aw(®) 0 L 1<i<2, (5.35¢)
By(6) 0 Bir(6) 0
and
N(0) = (K1 | L1 | Kao(0) | La(6) | Kr(0) | Lo(9))" (5.36)

We further denote by C; € R?*™ F; € R D; € R?™*™ d(t) € RY,t € (0,T), the
matrices and the vector and by £(va, vr, p2, Po, t, 0) the functional resulting from the semi-

discretization of the inner integrals in .Jo. We set
J(0) == Ji(v1,p1,Po) + J2(v2(0), vr(0), p2(0), Po(0), 0) (5.37)

where J; and Jo are given by

J1(v1,P1,P0) = /|C1V1 t) + Fip1(t) + Fopo(t) + Diu(t) — d(t)|* dt, (5.38a)
T
J2<V27VF7p27p079) - /B(V27VF7p27p07ta 0) dt. (538b)
0
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5.3. DOMAIN DECOMPOSITION

The semi-discretized, domain decomposed shape optimization problem can be formulated
according to

9125 J(0) (5.39a)

where x = (v, p1, v2(0), p2(8), vr(6), po())T solves

P(0)x(t) := E(6) %x(t) +S(0)x(t) = N()u(t) , t € (0,T], (5.39D)
M(0)v(0) = v (0). (5.39¢)

Remark 5.3.1 If the Stokes equations are replaced by the Oseen equations or the lin-
earized Navier-Stokes equations, linearized around a steady state, we also arrive at a semi-
discretized, domain decomposed shape optimization problem that is essentially of the type
(5.39). In this case, the matriz A(6) and consequently, the matriz S(6), are no longer
symmetric. However, this nonsymmetry can be easily incorporated and the discussion in
the current and the following sections can be easily extended to classes of problems governed

by the Oseen equation and the linearized Navier-Stokes equations.

Introducing Lagrange multipliers A(¢) € R™, k(t) € R™ ¢t € [0,T], that are partitioned

accordingly, and setting
p(t) = (Aa(t), k1(t), X2(t), ka(t), Ar(t), ko (1)),
the Lagrangian associated with (5.39a))-([5.39¢) is given by
T
£ us8) == T(v,p.6) + [ (0 (POX(0) - NOu() dt (5.40)
0
and the optimality conditions read
VL (%, 11,0) =0, V,L(x,1,0) =0, VoL(x,11,60)T(H—-6)>0, 6O, (5.41)
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5.3. DOMAIN DECOMPOSITION

It is obvious that due to the special structure of the decomposed optimization problems,

the optimality conditions (5.41]) can be split into a coupled system of optimality conditions

associated with the subdomains 21, 22(#), and the interface I'(6).

(i) Optimality system associated with subdomain €2;:

ol [0 ) - g [w0) g (o) [®)

“\ pu) p1 (1) Po(t) L,
Zl(t) = C1V1(t) + Flpl(t) + Fopo(t) + Dlu(t) — d(t),
M1V1(O) = ng)’

Liu(0) = B;yM; v\ + B oMy v (0),

and
d [ () A1(?) Ar(t) ct
e = -8 —Sir - I EAO!
K,l(t) K,l(t) K,()(t) F{
My (T) = A,

F7z,(T) = — BuM; AT — BirMp(6) AT 6).

(ii) Optimality system associated with subdomain Q2(6):

Ea(0) L vet) ) _ — Sy(6) v2(?) — Sor(6) ve(®)
dt pa(t) pa(t) Po(t)
K>(0) u(t),
L2 (0)
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5.3. DOMAIN DECOMPOSITION

and

_EZ(Q)% Az(?) = —S(0) Molt) — Sor(0)
Hg(t) Hz(t)

Ko(t)

Ar(t) ) (5.45a)

vvz‘e(VQJ P2, Vr, Po, t7 9)
va'e(V27 P2, Vr, Po, ta 9)

M, (0)Xo(T) = A (0),
Vp,(v2, P2, vr, Po, 1, 0) = — BQQ(Q)MQ(Q)%)\%T)(Q)
— Bor (0)Mr(6) ' A (6).

(ili) Optimality system associated with the interface I'(6):

(5.45b)

(5.45c¢)

Br(0) S O s | Y] s | Y (5.462)
Po(t) po(t) p1(t)
st | 0 [ .
p2(?) Lo(0)

VVFE(VQ) P2, Vr, Po, t7 9)
vpo‘e(VQJ P2, vr, Po, t7 9)
Mr(0)Ar(T) = A7 (6),

Vpol(V2, P2, Ve, P, 1, 0)+F Tz = —Bo(0)Mr(6) ' A (6).
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5.4. BALANCED TRUNCATION MODEL REDUCTION OF THE DOMAIN
DECOMPOSED OPTIMALITY SYSTEM

The equations ([5.42))-(5.47) have to be complemented by the variational inequality

T
/V@f(Vg,pQ,Vp,po,t, H)T(é— 9) dt (548)
0

T
+/T (1) (DeP2(0)(6 — 0)) x2(t) — (DgN2(6)(8 — 0)) u(t) i
0 .Ur(t)

(DePr(0)(6 — 0))xr(t) — (DyNr(6)(0 — 0)) u(t)

for all § € O.

Remark 5.3.2 Since we are faced with implicit Hessenberg index 2 differential-algebraic
systems, the final values )\gT),)\gT)(Q) and A%T)(O) are in general nonzero and have to be
computed as outlined in [28]. It seems that for most examples considered in the flow control
literature (see, e.g., [1, (57, [85]) the problem structure is such that )\ST) =0, )\gT)(H) =0

and )\(FT)(G) = 0. For a flow control problem in which the adjoint has a nonzero final time

value see, e.g., [100].

5.4 Balanced truncation model reduction of the domain de-

composed optimality system

We construct a reduced order model for the optimality system (5.42)-(5.48) by applying
balanced truncation only to the optimality system ([5.42)),(5.43) associated with the fixed

subdomain ;. To do this, we have to examine ([5.42)-(5.48)) to see how the subsystems
(5.42)),(5.43) interact with the remaining subsystems.
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This leads to

E1% VO g O s [ T R w50
p1(?) p1(t) po(t) L;

Zl(t) = Clvl(t) + Flpl(t) + Fopo(t) + Dlu(t) — d(t), (549b)
werlt) | ST, Vi) : (5.49¢)
zpr(t) pi(t)

M;v1(0) = vi?, (5.49d)
Liu(0) = B;yM; v + By rMp(6) v (0), (5.49€)
and
A A A cT
—E1% 0 = =5 10 —Sir v - V| a),  (5.50a)
k1 (1) K1 (1) Ko(t) F{

ai(t) = KT A (t) + LT k1 (t) — DTz (1), (5.50D)
W) ) g | MO0 (5.50¢)
ap,r(t) Kk1(t) F(

My (T) = A, (5.50d)
F7z,(T) = — ByuyM;7 A — BioMp(6) A0 (6). (5.50e)

The outputs ([5.49c) and (5.50c) are inputs into the subsystems (5.46) and (5.47)), respec-

tively. The terms vp, po, Ar, ko are auxiliary inputs into the subsystems (5.49n) and

(5.50p). The output (5.50p) does not feed into any of the subsystems in ((5.42))-(5.48)),
but is added to emphasize the fact that (5.49) and (5.50) is exactly of the form (5.12]) and

(5.13]). An important observation is that due to the fact that pressures are discontinuous on

the boundary, the second row block in STy is zero (cf., (5.32) and (5.35¢)). Consequently,

z,r(t)=0 and qur(t) = —Fpz(t). (5.51)
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5.4. BALANCED TRUNCATION MODEL REDUCTION OF THE DOMAIN
DECOMPOSED OPTIMALITY SYSTEM

The subsystems (5.49h-c) and (5.50p-c) can be written as

0 0 a0 k[ Y
d [ vit vi(t -Air 0 Ky
Ei - _s, n po(t) |- (5.52a)
pi(t) pi1(t) -Bir 0 Ly
u(t)
zy,r(t) —-Al. -Bi} 0
vi(t)
e [=] o o + 0
p1(t)
Zl(t) C, Fq Fopo(t) + Dlu(t) — d(t)
(5.52b)
and
AD) AD) Ap 0 CT Ar)
d (¢ 1(t —Aqr
By _ _s, + ' ko(t) |, (5.53a)
Ii',l(t) I‘Ll(t> —BH‘ 0 F?
—21(t)
Qv,F(t) _A{F _Bripr 0
A1 (1)
ar(t) | = 0 0 +| FI | (==a(t)).  (5.53b)
K1(t)
q1(t) K L{ D

To be able to apply the balanced truncation model reduction technique outlined in
Section we assume that By € R™ %™ has rank mq, that My; € R™*™ is symmetric
positive definite, and that the generalized eigenvalues of (A1, Mj1) have positive real part.

These assumptions are satisfied with a proper spatial decomposition of the problem.

If we apply the techniques introduced in Section we obtain the following reduced

optimality system.
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5.4. BALANCED TRUNCATION MODEL REDUCTION OF THE DOMAIN
DECOMPOSED OPTIMALITY SYSTEM

(i) Reduced optimality system associated with the subdomain 2;:

vr(t)
d._. R ~
avl(t) = — WTA11VV1(t) + WTB1 ﬁo(t) , (5.548,)
u(t)
Zo.r (1) vr(t) vr(t)
PR ~ —d
Zyr(t) | =C1VVvi(t) +D1 | po(t) | — ng pot) |- (5.54b)
(1) u(t) u(t)
9(0) =Wt v\ (5.54c¢)
and
Ar(t)
d< - _
—&Aﬂﬂzs—VTAHVVAﬂw4JVTC{ Ro(t) |- (5.55a)
—z1(t)
Go.r(1) Xr(1) (1)
PN . . d
Gpr(t) | =BIWMB+DI | Re(r) | THIZ | Ro(t) | (5.55b)
ai(t) ~71(t) —71(t)
A (T) =vTIAD. (5.55¢)

Here II; =1 — B1T1(B11Mf11B{1)_1B11Mf11 and

B; =(-Ar|0|K;) — AyM;'BYy(B;M'BY) ! (-Bir|0|Ly)

—Alr -Bi;
C, = 0 — 0 (B11My'Bf)) 'BiiM ' Aqy,
C, Fy
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DECOMPOSED OPTIMALITY SYSTEM

0 0 O —AL
= —1nT —1pT -1
Di=| 0 o 0 + 0 My B11(B11M11 Bi;)” (=Bir|0[Ly)
0 FO D1 Cl
-Bip

+ 0 (BiM;'BY)'B;M['B,

Fq
B}
H, = 0 (B;11M'Bf))"' (-Bir|0|Ly).
Fq

Note that the structure of ]§1, (~31, f)l, and ﬁl imply
z,r(t) =0 and  Gpr(t) =0. (5.56)

The reduced optimality system associated with the subdomain €2y is coupled to the

following optimality subsystems.

(ii) Optimality system associated with the subdomain Q2(6):

E2(9)jt v = —Sy(0) ) Sor(0) vt
pa(?) p2(?) Po(?)
L[ u(t), (5.57a)
L2 (0)
M (0)¥2(0) = v (6), (5.57h)
Ly (0)u(0) = Baa(0)Ma(6) v (6) + Bor (0)Mr(6) v (6), (5.57c)
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5.4. BALANCED TRUNCATION MODEL REDUCTION OF THE DOMAIN
DECOMPOSED OPTIMALITY SYSTEM

and

B T = —se)| T | = Sar(0) (5.58)

V{;QE(GQ, ﬁQ, VF? ﬁOa t, 0)
V5, £(¥2, B, V1, Bo, £,0)

M, (0)X2(T) = A (6). (5.58b)

(iii) Optimality system associated with the interface I'(6):

Ep(&)% vr(t) _sp(0) vr(t) N Zyr(t) (5.59)
Bo(t) Po(t) Zpr(t)
s | Y o Y .
Pa(1) L (6)
Mr(0)9r(0) =vi”(0), (5.59b)
and
o | Y —cseo | Y ] | ) Zspn [ MY 00w
Ko(t) Ko(t) qp,r(t) Ka(t)

VGFE(GZ, ﬁZa vra ﬁOa t, 9)
Vﬁoe(vb ﬁQv GF? ﬁOv t, 9)

Mp(0)Ar(T) =27 (6). (5.60b)
The equations have to be complemented by the variational inequality

T
/ Vol(S, s, 91, o, ,0)7 (0 — 0) dt (5.61)
0

T
o/
0

=

T
5(t) (DoP2(0)(6 — 0)) Ra(t) — (DgN2(0)(0 — 0)) u(t) _
(t) (DoPr(0)(6 — 0))Xr(t) — (DgNr(0)(6 — 0)) u(t)

>)

r
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5.5. A PRIORI ESTIMATE OF THE MODELING ERROR

We have applied domain decomposition and balanced truncation model reduction to
derive the reduced order optimality system - ) from the full order optimality
system -. This raises the question whether the reduced order optimality system
- is the optimality system for a reduced order optimization problem. This is
important, since numerically we solve the shape optimization problem using gradient-based

optimization methods rather than explicitly solving the optimality system.

Theorem 5.4.1 The reduced order optimality system (5.54)-(5.61|) represents the first or-

der necessary optimality conditions for the shape optimization problem

min J(6) (5.62a)

s.t. €O

where J(0) = Jy(V1,Vr, Po) + J2(V2, P2, V1, Po, 0),

71 (¥1,97) /|z1|2 dt, (5.62b)
T

Jo(V2, B2, V1, Do, 0) :/E(V2jﬁ2ﬁr,f)0,t79) dt. (5.62c)
0

and where z1, V = (V1,V2,vr)T P = (P2, Do)’ , are given as the solution of (5.54)), ,

(5.59).

The proof uses standard arguments and is omitted.

5.5 A priori estimate of the modeling error

Let 0* € © and #* € O be local minima of the optimization problem ([5.39) and its

reduced version ([5.62), where the states v = (vi,ve,vr)? and p = (p1,p2,po)’ solve
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5.5. A PRIORI ESTIMATE OF THE MODELING ERROR

(5.42)),(5.44),(5.46), and where the reduced states v = (vV1,vo,vr)? and p = (P2, o)’

solve (5.54), (5.57), (5.59). Considering the states as implicit functions of the design

variables, (5.39)) and (5.62)), can simply be written as

~

GIIGIgJ(Q) and eneléJ(@).

We want to derive an upper bound for the modeling error ||6* — §*|| in terms of the Hankel
singular values occurring in the BTMR of the optimality system for the fixed subdomain

Q1. Under the convexity assumption, there exists x > 0 such that
~ T ~ N
<VJ(0*) - w(e*)) @ —6") > 8" — 672 (5.63)
It is easy to see that
6" — 6| < w~" [VI(67) = VI, (5.64)

see, e.g., [14]. Hence, we need to provide an upper bound for the right-hand side in (5.64)).
The gradients of the objective functions J and J can be expressed using the Lagrangian

in (5.40) and its reduced analogue associated with ([5.62). More precisely, we have
T

~ T. T.
(96~ V760)) 6= [ (Votlva,ve.pa,po.1.6) = Vob(Ta, . a.Bost.0)) Bt (565)
0

+/T < fis (1) >T< <DeP2<9>f> (x2 — %2) (1) )dt
)\ f(t) / \ (DePr(9)d) (xr — Zr)(t)
/T ( (15 — o) (1) )T< (DgP2(6)0) x2(t) — (DgN2(0)8) u(?) )dt
) (DgPr(0)8) xr(t) — (DeNr(8)8) u(?)
where x = (x1,%2,xr)7, with x; = (vi,pi)?, i = 1,2, xr = (vp,po)?, and p = (pq, po,
pr)?, with p; = (A, k)T, i = 1,2, pp = (Ar, ko)? solve (5.42)-(5.47)), and where X =
T

(X1, %2, Xr)T with X1 = V1, X2 = (Vo,P2)7, Xr = (Vr, Po)? and i = (fq, o, fip) T with

fiy = A1, fig = (A2, R2)T, fir = (Ar, Ro)T solve (5.54)-(5.60).
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5.5. A PRIORI ESTIMATE OF THE MODELING ERROR

In order to estimate (5.65)) from above, we have to establish upper bounds for xs —
X2, Xr — Xr and fty — o, pp — pp. This will be done in the sequel, where C' will denote a

generic positive constant not necessarily the same at each occurrence.

We apply the balanced truncation error bound (5.27)) to estimate the error due to the
reduction of the optimality subsystem corresponding to subdomain €2;. The error bound
applies when vgo) =0 and )\gT) = 0, which we will assume. This assumption can be relaxed

when a modification of balanced truncation is applied. See Remark in Section [5.2

In order to provide an estimate of the errors in the adjoint states, we make the following
assumption on the matrices A (), B(0), M(0) defined in (5.32)), (5.33b), and submatrices
corresponding to subdomain §2;. This assumption is satisfied under a proper spatial de-

composition of the problem as described in Section [5.3

(A1) The matrix B(#) € R™*"™ has rank m, the matrix M(0) € R™*" is symmetric positive
definite, and the generalized eigenvalues of (A(#), M(#)) have positive real part.
The matrix By € R™*™ has rank my, the matrix My; € R™*™ ig symmetric
positive definite, and the generalized eigenvalues of (Ai;,Mj;) have positive real

part.

The first part allows the application of Theorem The assumption on the submatrices
corresponding to subdomain §2; were needed for the application of balanced truncation

model reduction to the optimality subsystem (5.52/|5.53]).

Lemma 5.5.1 Let x = (x1,Xo,xr)?, where x; = (vi,pi)T , 1<i<2, xr=(vr,po)’,

and X = (X1, X2, Xr)7, where X1 = V1, X2 = (Vo,P2)7, Xr = (Vr,po)’.

If (A1), (5.26) and VEO) =0 hold and if x and X satisfy (5.42)), (5.44]), (5.46) and (5.54)),
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(5.57), , respectively, then

¢y =2||(BM~'BT)"'BM <2HM_1H A +1> l !
(0% ~
Xr

Vo — Vo
v — Vr
P2 — P2
Po — Po
where
v/ — u
=M
o ~
Xr
and

. 2
21—l < 2{ 5
«

\)

L2

L2

L2

< ¢y (0k+1 +- 4 O‘n), (5.66a)

<c¢p <0k+1 4+ 4 an>, (5.66Db)

L2

M Il + (14 + %) [(BMTBT) " BM |

(aHM*H ||AH+1)+1} l :F (0k+1+-~+an>. (5.66¢)

L2

Proof: We introduce an auxiliary state (vq,pi1) as the solution of

E% i g [V ) g [ O [ ut),  (5.67a)
p1(t) p1(?) Po(t) Ly
z1(t) = C1vi(t) + F1p1(t) + Fopo(t) + Dyu(t) — d(?), (5.67b)
2o ST, Vi) , (5.67c)
Ep,F(t) 131 (t)
M;%1(0) = vi¥, (5.67d)
Liu(0) = B;yM; v\ + B, rMp(6) v (9). (5.67e)
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5.5. A PRIORI ESTIMATE OF THE MODELING ERROR

Note that because the second row block in STy is zero (cf. (5.32) and (5.35¢)), we have

Zpr(t) = 0. (5.68)

This auxiliary system ([5.67) is almost identical to (5.49)), but has inputs v, pg instead
of v, pp. Thus the inputs for (5.67) and the reduced system ([5.54) are the same and we
can apply the balanced truncation error bound (5.27)) to this subsystem. The balanced

truncation error bound for this subsystem is

El — 21 u
Zol — ZoT <2(0p41+ ...+ 0on) vr (5.69)
Zp — ZpT 12 Po 12

We set ey = (v —V1, vo—Vo, VF—GF)T and ep = (p1—P1,P2— P2, po—ﬁo)T. It follows

from (5.49), (5.44), (5-46), (5.51) and (5.67), (5.57), (5.59), (5.56), (5.68) that (ey,ep)”

satisfies the system

s B I B I e I X s
ep(t) ep(t) 0
M(6)ev(0) =0, (5.70b)
where
0
gi(t) = 0
EU,F_/Z\U,F
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Applying Theorem to (5.70]) yields

V1 —61

. 2 |x1| = ~
Vo — Vo < a HM H ||ZU,F - ZU,FHL2 ,
v — Vr 2
P1— P1

_ _ _ 2 ||xx—1 ~ ~

P2 — P2 <[[(BMBT)"'BM™| (a HM H A + 1) |Zv,r — Zo,r|| 2 -
Po — Po 12

(5.71)

The estimates ([5.66f,b) follow from ((5.69) and (5.71)).
To prove (5.66c) we observe that (5.49p) and (5.67b) imply

|21 —Z1l 2 = 21 — Z1ll 2 + |21 — 21| 2

< (IC1llllve = villz2 + [F1llllpr — Pallz2 + [[Follllpo — Pollz2) + [[21 — Z1 |2 -

Together with (5.69) this implies ([5.66(). O

In order to provide an estimate of the errors in the adjoint states, we make the following

assumptions.

(A2) F; =0 and Fy = 0, i.e, the objective function J; does not depend explicitly on the

pressure.

(Ag) There exists a positive constant L; such that for all xo,x5,xp,x and all § € ©,t €
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5.5. A PRIORI ESTIMATE OF THE MODELING ERROR

[0, 7] there holds

|Vye(x2,xr,t,0) — Vyl(xh, xp,t,0)|| < Ly (“5X2H2 n H5XF|!2)1/2,
[Vpl(x2,xp,t,0) — Vpl(xh,xp,t,0)|| < LI(H5X2H2 n H5Xr||2)1/2,
I Vol(x2,xr,t,0) — Vol(xh,xp, t,0)] < LI(H5X2H2 n H(SXFHQ)I/27
where v € {vo,vr},p € {p2,po} and 0x3 := x9 — X5, OXp = Xp — X|..
(A4) There exists a positive constant v such that for all # € © and ¢’ with ||¢'|| <1

maX(llDeMzw)@’ll, I1DoMp (0)0'], | DgS2(0)6|], [ DeSr ()0,

[1DsS2r(0)6']], HD9N2(9)9’HHDeNr(9)9’H) <7

Lemma 5.5.2 Let x,X as in Lemma and p = (@, po, ), where

o= k)T 1<i<2 , pp = (Ar, k)"

and ﬁ = (ﬁ17ﬁ27ﬁF>T7 where ﬁl = Al ) ﬁ’? = (A27R2)T ’ l/'\l’F = (Al—‘a RO)T'

If (A1) — (As), (5:26) and A" =0 hold, and if x, p and R, fi, 71 solve (5.42)-(5.47) and
(5.54)-(5.60), respectively, then

A2 — Ao
~ < cy (0k+1 +-- 4 O’n), (5.72a)
Ar — Ar
L2
Ko — ;‘E;Q
< cp. (O’k+1 + -+ an), (5.72b)
Ko — I/‘E,o 12
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where
2| R 4
or=2 M 1o 3 i+ v + 2 (5 37|
(6 o a
st ) || ) e[ 2] ]
xr Kr
L2 L2
_ —1pT\—1 -1 2 |l=——1
¢ = ||BMT'BT) ' BM (EHM EXERY
o ™ iou+ 1) + o (G 3|
«@ «
N — u 7
om0 )] Jeel( )]
Xr KMr
L2 L2

Proof: As in the proof of Lemma we introduce an auxiliary adjoint state p; =

(A1, %1)T as the solution of

it i (t Ar(t cT
—E1% 10 =-5 0 Sir 0 L@, (5.73)
Ral(t) Ralt) Rolt) P
a(t) = KIx(t) + LT&.(t) - DTz, (1), (5.73D)
arr(t) i (t) U
= - st — z1(t), (5.73c)
an,l" (t) ’751 (t) Fg
M (T) = AP, (5.73d)
F7%,(T) = — ByM; ' ]AY — BirMp () 1A (). (5.73¢)

Note that due to F; = 0 the compatibility condition (5.43c) implies the compatibility

condition ([5.73€]).

Moreover, since the second row block in STy is zero (cf. (5.32) and (5.35¢)) and Fo = 0,

we have

qs,r(t) = 0. (5.74)
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5.5. A PRIORI ESTIMATE OF THE MODELING ERROR

The inputs for (5.73)) and the reduced system ([5.55)) are the same and we can apply the
balanced truncation error bound (5.27) to this subsystem. The balanced truncation error

bound for this subsystem is

q1 —q1 7z
dyr —dar < 2(0k+1 +--+ O’n> Ar (5.75)
an,F - an,l‘ 2 EO 12

We set ey = (A1 —Xl, A2 —Xg, Ar —XF)T and e, = (K1 — K1, K2 — Ra, ko —FRo)! . Observing

(5.43),(5.45),(5.47)), (5.56) as well as (5.73),(5.58)),(5.60)), (5.74) it follows that

—Eldi ex(t) _ _s0) ex(?t) N g1(t) e (0,T], (5.76a)
"\ ent) en(t) g:(t)
M(f)ex(T) =0, (5.76b)

where
*C{(Zl — /Z\l)
gl(t) = —VVQE(XQ,XFJ},@) + v;ze(ﬁg,ﬁp,t,e) ,
arr — Ay — Vepl(xe,xp,t,0) + Vg £(X2, X1, 1, 0)
—F{(Zl — /Z\l)
g2(t) = 0

—Fg (Z1 — /Z\l)
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5.5. A PRIORI ESTIMATE OF THE MODELING ERROR

Applying Theorem to ((5.76) and assumption (Ag) we obtain

A=A N
~ 2 ||a=—1 ~ arzr —aar
xR ||| =2 M7 (10— Bl + |||
~ Qk, I — Ak,
Ar — Ar L
L2
Vo — Vo P2 — P2
+ Ly + Ly ).
vr —Vr L2 Po — Po L2
(5.77)
Inequality (5.72h) follows using ([5.75)), (5.77) and Lemma
Application of Theorem to ((5.76) and using Assumption (Ag) also yields
K1 — IA‘.':l
_ _ _ N —
po— e || <[BMTBTBM| (M| 1a) + 1)
Ko — I?,() 12
. A\r —dar
(ICul 122 =7l + |||
qk,I' — 9k, 12
Vg — {’\2 P2 — ﬁ?
+ L + Ly )
vr=vr /|, Po—Po /|,
d . d o .
+C (I F1 (=22 + || Fo (21 — 21|z ) - (5.78)

Since F1 = 0, Fy = 0, inequality (5.72p) follows using (5.75)), (5.78) and Lemma [5.5.1] O

The preceding two lemmas lead to the following bound for the gradients of the objective

functions for the full order and the reduced order problem.
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5.5. A PRIORI ESTIMATE OF THE MODELING ERROR

Theorem 5.5.3 If (A1) — (Ay4), and (5.26) are valid, then there exists ¢ > 0 such that

~

IVIO) = VIO < ¢ (orer + - + ou).
where

Cg = {TL1+’Y +v9 (ex+cx) (Orp1 + -0 + Un)} (cv + ¢p)

Br

X2
+7 (ex+cx) + llull ¢,
r

X

with ¢y, ¢p, Cx, €k are the constants specified in Lemma[5.5.1] and[5.5.2,

Proof: The gradients V.J(0) and Vi (0) applied to an arbitrary 0 are given by

T
VJ(Q)Tg—/VQE(VQ,pQ,VF,po,t,Q)Té dt
0

T
N /T s (t) <D9P2<e>§> xa(t) - <D9Nz<e>é~> u®) |
o \ Ar(?) (DgPr(0)0) xr(t) — (DgNr(0)8) u(t)
T
VI(0)78 = / Vol(, Bo, V1 Bost, )70 dt
0
T
N /T s (%) (DyP2(6)0) (1) ~ (DoN(B)) u(r) |
5\ Ar(t) (DePr(6)0) %o (t) — (DgNr(0)0) u(t)
The estimate now follows from Lemmas and and Assumption (Ag). O

Under the convexity assumption ([5.63)) the bound (5.64) combined with Theorem m

gives the desired bound for the error in the solutions computed using the full and the

reduced order model.
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Corollary 5.5.4 If the assumptions of Theorem [5.5.5 hold and the convexity assumption

(5.63)) is valid, then there exists cg > 0 as specified in Theorem such that

~ c
16" =81 < Z(oms1 + - + ou).

5.6 Numerical examples

5.6.1 Shape optimization of capillary barriers in microfluidic biochips

We saw in Chapter [2|that the induced fluid flow in surface acoustic wave driven microfluidic
biochips is taken care of by an homogenization approach so that the resulting flow pattern,
called acoustic streaming, can be described by instationary compressible Stokes flow. We
refer to [10}, 12, [16], 49] for details. The performance of these biochips can be significantly
improved by an optimal design of the walls of the microchannels and the capillary barriers

between the channels and the reservoirs.

12¢ 1 12¢ 1
L 10 ) TTTITTIOS e p 10f------ . s p
e , | S e
6} 1 6} 1
4} 1 4} ]
2} ] 2} ]
Obos e U ]
) 5 10 0 5 10

Figure 5.1: The reference domain ¢ (left) and the optimal domain (right)
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5.6. NUMERICAL EXAMPLES

As a first step we consider incompressible Stokes flow in a network of microchannels
and reservoirs on top of a microfluidic biochip with capillary barriers between the channels
and the reservoirs that are designed to guarantee a precise filling of the reservoirs with the
DNA or protein probes. The objective is twofold: Firstly, we want to design the walls of
the barriers in such a way that a desired velocity profile v¢ is attained and secondly, we

want to minimize the vorticity V x v in some specific part of the network.

The computational domain Q C R? is displayed in Figure It is decomposed into
subdomains ©; = 2\ g, and Qo = {1.5,2.5} x {9,10}. The boundary 952 is decomposed
into Iy, = {0} x (9,10), Toue = {10} x (0,1), and Ty = 02\ (T'in U Tout)-

The data of the problem is chosen as follows. Assume f = 0 in Q x (0,7"), a Poiseuille
velocity profile viy((z1,22),t) = 4(z2 — 9)(10 — 22)(1 — 32¢)sin(t) on Ty, x (0,T), outflow
boundary conditions on I'gy X (0,7), and no-slip conditions on I'jy; x (0,7"). The objective
is to design the shape of the top I'; 7 and the bottom I'; g of 92y in such a way that a
prescribed velocity profile v is achieved in Q9 x (0,7) and the vorticity is minimized in
Qobs (four bulb-shaped structures in Figure . We use a parametrization 5(6) of Q9 by
means of the Bézier control points 8 € R*, k = ky + kg, of Bézier curve representations of
I’y and I'y g, where k7 and kp refer to the number of control points for I'y 7 and I' p,

respectively. The shape optimization problem amounts to the minimization of

T T

J(Q):/ / va(:c,t)]zd:z:dt—i—/ / Iv(z,t) — v¥(z,t)|*dxdt

0 Qobs 0 Q (9)
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5.6. NUMERICAL EXAMPLES

subject to the Stokes equations

Vo, t) — pAv(z, t) + Vp(z, t) = £(z, b), in Q(0) x (0,7),
Vov(z,t) =0, in Q) x (0,7),

v(z,t) = Vin(z, 1) on Tin % (0,7),

v(z,t) =0 on I'ae % (0,7),

(uVv (e, t) — plz,t)])n = 0 on Tou x (0,T),

v(z,0) = 0 in Q(0)

and design parameter constraints
Omzn S 0 S Hmaar’

where p = 1/50 and T = 15. The bounds #™™, §™ on the design parameters are chosen
such that the design constraints are never active in this example. We use kr = 6,kp = 6
Bézier control points to specify the top and the bottom boundary of the variable subdomain
Q5(0) with the respective first and last control points being fixed. The desired velocity v? is
computed by specifying the optimal parameter 8* and solving the state equation on Q(6*).

The optimal domain Q(6*) is shown in Figure

We consider a geometrically conforming simplicial triangulation 7;,(£2) of the reference
that aligns with the decomposition of §2 into the subdomains €2; and €29 as well as the
respective boundaries. The discretization in space is taken care of by P2-P1 Taylor-Hood
elements. For details we refer to Appendix [B| For D C Q, we denote by Ny (D), Npn(D)
the set of velocity and pressure nodal points in D. We use the domain decomposition

methodology as before and set N‘(,'jiof = card(Ny 1 (2 \ I'1v)), v = 1,2, and Nifj}" =
card(Ny »(I'rv)) so that Ny 405 = N‘(,}éof + N‘(fc)lof + N‘l:il’;’f is the total number of velocity

degrees of freedom. Similarly, Np4or = Nzg,la% of T Nsd) of is the total number of pressure
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5.6. NUMERICAL EXAMPLES

degrees of freedom.

We use automatic differentiation [54] [100] to compute the derivatives with respect
to the design variables 6. The semi-discretized optimization problems are solved using
a projected BFGS method with Armijo line search [7I]. The optimization algorithm is
terminated when the norm of projected gradient is less than ¢ = 107%. The results in
Figure right) and Figures [5.2 and Table were generated using the finest grid

i.e., grid 4 with Ny 405 = 16806. We will explain them as we go along.

We use the multishift ADI method [62] to solve the projected Lyapunov equations. We
use four shifts in the ADI method which were computed as in [62]. Figure shows the
largest Hankel singular values. For the model reduction, we select those Hankel singular
values o;, with o; > 1073¢7. The threshold 10730y is indicated by the solid line in
Figure (left). In this case only twenty-nine Hankel singular values and corresponding
singular vectors determine the reduced order model for the velocities in €2;.

2 10" feeeeoceecs
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107
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Figure 5.2: The left plot shows the largest Hankel singular values and the threshold 10 3¢.
The right plot shows normalized residuals [62] generated by the multishift ADI for the
approximate solution of the controllability Lyapunov equation (o) and of the observability
Lyapunov equation (x)

In order to test our model reduction routine we compare full and the reduced order
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5.6. NUMERICAL EXAMPLES

semi-discretized integrand

0(00,t) = / IV x v(z,t)2dx + / Iv(z,t) — vi(z,t)|?dz

Qobs Q2(6o)
as a function of time ¢ for the initial value of the design parameter 6y. Note that J(0) =
fOT £(0) dt. Figure displays the results obtained. The full and reduced order models are
both in excellent agreement, which is expected given the theoretical a priori error bound
for the balanced truncation model reduction.
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Figure 5.3: Time response for the full (circle) and the reduced (solid line) integrand £(6p)
for the initial configuration (= reference domain Figure [5.1](left))

Table displays the sizes of the reduced and the full order problems (in degrees of
freedom (dof)) for an initial coarse grid and three levels of refinement. We observe that

the size of the reduced order model is nearly independent of the grid size.

The optimal shape parameters 8* and o computed by minimizing the full and the
reduced order model, respectively, are shown in Table For the finest grid problem, the

error between full and the reduced order model solutions is ||#* — §*||2 =8.0751-1073.
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grid
number | m N‘%Of Ngc)lof Ny dof | N+ dof
1 149 | 4752 23 4862 133
2 313 | 7410 25 7568 183
3 361 | 11474 26 11700 252
4 537 | 16472 29 16806 363

Table 5.1: The number m of observations in €21, the numbers N‘(,l;O £ Nélc)lo 7 of velocity
dof in © (full and reduced order), and the numbers Ny gor, N 405 of velocity dof in  (full

and reduced order) for four discretizations

0% | (9.8987, 9.7510, 9.7496, 9.8994, 9.0991, 9.2499, 9.2504, 9.0989)
6% | (9.9026, 9.7498, 9.7484, 9.9021, 9.0940, 9.2514, 9.2511, 9.0956)

Table 5.2: Optimal shape parameters 8* and o (rounded to 5 digits) computed by mini-
mizing the full and the reduced order model

The convergence histories of the projected BFGS algorithm applied to the full and
the reduced order problems are shown in Figure [5.4l Except for the final iterations, the

convergence behavior of the optimization algorithm applied to the full and the reduced

order problems is nearly identical.
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Figure 5.4: The convergence histories of the projected BFGS algorithm applied to the full
(+) and the reduced (o) order problems. Left: Objective functionals. Right: Projected
gradients.
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5.6.2 Shape optimization of aorto-coronaric bypass

In this subsection we consider yet another application of the techniques developed in pre-
vious sections to a challenging real life problem. The problem considered is motivated by
[2], where an optimal configuration of a 2D aorto-coronaric bypass is obtained and the
optimal shape obtained looks like a Taylor patch by minimizing the vorticity in the region

of interest.

Consider an arterial bypass bridge configuration shown in Figure The dotted region
marked (left) and shown separately in Figure (right) represents the geometry of the
complete anastomosis. The angle between the bypass bridge and the main vessel is called
the graft angle. In our optimization problem only the top curved boundary in Figure [5.5
(right) is subject to change during optimization and is the characteristic Bézier curve,

characterized by the control points 6.

y y
bypass bridge
N _ >
i occlusion | P | R
main vessell ! ! 1 1
1 1 X 1 1 X
0 0

Figure 5.5: Arterial bypass bridge configuration (left), interesting region with respect to
shape optimization (right), only top curved boundary (right) is subject to change during
optimization.

The computational domain  C R? is displayed in Figure Note we assume that
the graft angle is equal to zero. It is decomposed into subdomains ©; = Q \ Q2, and

0y = {-1.0,0} x {0,1.5}. The boundary 052 is decomposed into 'y, = {—3} x (1,2), Loy =
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{4} x(0,1)UTops, and Tjay = O\ (T'in UT out ), where s = {—3} x (0,0.8) is the occlusion

wall.

-3 -2 -1 0 1 2 3 4 93 -2 -1 0 1 2 3 4

Figure 5.6: Reference (left) and optimal (right) aorto-coronaric bypass

The data of the problem is chosen as in [2]. Assume f = 0 in Q x (0,7), a Poiseuille
velocity profile viy((z1,22),t) = 0.475(x2 — 1)(2 — x2)(1 — t)sin(3t) which is pulsatile in
nature with a period T' = 1s (heart beat) on I'i, x (0,7), outflow boundary conditions on
Tout % (0,7T), and no-slip conditions on T',; x (0, 7). The input velocity v is chosen so
that the Reynolds number Re has the order 103, the mean Reynolds number is 1250, the

maximum is 2500. For details we refer to [2].

The objective is to design the shape of the top I'y v with I's p fixed of 023 in such a
way that a prescribed velocity profile v¢ is achieved in € x (0, T') and the velocity is equal
to zero on T'ohs. We use a parametrization Q9(0) of Q9 by means of the Bézier control
points 6 € R* k = kp + kg, of Bézier curve representations of I'y7 and I'y g, where kr
and kp refer to the number of control points for I'; 7 and I'g g, respectively. The shape

optimization problem amounts to the minimization of

J(O):/T/ v(a:,t)dedH/T / |v(z,t) — vi(z,t)|?dzdt

0 Tobs 0 Q(6)
subject to the Stokes equations as in the previous subsection and design parameter con-

straints

emin S 0 S Hmax’
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where ;1 = 4 - 1075m?/s is the blood kinematic viscosity. The bounds ™", 0™ on the
design parameters are chosen such that the design constraints are never active in this
example. We use kp = 5, kg = 1 Bézier control points to specify the top and the bottom
boundary of the variable subdomain 5(6) with the respective first and last control points
being fixed. The desired velocity v? is computed by specifying the optimal parameter 6*

(which is chosen according to the optimal shape obtained in [2]) and solving the state

equation on ©(6*). The optimal domain Q(6*) is shown in Figure

Again automatic differentiation is used to compute the derivatives with respect to the
design variables 6. The semi-discretized optimization problems are solved using a projected
BFGS method with Armijo line search [71]. The optimization algorithm is terminated when

the norm of projected gradient is less than e = 1076.
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s N
10 = 10’2 o
QN) »*
-10 = o
10 g o
o 4 3
-15 210 3
10 B s
3 8
-20 $ o;
10 “F @ 10’6_ 8;;""”""‘
o
»
107} ] o
8 . . . . .
107% X X . . . 105, 10 20 30 40 50 60
0 500 1000 1500 2000 2500 3000 Iteration
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Figure 5.7: The left plot shows the largest Hankel singular values and the threshold 10~ %¢.
The right plot shows normalized residuals [62] generated by the multishift ADI for the
approximate solution of the controllability Lyapunov equation (o) and of the observability
Lyapunov equation (k).

We use the multishift ADI method [62] to solve the projected Lyapunov equations. We

use four shifts in the ADI method which were computed as in [62]. Figure shows the
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largest Hankel singular values. For the model reduction, we select those Hankel singular

values o, with o; > 107857. The threshold 10~804 is indicated by the solid line in
Figure (left).

Table displays the sizes of the reduced and the full order problems (in Degrees of

Freedom (dof)).

grid
number | m Nx(/i)iof Nélc)lof Ny.dof | N3 doy
1 251 | 27554 815 32226 | 5487

Table 5.3: The number m of observations in €21, the numbers N\(,lc)lo £ Nélc)lo y of velocity
dof in ©; (full and reduced order), and the numbers Ny 407, Ng q05 of velocity dof in €2 (full
and reduced order)

The optimal shape parameters 6* and o computed by minimizing the full and the
reduced order model, respectively, are shown in Table The error between full and the

reduced order model solutions is ||6* — 5*”2 =4.5-1073.

6* | (1.00, 1.2148, 1.2668, 1.3646, 1.00, 0.00)
6* | (1.00, 1.2179, 1.2675, 1.3679, 1.00, 0.00)

Table 5.4: Optimal shape parameters 8* and o (rounded to 5 digits) computed by mini-
mizing the full and the reduced order model

The convergence histories of the projected BFGS algorithm applied to the full and the
reduced order problems are shown in Figure The convergence behavior of the opti-

mization algorithm applied to the full and the reduced order problems is nearly identical.
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Figure 5.8: The convergence histories of the projected BFGS algorithm applied to the full
(4+) and the reduced (o) order problems. Left: Objective functionals. Right: Projected
gradients.

5.7 Concluding remarks

In this chapter, we have integrated domain decomposition and balanced truncation model
reduction for the numerical solution of a class of shape optimization problems governed by
the Stokes equations. This approach can be applied when only small part of the overall
domain can be modified by the optimization. Our approach leads to a reduced optimization
problem with the same structure as the original one, but of potentially much smaller
dimension. We have derived an estimate for the error between the solution of the original
optimization problem and the solution of the reduced problem. The estimate is largely
determined by the balanced truncation error estimate. The approach can be easily extended
to shape optimization problems governed by the Oseen equations or the linearzed Navier-

Stokes equations, linearized around suitable steady flows.
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CHAPTER O

Reduced order modeling based shape optimization of microfluidic

biochips

In this chapter we provide a detailed documentation of simulation results for the microflu-
idic biochips that illustrate both the validity of our model as well as the feasibility of the

model reduction based optimization.

Using the notation from previous chapters and denoting by 6* and 0* the optimal de-
signs obtained for the full and the reduced order model, respectively, under the assumptions

that .J is strictly convex, J; does not depend explicitly on the pressure p, and some further

assumptions, Corollary gives

107 =011 < %2 (ons1 + -+ 0m). (6.1)
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(Note: The error estimates derived in Chapter [5[ hold for biochip systems as well) where
012> ...2 0% > 0kt1+...+0n > 0 are the Hankel singular values provided by BTMR for

the Q) optimality subsystem and ¢, is the constant from Theorem [5.5.3]

6.1 Numerical results

In actual numerical simulations of acoustic streaming, we consider (2.12a))-(2.12¢) in di-

mensionless form according to

VT dvy VT?

T% - ?(ﬁlAVI + ﬁQV(V . Vl)) + Vpl =0 in Q x (O,TlL (62&)
L3 dp .
C%VTS E +V-vi=0 in © x (O,Tl], (62b)
T d
val = d—ltl on'p x (0,71] , omn=0 on I'y x (0,71], (6.2c)
Vl('a 0) =0 ) p1<70) =0 in Q? (62d)

where the parameters and their meanings are shown in Table [6.1] Similarly, the dimen-

sionless form of (2.18a))-(2.18¢) is as follows:

VT d VT? .
T% — ?(ﬁlAVQ + I;QV(V . VQ)) + Vpg = <f’U> in ) x R+, (63&)
V-ve={(fp) inQxRy, (6.3b)
vo={((Vvi)u) onI'p xRy , oan=0 on 'y x Ry, (6.3c)
vo(,0)=0 , p2(-,0)=0 in Q, (6.3d)

where
V2T2 L2
f, = ——5—(V-vi)vi+ (Vvi)vi, fp =73V (m1v1).
L T=cg

We note that (f,) represents the time averaged sound velocity in the fluid which is com-

monly referred to as the effective force.
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Parameter | Value and units Description

V 1.0-107 ' m/s Dimensionless velocity scale

L 1.0-107" m Dimensionless length scale

T 1.0-1078s Dimensionless time scale

f 1.0-10° Hz Frequency of the SAW device

co 1.484-10% m/s Small signal sound speed in water

p 1.0-10% kg/m3 Density of liquid

U 1.0-107? m Maximal SAW displacement

Cy 8.06 - 10% 1/m Damping parameter of the LSAW

7] 1.002 - 1076 m2/s | Kinematic viscosity of water

vy 1.002 - 1076 m? /s | Kinematic bulk viscosity of water
Table 6.1: Numerical and physical parameters for the numerical simulation of acoustic
streaming

In Subsection we model part of a microfluidic biochip with a square domain
which acts as a fluid-filled cavity. The main purpose of this subsection is to validate our
implementation using the numerical example 6.1.1 from [75] as a benchmark. The purpose
of Subsection is twofold: Firstly, we simulate a simplified biochip geometry used for
experimental measurements in [41]. Secondly, we compare the results with those obtained
by a reduced order model using BTMR. Finally, in Subsection we discuss the model
reduction based shape optimization of a capillary barrier using DDBTMR, combined with

a gradient type minimization algorithm.

6.1.1 Fluid-filled cavity

In this subsection we model parts of a microfluidic biochip with a square domain which
acts as a fluid-filled cavity. The main purpose of this subsection is to validate our imple-
mentation using the numerical Example 6.1.1 from [75] as a benchmark. We consider a

fluid-filled square cavity Q = [0, 1 mm]? with SAW displacements u = (u1, us)? prescribed
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at the bottom by

uy(t, 21) = 0.6€ exp(—Cyz ) sin(2m (—kz1 + ft)),

ug(t, x2) = —eexp(—Cyx) cos(2m(—kay + ft))

with parameters € = ug/L , Cy=CyL , k= L/\, f = fT, where \ = 24 wm is the SAW
wavelength (cf. Table . The velocity vi is set to zero on the other three boundaries.
The SAW propagates from left to right with exponential attenuation. The fluid is assumed
to be initially at rest, i.e., vi = 0,p; = 0. We use P2-P1 Taylor-Hood finite elements for

discretization in space and the Crank-Nicolson scheme for discretization in time.

We iterate until a periodicity condition for the pressure is fulfilled at some time t.,q4:
We first compute pressures for k£ time steps. Then, we choose an offset number of time
steps m = 5—:1 where w = 27 f and 7 = 0.1 denote the angular frequency and the time
step size. We vary n from m to k and stop as soon the periodicity condition

1 & @) (i-m)
m Z P P

t=n—m

JIp$Ml e < e
L2

is satisfied. Otherwise, we go back and increase k. We assume that the iteration stops for

some n = N which implies t.p,q = 71 N.

Figure displays the computed pressure at ¢ = 1.25 us (left) and the associated
velocity field vo (right). Both coincide well with experimental measurements reported in

I75].

6.1.2 BTMR of a microfluidic biochip

A simplified biochip geometry as used for measurements in [41] is shown in Figure

(left). The IDT is placed at 7 = 0 aligned with the top wall of the biochip. Since the
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x 10'3 Pressure at time t = 125x10%s x107°

- 2er05 s

Figure 6.1: Fluid-filled cavity: Pressure at t = 1.25 pus (left) and Velocity field vy in m/s
(right)

Pressure at ime t = 100x10°%s
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Figure 6.2: Typical biochip geometry (units in m) (left) and pressure at teng = 1.0 us
(right)
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width of the IDT is 0.6 mm, we set Iy, = {0} x (9.4,10) mm?2. The function u describing

the SAW excitation on I';, is chosen according to

uy(t, z1) = 0.6esin(2m(—kz1 + ft)),

ug(t, x1) = —ecos(2m(—kz1 + ft)),

where the constants are the same as in Subsection We further choose I'oyt =
{10} x (0,1) mm? which ensures the uniqueness of the pressure for the acoustic streaming
subproblem. On 'y = 92\ (T'in U Loyt ), the velocity is set to be zero. The geometry and
the IDT specifications are exactly the same as in the experimental measurements performed

in [41].

As a first task, we solve the acoustic subproblem . We iterate from ¢ = 0 to
tend = 1.0 ps with time step 71 = 0.1. Figure (right) shows the computed pressure at
teng which is in excellent agreement with the measurements in [41]. The solution (vq,p1)
is used to generate the right-hand side and the boundary data for the acoustic streaming

subsystem ((6.3)) which is solved from ¢ = 0 to ¢t; = 0.1 ms.

The second task is to apply BTMR to the subsystem (6.3) observing the vorticity
output in some part of the domain. More specifically consider that the output is the mean
of the integral of the curl of the velocity

z(t) = / Vxvydr , Qops = (1.5,2.5) x (9,10) mm? (6.4)
Q

obs

in some part s of the domain. The semidiscretization of this problem leads to a system

(5.12), where the inputs u in (5.12h) correspond to the inputs u in (6.3c) and the outputs
z in (5.12¢) correspond to (6.4). This is a simulation problem and BTMR as described

in [62] can be applied directly. No domain decomposition or optimization is involved yet.

The purpose of this numerical example is to explore the potential of BTMR. for the shape
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optimization problem.

0

10
10° ‘*“*‘,
107 ‘*“‘u grid Ny N, P Ny

T, 1 7770 1223 25
. 2 11334 1716 26

o 3 32818 4617 31
107 ‘*““ 4 132506 17607 35
107 . ' . . .
0 10 20 30 40 50 60
Hankel singular values

Figure 6.3: Left: The largest Hankel singular values and the threshold 10~'2¢y for the

fine grid problem. Right: The degrees of freedom Ny, N, for the velocity and the pressure
in the full order model and the degrees of freedom Ng for velocity in the reduced order
model for four different grids.

We apply BTMR to semi-discretizations of on several grids, where ‘1’ refers to the
coarsest grid and ‘4’ refers to the finest grid. Figure [6.3] shows the largest Hankel singular
values for problem on the finest grid. We note that the computed velocity obtained from
the full order model on the finest mesh is of the order 10~* m/s which is the same as
obtained in the experimental results in [4I]. For BTMR, we truncate the Hankel singular
values by selecting the smallest index k for which 031 < 107'2¢y. The threshold 10120
is indicated by the solid line in Figure (left). The truncation level 10720y is small
compared to what one usually sees in the literature for BTMR. This truncation level is
motivated by the shape optimization problem discussed in the next subsection and by the
scaling of the problem. In this section a coarser level could have been used, but we chose

10201 to be comparable with the results in the next subsection.

The table on the right in Figure shows the numbers N, and N, of velocity and

pressure degrees of freedom (dof) for the full order models generated with the four different
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grids. The same table also shows the velocity degrees of freedom Ny in the reduced order
model (5.24). In particular, we see that BTMR is very effective and dramatically reduced

the size of the system.

To illustrate the BTMR error bound (5.27h) we show the time domain response of the
output z for the full order model and z for the reduced order model in Figure As
predicted by the theory, the reduced order model approximates the full order model very
accurately.

. 10-5 Time Domain Response

o full
=1f —reduced

0 0.2 0.4 0.6 0.8 1 12

Time %107

Figure 6.4: Time response for the full (circles) and for the reduced order model (solid line)

6.1.3 DDBTMR applied to shape optimization of capillary barriers

We consider fluid flow described by subsystem in a network of microchannels and
reservoirs on top of a microfluidic biochip with capillary barriers between the channels and
the reservoirs that are designed to guarantee a precise filling of the reservoirs with the
DNA or protein probes. The objective is twofold: Firstly, we want to design the capillary

barriers in such a way that a desired velocity profile v¢ is attained, and secondly, we want
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I — 2 N I S e

0.01

0.01

Figure 6.5: The reference domain Q¢ (left) and the optimal domain (right)

to minimize the vorticity V X v in some specific part of the network.

The computational domain Q C R? is displayed in Figure It is decomposed into
subdomains Q1 = Q\ s, and Qp = (1.5,2.5) x (9, 10) mm?. The boundary 0 is split into
Iin = {0} x (9.4,10),Tout = {10} x (0,1) mm?, and I'jy; = 0Q \ (T'in U Tout). We assume
that an IDT of width 0.6 mm is placed at I'j, and that the input velocity profile (u,uz) is
the same as in Subsection The forces (f,, fp) in Q x (0,T") are computed by solving
the acoustic subproblem for 0 = tg <t < tepg = 1 ps with step size 71 = 0.1 and
is equal to the right hand side in —b). We further choose a constant velocity profile
Vin(21, z2) on Ty x (0,7) as given by ), outflow boundary conditions on gy x (0, 7)),
and no-slip conditions on I'ly; x (0,7"). The objective is to design the shape of the top I'y 7
and the bottom I'; g of 9€) in such a way that a prescribed velocity profile v? is achieved
in Q2 x (0,7) and that the vorticity is minimized in Qs (two bulb-shaped structures
associated with the lower reservoir in Figure . The subdomain €29 is parametrized

by Bézier curves representing the top (I'z7) and bottom (I'z p) boundaries with Bézier
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control points 7 and ¢p, respectively. This leads to a parametrization Q9(0) of Q9 with

parameters 0 € R7T5. We use {7 = {5 = 6.

The shape optimization problem amounts to the minimization of

tend tend
J(Q):/ /\va(ac,t)|2da;dt+/ / (o, t) — vi(o, O)Pdedt  (6.5)
0 Qobs 0 92(0)

subject to subsystem (6.3|) and design parameter constraints
emin < g < gmaz

where te,g = 0.1 ms. The bounds 6™ ™% on the design parameters are chosen such

that the design constraints are never active in this example. The optimal domain Q(6*) is

shown in Figure

We consider a geometrically conforming simplicial triangulation 73(£2) of € that aligns
with the decomposition into the subdomains €21 and 29 as well as the respective boundaries.
The semi-discretization in space is performed as described in Subsections and
Appendix Let N‘(,l), N‘(,Q), Nl be the number of velocity degrees of freedom in the
subdomains Q1 \T', Q5 \ T and in T', respectively, and set Ny = N\(,l) +N\(,2) +NL. Similarly,
let Nél), N,SQ) be the number of pressure degrees of freedom in the subdomains Q1, Qs and

let N, = Nél) + N]§2) be the total number of pressure degrees of freedom.

We solve the semi-discretized optimization problems using a projected BFGS method
with Armijo line search [71]. The optimization algorithm is terminated when the norm of
the projected gradient is less than € = 2 - 1078, We use automatic differentiation [54} [100]

to compute the derivatives with respect to the design variables 6.

As before, the BTMR of the optimality subsystem is computed using the approach

described in [62]. For BTMR, we truncate the Hankel singular values by selecting the
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-25 . . . . . .
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Figure 6.6: Left: The largest Hankel singular values computed for the fine grid problem
and the threshold 10~'?¢. Right: The number of observations m, the numbers N\(,l), Ny
of velocity degrees of freedom in subdomain €2; and in €2, respectively, for the full order

model, and the number Nél), N3 of velocity degrees of freedom in subdomain €2; and in

Q, respectively, for the reduced order model.

smallest index k for which o3 < 107*201. We apply DDBTMR to semi-discretizations
generated using four grids. Figure shows the largest Hankel singular values computed
for the fine grid problem. The threshold 10~!?¢ is indicated by the solid line in Figure
(left). The table in in Figure |6.6] shows the sizes N, Ny of the full order models on the
four grids as well as the sizes Nél), Ny of the reduced order models in subdomain 2, and
in . Note that we apply BTMR only on subdomain €. For the fine grid, BTMR reduced
the size of the €} subproblem from N‘(,l) = 48324 to N\A(Il) = 766. The velocity degrees of
freedom in 23 UT" are not reduced. On the fine grid these are N‘(,2) + NI = 914. Therefore,

the reduced order problem has Ny = 914 4 766 = 1680 degrees of freedom.

We notice that the reduction by BTMR is not as large as the one reported for the
simulation problem in the previous subsection. There are two reasons for this. One reason
is that in the simulation problem reported in the previous subsection we had only one ob-
servation. Now the observations are determined by the semi-discretization of V x v(x,t),

x € Qobs, See (6.5). Thus the number m of observations is determined by the degrees of
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freedom in Q.ps. The second reason is that the subsystem corresponding to €2y involves
auxiliary inputs and outputs that are determined by the interface conditions between sub-
domains 1 and 2. Thus, the number of inputs and outputs for the subsystem corresponding
to 4 is larger than they were in the example problem discussed in the previous subsection.
Therefore, the reduction achieved by BTMR on the £2; subsystem is less. Of course, since
the Q9(0) subsystem is not reduced, this problem size will also determine the size of the

coupled reduced order problem, indicated by Ng.

The constant ¢, in the estimate (6.1]) or the error between the optimal design parameters
computed by the full and the reduced order problems, respectively, depend on quantities
like v in Theorem ii), derivatives of A(6) with respect to 6, etc., which in turn depend

on the application data given in Table In particular using Theorem [5.5.3]

~

Cqg = {TLl + Y
Hr

+v (ex+ew) (Ok41 + - + Jn)} (co +¢p)

X2
sy extas |||+ s
I

X

with ¢y, ¢p, ¢y, ¢ are the constants specified in Lemma and . Here ~ is the
bound over the matrix norm of the derivatives of A(#), etc., with respect to . Numerical
experiments indicate that for the current scaling of the problem, the constant ¢, in the
estimate is large, for example, for the finest grid o € (—107%,-107%), ||A|| = 1072,

| DA (0)|| = 10~2. Under the current scaling of the problem Lemma and implies

~
~

K

[N o~ Al

~
) P

~ ||DpA (60
A N NI

then

o~ AP [IDeA(6)]

; € (10%,10%).

a3
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Therefore, we require a rather small truncation level of o4; < 107207 for the Hankel

singular values.

The optimal shape parameters #* and o computed by minimizing the full and the
reduced order model, respectively, are shown in Table For the finest grid, the error

between the full and the reduced order model solutions is ||§* — 6% = 3.9165 - 1075.

0% (9.8833, 9.7467, 9.7572, 9.8671, 9.1336, 9.2015, 9.1971, 9.1310)x 103
0*  (9.8694, 9.7374, 9.7525, 9.8628, 9.1498, 9.2044, 9.1895, 9.1204)x 103

Table 6.2: Optimal shape parameters 8* and o computed by minimizing the full and the
reduced order model
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Conclusions and future work

For shape optimization problems, we have developed an adaptive multilevel interior-point
method of barrier type featuring a predictor-corrector continuation method with an adap-
tive choice of the barrier parameter along the barrier path. The predictor relies on a nested-
iteration type tangent continuation, and the corrector is a Newton-multigrid method for
the KKT system. Despite the fact that this approach leads to a considerable reduction
in the computational work compared to more standard optimization strategies (see Chap-
ter , the amount of computational time is still significant, and there is a need for further
reductions. This goal can be achieved by model reduction-based optimization methods

using reduced order models for the underlying state equations (see Chapters {4H6]).

We have integrated domain decomposition and model reduction for systems governed
by time dependent advection-diffusion with small localized nonlinearities and the Stokes
system in Chapters [4] and [f] respectively. In our case, nonlinearities arise from the depen-

dence on the design variables.
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We have proven estimates for the error between the solution of the original and the reduced

order problem. These error estimates depend on balanced truncation error estimates.

Reduced order modeling based shape optimization for microfluidic biochips is presented
in Chapter [6] where the theoretical error estimates derived in Chapter [f] for the Stokes
system still apply in the original form. The results obtained are in good agreement with
experimental measurements. Two more challenging real life applications are presented in
Chapters [4] and In Chapter [, we compute the optimal configuration of a 2D aorto-
coronaric bypass, and in Chapter [4] we reduced river pollution using our technique applied

to an optimal control problem.

Our approach presented in Chapters [@H6] can be extended in various ways. It is possible
to admit localized nonlinearities in the PDE, such as those considered in [I08], [109]. Using
model reduction techniques for nonlinear systems such POD (see e.g., the overview [64])
or extensions of balanced truncation to nonlinear systems [76] one can apply our approach
to nonlinear PDEs. However, currently no a priori error estimates exist for these model
reduction techniques and, consequently, no estimate for the error between the solution of

the original optimization problem and of the reduced problem can be obtained.

One of our future goals is to improve the understanding and the analysis of nonlinear
model reduction. Also, we think that we can simultaneously reduce the discretization
error and the model reduction error by space-time adaptivity relying on time-like and
space-like error indicators and model adaptivity by means of associated weighted residuals.
The error indicators can be derived by the goal-oriented dual weighted approach well-
known from adaptive finite element methods for PDEs and for PDE constrained optimal
control problems [5]. Later on, we would like to replace BTMR by other model reduction

techniques such as POD or reduced basis methods. The error estimates in [I4] [15] hold
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for all parameters and thus make our reduced order models interesting for probabilistic

analysis/optimization under uncertainty as well.
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APPENDIX A

Auxiliary Lemmas

Lemma A.1.1 Let A€ RVN and B € RV*™, [f there exists o > 0 such that
viAv < —a|v|? Vv eRY, (A.1)
then the solution of
Y'(t) = Ay(t) + Bu(t), t€(0,7),  y(0)=yo (A.2)

obeys

V2 2||l”>’||

V32
HYHL2<\/>HYOH+ ||Bu||L2<\/>||y ol + ——llullz2.
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Proof: We multiply the differential equation (A.2) by y(¢)” to obtain

%%Hya)n? =y(t)" Ay(t) + y(1)" Bu(t)
< —ally®)]* +y ()" Bu(t).

If we multiply the previous inequality by exp(at) we arrive at

- (eXly@)]%) < 2e*y(8)" Bu(r).

Integration from 0 to t gives

t
ly@®)I* < ™ [lyol|? +/O 2¢° Dy (r)" Bu(r)dr

and integrating the above inequality from 0 to T yields

T T T t
/O ly@®IRdt < /0 et gt lyoll? + /0 /O 26y (1) Bu(r)drdt
1_e—aT T T
THyOHZ—f— /0 / 2Tt y(r) T Bu(r)dr
T

1-— e_aT 2(1 — eo‘(T_T)
— gl [ 2R ) Butrr

IN

1 ) T2
< SlvolP+ [ 2 Iy 1Ba)lr

A

1 2 Tl 2 2 2
ol + [ Sy @I + 5 Bu(r) ar

IN

which implies the desired inequality.

Lemma A.1.2 Let M € RN be symmetric positive definite, A € RN*N and B €

RNX™  [f there exists o > 0 such that vIAv < —avI Mv for all v € RY, then the

solution of

My'(t) = Ay(t) + Bu(t), te (0,T)
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with y(0) = yo obeys

2||M i

_ V2AMTY M

I¥l122 < ool + T

|Bu| 2

Proof: If we multiply (A.3) by M~/ and apply Lemma to the resulting system

we obtain the estimate
2 2
M2yl < Y2250l + 2 2Bl
This implies

yllze = [|M™2MY 2y | 2

1/2 —1/2
\[H/\Vlf ” HM1/2 ” 2H/\/la||”M_1/QBUHL2
V2I M2 M2 9 -

< A o)+ 2o
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Implementation of DD Stokes

B.1 Model problems

We consider the following model problem

av—Av+Vp=f in Q, (B.1a)
V.v=0 in Q, (B.1b)
(Vv—plin=0 on Loy, (B.1¢c)
v=g on iy, (B.1d)

v=0 on 00\ (I'in, U Lout), (B.1e)
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where & > 0. The problem (B.1) with « > 0 arises as a subproblem in time stepping
methods for the time dependent Stokes equation. In this context, « is determined by the

time step size.

The weak form is given by
/av-q,bdw+/Vv:V«/:daz—/pV-z/de:/f@bdac Y eV, (B.2a)
Q Q Q Q
/V-vgb dzx =0 € L*(Q), (B.2b)
Q

where V.= {ve H(Q) : v=00n 90\ Tou}. The Stokes equation (B.2) has a unique

solution (v, p) € H(Q) x L*(Q).

We assume that the domain 2 is decomposed into three subdomains as shown in Fig-

ure The interface between subdomains §2; and €241 is denoted by I'; j+1 = Q;N Q4.

Fin Ql QQ QB Fout

Figure B.1: Example domain

Now we consider the following Stokes equation on subdomain 1.

av—Av+Vp=f in 4, (B.3a)
V.v=f in Oy, (B.3b)

v=g on i, (B.3c)

v =vr on Ty, (B.3d)

v=0 on 901 \ (T, UTq9), (B.3e)
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The weak form is given by

/av-d)d:c—k VV:V'zpdx—/
Ql Q1

pV -1 daz:/ f-opde € H)(Q), (B.da)
Q1

951

V-vode= [ fode ¢ecL?Q). (B.4b)
Ql Ql

From (B.4p) we obtain (for sufficiently smooth ¢)

fqﬁdx:/ V'vqbda::/ v-nd)ds—/ v - Vo dx,
Q4 951 o 951
which for ¢ = 1 gives the compatibility condition
fdx:/ g-nds+/ vr - n ds, (B.5)
9 Tin INP

which must be satisfied to guarantee the existence of a solution. If (B.5) is satisfied, then

the Stokes equation (B.3]) has a unique solution (v, p) € H*(Q1) x L3(€2y).

For the following Stokes equation on subdomain 2 a similar result holds.

av—Av+Vp=f in Oy, (B.6a)
V.v=Ff in Qy, (B.6b)

v=vr on I'1o U T9g, (B.6¢)

v=0 on 09 \ (I'12 UTs3). (B.6d)

If the compatibility condition

f dx = / vr - n ds (B.7)
Q9 T'12UlM23

is satisfied, then the Stokes equation has a unique solution (v, p) € H!(23) x LZ(Qs).
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Since the subdomain 3 subproblem

av—-—Av+Vp=f in Qs, (B.8a)
V.v=f in Qs, (B.8b)
(Vv—pl)in=0 on Loy, (B.8c)

VvV =vrp on Iag, (B.8d)

v=0 on 9093\ (T3 UT ) (B.8e)

has an outflow condition, no compatibility condition is needed and the Stokes equation

(B.8) has a unique solution (v, p) € H'(Q23) x L?(Q3).

Thus the solution of local Stokes problems which only have Dirichlet boundary condi-
tions, such as and (B.6)) require a consistency condition on the data. Moreover, the
pressure for these subproblems is not uniquely defined. Among all pressure solutions (which
vary only by a constant), one has to choose the one that corresponds to the restriction of
the global pressure onto the respective subdomain. This is typically done by expressing
the pressure on the Dirichlet subdomains as the sum of a constant and a pressure with zero
average. The constant is determined from a global problem, the pressure with zero average
is uniquely determined by the subproblem (provided that the consistency conditions are

satisfied).

B.2 Discretization

To simplify the presentation, we assume the inflow velocity is zero, g = 0. Let 7 be a
triangulation of 2 and let {z;} be the set of nodes (vertices and edge midpoints) in the

triangulation. In the Taylor-Hood finite element approximation the spaces of discretized
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velocities and pressures are given by
Vh:{vaC(ﬁ) : Vh|K€P2, VK €T, VzOOn@Q\Fout},
Q"={d"ec® : dlxeP, VKeT},

respectively. The space of velocities is decomposed in a standard manner.

V;L:{vhevh . VP (zp) = 0 for auxkggj}, j=1,2,3,

Vi = {vh e VP o vi(xp) =0 for all 2, ¢ Ty UFgg}.

Note that

Vi =Viaviovie Vi

(B.9a)

(B.9b)

(B.10a)

(B.10b)

The pressures in subdomains €27 and €29 are represented as the sum of a constant and a

pressure with average zero. This leads to the spaces

q he @) : "k € Py, VKET}, j=1,2,

{q cC(n :qh|K€771, VK €T, /qhdx:0}, ji=1,2,
Qy

00?‘
Il
—

¢ e C(Q) 1 |k € P, VKeT},
{Q1XQl +@Xxg, 9,902 € R}7
where xg is the characteristic function corresponding to a set S. Note that
QA= edioieqr.
Furthermore, note that if

Y ‘
sy 1=1,...,m;

are piecewise linear basis functions (hat functions) for Qh then
j def 7§ .
=@l — Q\/ qﬁjd:v 1=1,...,m; — 1,
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are basis functions for Qg’, where [€2;] is the measure of Q;.
The discretization of is now given as follows: Find
vh :v?%—vg—kvg—kvr GV?@VS@VQLEBV?,
p" =pi +pb +p} +po € QF © QL & Q% & QF,
such that
/Qavh-zﬁh da:—l—/QVvh:Vz/;h da:—/Q PV - da = /Qf-zpdx (B.11a)
1

Vip e Vi@ Vg VEg VE

/ Vv dr=0 (B.11b)
Q

Vo € Q& QY & Qf & QF.

The condition

—/V-(v?+v§+v§+vr)¢h de=0, VéeQ'oQieQ:aqh
Q

leads to
B;; O 0 Bir Vi 0
0 By 0 By \ 0
0 0 Bjs Bar V3 - 0
0 0 0 By vr 0

Note that for ¢ € V;-‘ and constant Xg,

/Q.V'T/JXQJ_ dx:/ag.zb'nxg" ds—/Q"z,Z)-VXQj dx =0
J J ]

since @ = 0 on 09, j = 1,2,3. Hence we have zero blocks in the last row block. The
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condition
/a(v?+v3+v§+vr)-¢hdx+/V(viL+v3+v§+Vp):V¢hdx
Q Q
—/Q (p?+p3+p§+p8)v-¢dw:/Qf'dfdﬂf
1

forallyp e Vi Via Vig V? leads to

Ay 0 0 A Vi B, o o0 o0 p1 f;
0 Ay 0 Ay ) N o BL o0 0 P2 | _ £
0 0 Az Ay V3 0 0 BL o0 P3 f3

Ari Ara Ars Arr vr BI. BI. BI. B Po fr

In the following we use

. k=1,...,n j=1,23,

Pt k=1,...,np,

to denote the piecewise linear basis functions for the velocities corresponding to €);, j =

1,2, 3, and corresponding to the interface I'. Furthermore,

Ioi=1,...,m;,  j=1,2,3,

R
are piecewise linear basis functions (hat functions) for Q, Q%, Qb = Q%, and

1 .
Q/ Qf)gdl‘, ’L:l,,m]—L i=1,2,
451 Jo,

J def 75
¢ = ¢; —
are basis functions for Q?, j = 1,2, where |Q;| is the measure of €}, and

3 def 73 .
¢’L£¢Z Z:L...,mg.
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For the computation of the matrix Bj; € RO —1)xn; 5 — 1 2 with entries
(Bjj)ik :/Q V -y ¢ do
i

we note that

/v.¢g¢gdx:/ vl (31 [ Far) de
Q Q, €451 Ja,

o . 1 .
:/ Vi d:v—/ V.l d:v/ & de.

Q; Q; €2 Q;
Hence if we compute ]~3jj € R™i*™ with entries

By = [ V-l dl do

Q;

and the averages c; © ﬁ]‘ fQj 55 dx, then, since ZZJI a)/f =1, we have

/Q V- dr = ("B,

i

where e = (1,...,1)T € R™ and

(Bjjir = (Bjjar — (¢ By civ

The same observation applies to the computation of the matrices Bjr € R(mi—1)xnr

j=1,2.

The matrix By € R2X"" | with entries

(Bo)jkz/Q V-yLde j=1,2
J

can be computed from the matrices B;r € R™*"" j = 1,2, with entries
(Byr) ik =/ V- ¢ du
Qj

using

(Bo)jk = (¢"Bjr)i.
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APPENDIX C

Notation and symbols

0A
AT
A:B
SPD

BTMR

Set of nonzero natural numbers
Set of real numbers

Boundary set of a set A C R?
Transpose of a matrix A € R™*™

For matrices A, B € R™*™ the scalar product A : B := Z” Ai; B
Symmetric and positive definite

Balanced truncation model reduction

Domain decomposition

Scalar product of v and w

Space of bounded linear mappings between two normed spaces E and F
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E*

<ga f>E><E*
]

Q

Lr(Q)

H™(Q)
HE' ()
HY/2(T)

Hy)(T)

[l
[ullo.g
(s )m.0

('7 ')O,Q

Dual space of a Banach space E, defined as the space of bounded linear
functionals on E

Duality pairing of f € E* with g € E

Euclidean [?-norm of z € R", defined as |z|| = (X1, xi2)1/2

Bounded polygonal or polyhedral domain C R? d € {2,3} with Lipschitz
boundary I' = 052

Lebesgue space of scalar p-integrable functions on 2

Vector p-integrable functions on {2

Scalar p-integrable functions with mean zero over 2

Sobolev space of scalar functions with weak derivatives up to order m in
L*(Q)

Sobolev space of vector valued functions; H™(Q2) := (H™(Q))¢

Subpace of H™(2) with functions of zero trace

Trace space

Sobolev space defined as a set of functions {u € HY2(I') | u €
H'/2(0Q)}, where T is a proper subset of 9Q and £u is the extension by
zero of u to OS2

Norm of the Sobolev space H™(2) or H™(Q)

Norm of the space L?() or L2(£2)

Inner product of the Sobolev space H™(2) or H™(Q)

Norm of the space L?(£2) or L2(Q)
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