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Abstract

Term rewrite systems are useful in many areas of computer science. Two especially important
areas are decision procedures for the word problem of some algebraic systems and rule-based
programming. One of the most studied properties of rewrite systems is confluence, and one of the
primary benefits of having a confluent rewrite system is that the system also has uniqueness of
normal forms. However, uniqueness of normal forms is an interesting property in its own right and
well studied. Also, confluence can be too strong a requirement for applications. In this paper, we
study the decidability of uniqueness of normal forms. Uniqueness of normal forms is decidable for
ground rewrite systems, but is undecidable in general. This paper shows that the uniqueness of
normal forms problem is decidable for the class of linear shallow term rewrite systems, and gives
a decision procedure that is polynomial as long as the arities of the function symbols are bounded
or the signature is fixed.
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Abstract

Term rewrite systems are useful in many areas of computer science. Two especially important areas
are decision procedures for the word problem of some algebraic systems and rule-based programming.
One of the most studied properties of rewrite systems is confluence, and one of the primary benefits of
having a confluent rewrite system is that the system also has uniqueness of normal forms. However,
uniqueness of normal forms is an interesting property in its own right and well studied. Also, confluence
can be too strong a requirement for applications. In this paper, we study the decidability of uniqueness
of normal forms. Uniqueness of normal forms is decidable for ground rewrite systems, but is undecidable
in general. This paper shows that the uniqueness of normal forms problem is decidable for the class of
linear shallow term rewrite systems, and gives a decision procedure that is polynomial as long as the
arities of the function symbols are bounded or the signature is fixed.

1 Introduction

Term rewrite systems (TRSs), which are finite sets of rules, are useful in many areas of computer science.
Two especially important areas are decision procedures for the word problem of some algebraic systems and
rule-based programming. One of the most studied properties of rewrite systems is confluence, and one of
the primary benefits of having a confluent rewrite system is that the system also has uniqueness of normal
forms (UNT). However, uniqueness of normal forms is an interesting property in its own right and well-
studied [10]. Also, confluence can be too strong a requirement for some applications such as lazy rule-based
programming. Additionally, in the proof-by-consistency approach for inductive proofs, consistency is often
ensured by requiring the UN™ property. Our algorithm may be used as a decidable sufficient condition
ensuring UN™ for left-linear systems using approximation techniques.
The uniqueness of normal forms problem is as follows:

Input A TRS R.
Question For all normal forms n and m such that n <% mis n =m?

In this paper, we study the decidability of uniqueness of normal forms. Uniqueness of normal forms is
decidable for ground systems [13], but is undecidable in general [13]. Since the property is undecidable in
general, we would like to know for which classes of rewrite systems we can decide UN~. In this paper, we
consider the class of linear shallow systems, and a subset of this class, the linear flat systems. A rewrite
system is linear if variables occurs at most once in each side of any rule. A rewrite system is shallow if



variables occur only at depth zero or depth one in each side of any rule. And, a rewrite system is flat if the
parse trees of both the left- and right-hand sides of all the rules have height zero or one.

An example of a linear flat system that has UN™ but not confluence is {f(¢) — 1, ¢ — g(c)}. More
sophisticated examples can be constructed using a sequential ‘or’ function in which the second argument
gives rise to a nonterminating computation.

This paper shows that the uniqueness of normal forms problem is decidable for the class of linear shallow
term rewrite systems, and gives a decision procedure that is polynomial as long as the arities of the function
symbols are bounded or the signature is fixed. Even the decidability of UNT for this class of systems was
not known earlier, to the best of our knowledge.

There are a few related problems that do not quite combine to give a solution to this problem. As is well
known, for a given TRS R, the problem of determining if a ground term ¢ is a normal form with respect to
R is decidable in polynomial time. We show this for shallow linear TRS in this paper. It is also possible to
decide, given two ground terms s and ¢, if s <} ¢, which is also shown in this paper. Additionally, testing
if s = ¢ (syntactic identity) is trivial. However, this does not give us a decision procedure for UNT, because
we cannot check for each pair (s, t) of terms (there are infinitely many) that if s and ¢ are normal forms and
s <% t then s = t.

Our decision procedure works by determining whether there are any witnesses to non-UN™. A witness to
non-UNT is a pair of normal forms (n,m) such that n <% m but n # m. The decision procedure depends
on the following results, the first three of which we prove in the course of the paper:

1. If R is a linear shallow TRS, then we can transform R in polynomial time into a linear flat TRS R’ such
that R is UN™ if and only if R' is UN™. We show this in Section 3. Our transformation is necessarily
different from the flattening procedures of [5, 13], since those procedures preserve confluence but do
not preserve UN™.

2. If R is a linear flat TRS and R is not UN™ then there is a witness (n,m) to non-UN~ such that n and
m are ground, there is a flat ground term ¢ and ground derivation n <% t <5 m, and ¢ is an instance
of a left-hand side of a rule of R. We show this in Section 4.

3. If R is a linear flat TRS and ¢ is any ground term, then we can construct in polynomial time a
tree automaton A; that recognizes the ground normal forms that are R-equivalent to ¢ by ground
derivations. This result is known [3, 4], but we improve the construction and proof, and provide a
complexity analysis needed to show that our decision procedure is polynomial.

4. For any tree automaton A, we can decide in polynomial time if the language accepted by A contains
at most one element [4].

We construct the automaton A; of item 3 from two simpler automata described in Sections 5 and 6. For
a left-linear rewrite system R, Section 5 describes a tree automaton Areq(r) that accepts exactly the normal
forms of R. For a linear shallow rewrite system R, Section 6 describes how to construct, for a ground term
t, a tree automaton B that accepts the terms that are R-equivalent to ¢ by ground derivations. From these
two automata, we can create, for a linear flat rewrite system R, an intersection machine A; that accepts
normal forms R-equivalent to ¢ by ground derivations. Intersection machines are described in [4].

The decision procedure described in item 4 comes from two results described in [4]. The first of these
results is that for any tree automaton A, we can decide if A has the ‘emptiness property’—is the language
of A empty. The second result is that for any tree automaton A, we can decide if A has the ‘singleton set
property’—does the language of A contain exactly a single element.

Using these results, we can decide the UN™ problem with the following algorithm. Given a linear shallow
TRS R as input, first flatten R to produce a linear flat TRS R’. If for each flat ground instance t of a
left-hand side of a rule of R’ the automaton A; accepts at most one term, then R is UN™. Otherwise R is
not UN™.

The algorithm always terminates because there are only finitely many flat ground instances of left-hand
sides of rules of R’. The procedure is correct because if for each flat ground instance ¢ of a left-hand side of



a rule of R’ the automaton A; accepts at most one term, then there are no ground witnesses to non-UN™
of R’ that have a ground derivation including a flat ground instance of a left-hand side of a rule. If this is
the case, then R’ is UN™. On the other hand, if there is a flat ground instance ¢ of a left-hand side of a rule
of R’ such that the automaton A; accepts more than one term, then there is a witness to non-UN~, so R’
is not UN™.

The decision procedure for UNT just described is a polynomial-time algorithm. The number of flat
ground instances of left-hand sides of rule is polynomial in the size of R. In Sections 5 and 6, we shall see
that for each such term t, the time to construct the machine A; is polynomial in the size of R if the arities
of function symbols are bounded. The intersection machine A; has size [Ageq(r)| x |B| [4]. Thus the size of
Ay is also polynomial in the size of R if the arities of function symbols are bounded or the signature is fixed.
Finally, we can decide the emptiness property and singleton set property for any tree automaton A in time
polynomial in the size of A [4].

1.1 Related Work

This paper extends results from three main articles and applies them to the uniqueness of normal forms
problem.

The key idea of Section 4 is to use a case analysis that depends on whether a term is equivalent to
height-zero term or not. This insight comes from Section 5.3 of [7], where it is used to prove a confluence
result. Section 4 uses it to show that one of the terms in any equational proof of the equality of two normal
forms is a flat instance of a left-hand side of a rule.

The tree automata from Sections 5 and 6 closely follow the automata in [3], but contain some differences
and clarifications. Section 5 on tree automata for reducibility contains a complexity analysis for linear
flat rewrite systems. Section 6 on tree automata for reachability describes automata that recognize terms
reachable from a term ¢ rather than recognize terms from which ¢ is reachable.

Regular flattening, discussed in Section 3, is used in [5] to develop a confluence preserving transformation
that turns a shallow TRS into a flat TRS. However, this paper shows that regular flattening cannot be used
in the same way for a UNT (or UN") preserving transformation. After this negative result, this paper
provides two variations on flattening that allow us to construct a UN™ and UN" preserving algorithm that
transforms a linear shallow TRS into a linear flat TRS.

Many other decidability results are known about the class of linear shallow rewrite systems. The word
problem for shallow rewrite systems is decidable in polynomial time [9]. Also, confluence, reachability, and
joinability are decidable for the linear, shallow class [7]. Decidability of termination for the linear, shallow
class follows from a more general result [6].

2 Preliminaries

2.1 Terms

A signature is a set F along with an function arity: F — N. Members of F are called function symbols, and
arity(f) is called the arity of a function symbol f. Function symbols of arity zero are called constants. Let
X be a countable set disjoint from F that we shall call the set of variables. The set 7 (F, X) of F-terms
over X is defined to be the smallest set that contains X and has the property that f(¢1,...,t,) € T(F,X)
whenever f € F, n = arity(f), and ¢1,...,t, € T(F,X). A term is called ground if no variable occurs in
it. The set of ground terms over signature F is denoted 7 (F). A term is called linear if no variable occurs
more than once in it.

The size |t| of a term ¢ is the number of occurrences of variables and function symbols in ¢. Thus [¢| =1
if t is a variable, and |t| = 1+ [t1| + -+ + |[tn| if t = f(t1,...,tn). In particular, the size of a constant
is 1. The height of a term ¢ is 0 if ¢ is a constant or variable, and 1 + max{height(¢),...,height(¢,)} if
t = f(t1,...,tn). Because of this definition, variables and constants are also known as height-zero terms.
Terms that have height zero or one are called flat.



A position of a term t is a sequence of natural numbers that is used to identify the locations of subterms
of t. The empty sequence X is a position that identifies the subterm ¢ itself. The set Pos(t) of positions of ¢
is defined by Pos(t) = {A} if ¢ is a variable, and Pos(t) = {A\}U{l.p | p € Pos(t1)}U---U{n.p | p € Pos(t,)}
ift = f(t1,...,t,). We can define a partial order < on Pos(t) by p < ¢ if and only if p is a prefix of g,
i.e. there is a sequence p’ such that ¢ = pp’. We say that p is above ¢ if p < ¢, and we say that p is below
q if p > q. We say that positions p and q are parallel if they are incomparable with respect to <. If ¢ is
a term and p is a position, then t|, is the subterm of ¢ at position p. More formally defined, ¢|5 = ¢ and
f(tlv cee 7tn)|i-1) = tilp'

If s is a subterm of ¢ that occurs at a position p that has length d, then the depth of s in ¢ is d. A term
is called shallow if no variable occurs at depth greater than one. Thus, every flat term is shallow, but not
vice versa.

We denote by t[s], the term that is like ¢ except that the subterm ¢|, is replaced by s. More formally
defined, t[s]x = s and f(t1,...,tn)[s)ip = f(t1,...,ti[s]p,--.,tn). For example, if t = f(g(a),b, g(h(c,b)))
then t|3.1.2 = b and t[c|z = f(g(a), b, c).

A notational device called a context is useful when performing replacements. Intuitively, a context is
a term with one or more ‘holes’ into which terms may be inserted. We can provide a formal definition by
considering a context to be a term in an extended signature that includes an extra constant symbol O. If C'
is a context with one occurrence of O, then we write C as C[]. If C' contains two occurrences of O, then we
write C' as C[, ], and so on. If CJ,..., | is a context with n occurrences of O, then C|t1,...,t,] represents
the term that is like C' except that the occurrences of O are replaced with the terms ¢4, ..., t,. For example,
if C[, ] = f(a,0,9(0)), then Clg(a), g(b)] = f(a,g(a),g(g(b)))-

A substitution is amapping o: X — T (F, X) that is identified with its homomorphic extension 6: 7 (F, X) —
T (F, X), which agrees with o on X and is such that 6(f(t1,...,tn)) = f(6(t1),...,6(tn)). The domain of a
substitution o is the set {z € X | z # o(x)}. We define a substitution o with finite domain {z1,...,2,} by
using the notation o = {1 +— t1,..., 2z, — t,}. Applications of substitutions to terms are commonly written
in postfix notation, i.e. to rather than o(¢). An example of a substitution is o = {z — f(a,b), y — g(b)}.
Application of o to a term t = f(g(y),x) results in to = f(g(g(b)), f(a,b)). For terms s and t, if t = so
for some substitution o, then ¢ is said to be an instance of s. The composition of substitutions o and 7 is
denoted by o7 and is defined by t(o7) = (to)r. If o0 and 7 are substitutions and there is a substitution o’
such that 7 = oo’ then o is said to be more general than 7.

Two terms s and ¢ are unifiable if there is a substitution ¢ such that so = to. In this case o is called a
unifier of s and t, and so is called a most general instance of s and t. If two terms s and ¢ are unifiable,
then they have a most general unifier o in the sense that for any unifier 7 of s and ¢ there is a substitution
o’ such that 7 = o0’.

2.2 Term Rewrite Systems

A rewrite rule is a pair (I,r) of terms typically written | — r. For the rule I — r, the left-hand side is 1
and the right-hand side is . A rule | — r is flat (shallow, linear, ground) if both [ and r are flat (shallow,
linear, ground). A rule [ — r is left-linear if [ is linear, and it is right-linear if r is linear. A rule [ — r is
collapsing if r is a variable. Variables that occur in both sides of a rule are called shared variables. Variables
that occur in one side of a rule but not the other are called non-shared variables.

A term rewrite system (TRS) is a pair (7, R) where R is a set of rules and 7 is the set of terms over a
particular signature. We only treat finite rewrite systems in this paper. We require the standard restrictions
that a left-hand side of a rule may not be a variable, but not that a variable may occur in the right-hand
side of a rule only if it occurs in the left-hand side. Usually only the rules are emphasized and the terms
are assumed to be those that can be built from the symbols occurring in the rules. For a set R of rules,
the rewrite relation — g is a binary relation on terms defined by s —p ¢ if and only if there is a position
p € Pos(s), arule [ — r € R, and a substitution o such that s|, = lo and t = s[ro],. Here, p is called
the position of the rewrite application, and s|, is called a redex (reducible expression) of s. If a variable x
occurs at position p’ of I, then the subterm lo|, (which is also the subterm s|,, ) is called the substitution
part of z. Using contexts, we can say that s — g t if and only if there is a context C[], rule I — r € R, and



substitution o such that s = C[lo] and t = C[ro]. A TRS R is flat (shallow, linear, ground) if each rule is
flat (shallow, linear, ground). A TRS R is left-linear (right-linear) if each rule is left-linear (right-linear). If
R is a set of rules, then we define R~ by R~ ={r — 1|l —r € R}.

If — is a binary relation, then its inverse is denoted «—, its reflexive closure —=, its symmetric closure
+, its transitive closure —7, and its reflexive transitive closure —* or —». The n-fold composition of — is
denoted by —™. The reflexive symmetric transitive closure is denoted <*, which is also called the equivalence
closure. If R is a rewrite system, then terms related by <% are called R-equivalent or convertible.

A term s is reachable by R from a term t if ¢ —% s. Terms s and ¢ are called joinable by R, denoted
s | r t, if there is a term u such that s =% v and ¢ —% u. In other words, |r = =} o «%. We also define
a relation Tgp by s Tr t if and only if there is a term u such that u —% s and v —% ¢. In other words,
Tr =+«fxo—% A term ¢ is called a normal form if there is no term s for which ¢ —x s. The set of normal
forms of R is denoted nf(R). Terms that are not normal forms are called reducible.

A TRS R is terminating if for every term t there is no infinite reduction sequence t =ty —g t1 —pg t2 —r
-+-. A rewrite system is confluent if two rewrite sequences from the same term can always be extended to
end with the same term. Formally, a TRS R is confluent if for every term u, if u —% t; and u =% t2
for terms t; and ty then t; —% v and { —% v for some term v. In other words, R is confluent when
<—}‘%o—>}‘% g_)}(%O(_}(%‘

We say that a TRS R has uniqueness of normal forms, or that R is UNT, if for every term s, if s =51 n
and s <5 m where n and m are normal forms, then n = m. Another way of stating this is that R is UNT if
and only if for all normal forms n and m, if n <=5 m then n = m. We say that R is uniquely normalizing, or
that R is UNT", if for every term s, if s =} n and s —} m where n and m are normal forms, then n = m.
Another way of stating this is that R is UN™ if and only if for all normal forms n and m, if n Tg m then
n = m. Note that if a term rewrite system is UN™, then it is UN™.

If — is a binary relation on terms, then a derivation s —* t is a finite sequence sq, ..., si of terms such
that s = sg, sx = t, and s; — s;41 for each i. Each pair s; — s;41 is called a step of the derivation, and
the position of the rewrite, the rule, and substitution used are assumed to be known for each step, although
this information may not be written down. Derivations are often written as sg — --+ — s;. The length of a
derivation is the number of steps in it, so the derivation sy — - -+ — si has length k. A ground derivation
of s —* t is a derivation sg, ..., Si in which each s; is a ground term. When the binary relation — is a
rewrite relation — g, a root rewrite step is a step s; —gr S;+1 such that the position of the rewrite is A. If
S; —R Si+1 1S a root rewrite step, it may be notated by s; Sr Sit1-

2.3 Tree Automata

A nondeterministic (bottom-up) tree automaton A is a tuple (F,Q, Qy, A) where F is a signature, Q) is a set
of states, Q5 C @ is set of final states, and A is a set of transition rules of the form

f(Q1a-~-7Qn)—>Qa

where f € F, the arity of f is n, and ¢,q1,...,q, € Q.

Tree automata take ground terms over F as input. Starting at the leaves and proceeding upward, an
automaton associates a state with subterms of the input until finally no transition rules are applicable. An
automaton may or may not be able to associate a state with every subterm of the input. Tree automata have
no start states. The leaves of the input term are constants, and for a constant a that is a leaf of the input,
automata rely on transition rules of the form a() — ¢ to get started. Then, if a term t = f(¢1,...,t,) is a
subterm of the input, and there are states q1, ..., g, such that for each ¢ the automaton has associated state
q; with term t;, and there is a transition rule f(q1,...,¢n) — ¢, then the automaton may associate state ¢
with subterm ¢. There may be other transition rules with the same left-hand side but different right-hand
side, so the automaton may associate a different state with ¢. If the automaton finally associates a state ¢
with the input term, then the input term is said to reach gq. The automaton accepts the input if the input
reaches some state in Qf. The language L£(A) of a tree automaton A is the set of terms that A accepts.
A tree automaton is deterministic if no two distinct transition rules have the same left-hand side. A tree



automaton is complete if for every term ¢ there is a state that ¢ reaches. For more information on tree
automata, consult [4].

Once a subterm has been associated with a state, all that matters is the state, and we may forget the
subterm. A configuration of a tree automaton A is a term in which some of the subterms have been replaced
by states. We may consider the set of configurations to be the set of terms over the signature F U @), where
the states are treated as constants in the signature. We define a mowve relation -4 on configurations by s 4 ¢
if and only if there is a context C[] and transition rule f(q1,...,¢n) — ¢ such that s = C[f(q1,..-,qn)]
and t = Clg]. A can be modeled as a rewriting System over F U @, so 4 is the same as —a. Using this
terminology, an automaton A accepts a term ¢ if and only if ¢ F% ¢ for some final state g. A computation of
a tree automaton A is a sequence g, ..., S, of configurations such that s; -4 s;41 for each i.

3 Flattening Shallow Rewrite Systems

This section describes a polynomial-time algorithm that transforms an arbitrary shallow TRS into a flat
TRS while preserving UN™ and linearity. For a property P of term rewrite systems, a transformation of a
TRS R into a TRS R’ is called P-preserving when R has property P if and only if R’ has property P.

Additionally, we will show that the transformation preserves UN™. UNT is similar to UN™, and we
would eventually like to extend the result of this paper to show that UNT is decidable for linear shallow
rewrite systems.

Godoy et al. [5] introduced a flattening algorithm, called regular flattening here, that transforms a shallow
TRS into a flat TRS while preserving confluence. Each iteration of the regular flattening algorithm chooses
a non-constant ground term ¢ and replaces all of its occurrences in the rules of R by a new constant ¢ and
adds the rules c — t and t — c to R.

Unfortunately, regular flattening does not preserve UN™ or UNT". After providing examples of this, we
describe two alternate kinds of rule flattening—flattening on the right and flattening on the left—that each
preserve both UN™ and UN"". In flattening on the right, we choose one occurrence of a non-constant flat
ground term rg in the right-hand side of a rule, replace it with a new constant ¢, and add the rule ¢ — rg.
In flattening on the left, we choose every occurrence of a non-constant flat ground term [y in the left-hand
side of a rule, replace it with a new constant ¢, add the rule [ — ¢, and add the rule ¢ — ¢ if [y is reducible.
It is easier to show preservation of UN™ and UN™ for flattening on the right than flattening on the left
because flattening the right-hand side of a rule does not affect the set of normal forms (other than is caused
by adding the new constant c).

We can iteratively apply flattening on the left and flattening on the right to any arbitrary TRS, and each
step will preserve UN™, linearity, and UN™". The transformation preserves linearity because no variable is
touched during any step. This process terminates, and the size of the final TRS is polynomial in the size of
the original TRS. If we start with a shallow TRS, then we will eventually end up with a flat TRS.

Each step in the flattening process requires that we introduce a new constant ¢ to the signature. Thus
we must be mindful of the signature of R. We denote by 7 the set of terms over the original signature F,
and by 7 the set of terms over the signature F U {c}, where ¢ is a new constant not in F. We write (7, R)
to specify that we are talking about rules R over terms 7.

In the following proofs, we will need to perform multiple simultaneous replacement of ground terms
with other ground terms. The notation we use for this is u[t = ¢| to represent the term that results from
simultaneously replacing all instances of the ground term ¢ in v with ¢. Similarly, u[c = ¢] represents the
term that results from replacing all instances of the constant ¢ with the ground term ¢. Note that if u € 7,
then u, u[c = t], and u[t = ¢] may be three distinct terms, and we may have u # (u[t = ¢])[c = t] and
u # (ule = t))[t = .

3.1 Regular Flattening preserves neither UN™ nor UN™

For this section, let R be a rewrite system over 7 and ¢ be a ground term that is a subterm of a side of some
rule of R. Also let b-flat R = R® U {c — t, t — c}, where ¢ is a new constant not in 7, and R’ is R with



every occurrence of ¢ in both sides of every rule replaced by c.
To show that regular flattening does not preserve UN™, we can exhibit one of the following

1. A TRS R such that R is UN™ but b-flat R is not UN™.
2. A TRS R such that R is not UN™ but b-flat R is UN".

A similar statement holds for UNT. As it turns out, there are no counterexamples of type 1 for either UN™
or UNT", because regular flattening destroys normal forms without creating any new ones. The following
examples show how regular flattening destroys normal forms.

Example 1. Let R = {l — ¢g(f(a))} where [ is any term. Then b-flat R = {l — g(c), f(a) — ¢, ¢ — f(a)}.
The term f(a) is a normal form of R but is not a normal form of b-flat R.

Example 2. Let R = {h(f(a)) — r} for some term r. Then b-flat R = {h(c) — r, f(a) — ¢, c — f(a)}.
The term f(a) is a normal form of R but is not a normal form of b-flat R.

We state the following two theorems without proof, because their proofs are similar to the <= directions
of proofs in Sections 3.2 and 3.3.

Theorem 3. If (T, R) is UN™, then (7., b-flat R) is UN™.
Theorem 4. If (T,R) is UN, then (7.,b-flat R) is UN".

Thus we will try to show counterexamples of type 2. In fact, a single counterexample will suffice for both
UN™ and UN™". We use the fact that any rewrite system that is UN™ is also UN™". Our counterexample is
a TRS R such that R is not UN" but b-flat R is UN™. Thus, R is not UN™ but b-flat R is UN™. Also, R
is not UN™ but b-flat R is UN"". This implies that regular flattening preserves neither UN™ nor UN".

Example 5. Let R = {a — f(f(b)), a — ¢}. R is not UN" because f(f(b)) # ¢. We now show that
b-flat R = {a — f(d), a — ¢, d — f(b), f(b) — d} is UN". First we note that b-flat R is a rewrite system
over the set of terms 7, = {f™(t) | n > Oand t € {a,b,c} UX}. Of these terms, the normal forms are
{U{f"(c) | n >0} U{f™(z) | n >0 and z is a variable}. To show that b-flat R is UN™, we need to show
that each equivalence class of «{ 4.\ contains at most one normal form. The equivalence class of b is {b},
and for each n and variable x the equivalence class of f"(x) is {f™(x)}. It remains to show that for each
n the equivalence class of f™(c) does not contain f™(c) for some m # n. The only derivation that exists
from f"(c) is f(c) «pgarr f™(a) —=pgarr [PTHd) <bofat g f7H2(b). Thus, the equivalence class of f(c)
is {f"(c), f*(a), fr1(d), f~+2(b)}. Therefore b-flat R is UN~.

3.2 Flattening on the Right

For this section, let R = Ry U {l — r[ro],} be a rewrite system over 7, where Ry is a set of rules, !
and 7 are terms, and 7o is a non-constant flat ground term. The term r[ro], is just the right-hand side
of the rule, and we can consider it to be just the term r which has 7y as a subterm at position p. We
write the right-hand side of the rule as r[rg], because we will be replacing ro with a new constant c. Let
r-flat R = RoU{l — r[c]p, ¢ — 1o}, where ¢ is a new constant not in F. The position p will be omitted from
now on. Because rq is flat, the rule ¢ — rq is a flat rule.

Proposition 6. For all u,v € T, if u — v in (I, r-flat R) then ulc = ro] —* v[c = 1¢] in (T, R).

Proof. There are three cases. First, if u —g, v, then ufc = ro] —r, v[c = ro]. Second, if u —;_,,[) v, then
ule = 1o] —1—r[ro) v[c = 1o]. Finally, if u —. ., v, then ufc = ro] = v[c = rq].

Theorem 7 (Flattening on the right preserves UN7). (7., r-flat R) is UN~ if and only if (T,R) is
UN™.



Proof. =: Assume (7.,r-flat R) is UN™. Pick normal forms n; and ny of (7, R) such that n; <* ns in
(T, R) and show that nq = ny. The left-hand sides of the rules are the same in both R and r-flat R, so n; and
ng must be normal forms of (7;,r-flat R). We need to show that ny <* ng in (7, r-flat R). This follows from
the fact that for terms u,v € 7 if u —_,,;,,) v, then there is a term w € 7. such that u —;_, (g W —cp, V.
Thus n1 = ny because (7., r-flat R) is UN™.

<: Assume (7,R) is UN™. Pick normal forms n; and ns of (7;,r-flat R) such that n; <* ny in
(T.,r-flat R) and show that ny = ng. Because of the ¢ — 1 rule, both n; and ny must be in 7. Again,
the left-hand sides of the rules are the same in both R and r-flat R, so n; and ny must be normal forms of
(T, R). We need to show that ny «<* ng in (7, R). This follows from Proposition 6 because ni[c = 9] = 11
and nafc = ro] = na. Thus ny = ngy because (T, R) is UN™. ]

Theorem 8 (Flattening on the right preserves UN7). (7., r-flat R) is UN" if and only if (T,R) is
UN™.

Proof. Similar to Theorem 7, but note that in the < direction, we have a term s in 7. such that n; «*
s —* ng in (7, r-flat R). We can then show that ny «* s[c = r¢] —=* n2 in (7, R) using Proposition 6. W

For the TRS R described in Example 1, we have r-flat R = {I — g(c), ¢ — f(a)}. The term f(a), which
is a normal form of R is not a normal form of b-flat R, but remains a normal form of r-flat R.

3.3 Flattening on the Left

For this section, let R be a rewrite system over 7 and let [y be a non-constant flat ground term that is a
subterm of a left-hand side of a rule of R. Define 1-flat R by

Lflat R R'U{lp — ¢} if [y is a normal form of (7, R),
-fla —

R'U{ly — ¢, c— c} otherwise,
where ¢ is a new constant not in F, and R' is R with every occurrence of y in the left-hand sides of the
rules of R replaced by c. The position p will be omitted from now on. Because [y is flat, the rule [y — cis a
flat rule.

Proposition 9. For all u,v € T, if u — v in (T, 1-flat R) then ulc = lg] —=* v[c = lo] in (T, R).

Proof. There are three cases. First, if u — g v, then ulc = lg] —r v[c = lp]. Second, if u —,—. v, then
ule = lo] = v[ec = lo]. Finally, if u —._.. v, then ulc = ly] = v[c = ly]. [ ]

Theorem 10 (Flattening on the left preserves UNT). (7., 1-flat R) is UN™ if and only if (T,R) is
UN™.

Proof. =: Assume (7, 1-flat R) is UN™. Pick normal forms n; and ns of (7, R) such that n; «* ns in (7, R)
and show that n; = na. We know that ny <* ny in (7, -flat R), because for terms u,v € 7, if u —g v,
then there is a term w € 7. such that u =y me W RV If ny and mny are normal forms of (7., l-flat R),
then ny = ny. So assume at least one of n; and ns is not a normal form of (7;,1-flat R). This means that
one of the terms has an occurrence of Iy and [y is a normal form of (7, R). Then the terms n;[ly = ] and
nalo = c| are normal forms of (7,1-flat R), and we have ni[lo = c| <} . n1 <" ny =} nollo = c| in
(7., 1-flat R). This means that ny[lo = ¢] = na[lo = ¢], which implies that ny = ns.

<: Assume (7,R) is UN™. Pick normal forms n; and ns of (7., 1-flat R) such that ny <* ny in
(7T.,1-flat R) and show that n; = ns.

We claim that n1[c = lo] is a normal form of (7, R). For, if it is not, then there is a rule [ — r € R such
that n1[c = lp] has a subterm lo for some substitution . But then n; would have a subterm (I[ly = ¢])7
where 7 is defined by 27 = (z0)[lp = ¢|. And, since [l = ] — r € R!, this would make n; reducible in
(7., 1-flat R), which is a contradiction. Similarly, na[c = lp] is a normal form of (7, R).

Proposition 9 implies that ni[c = lo] <* na[c = lp] in (7, R). Because (7, R) is UN™, we know that
nifc = lg] = nafe = lp]. This implies that ny = ns. [ |



Theorem 11 (Flattening on the left preserves UN7). (7, 1-flat R) is UN" if and only if (T,R) is
UN™.

Proof. Similar to Theorem 10, but note that in the < direction, we have a term s in 7, such that n; «*
s —* ng in (7, l-flat R). We can then show that ni[c = lg] <* s[c = lp] —=* nz2[c = lo] in (T, R) using
Proposition 9. ]

For the TRS R described in Example 2, we have I-flat R = {h(c) — 7, f(a) — ¢}. The term f(a), which
is a normal form of R is not a normal form of b-flat R, nor is it a normal form of 1-flat R. However, it is
uniquely replaced by the normal form ¢ of I-flat R.

4 Witnesses to Non-UN™

We want to show that if R is a linear flat TRS and R is not UN™ then there is a witness (n, m) to non-UN™
such that n and m are ground, there is a flat ground term ¢ and ground derivation n <% ¢t <% m, and t is
an instance of a left-hand side of a rule of R.

A witness to non-UNT is a pair (n,m) of normal forms such that n <% m and n # m. The size of a
witness (n,m) is |n| 4+ |m|. A ground witness to non-UNT is a pair (n,m) of ground normal forms such that
there is a ground derivation of n <% m and n # m.

For any rewrite system R, if R is not UN™, then there will be a witness to non-UN~. And, if there are
witnesses to non-UN™, then we can examine witnesses to non-UN™ that are minimal in size. Our first step
will be to show that if (n,m) is a minimal witness to non-UN~, then in any derivation of n <% m there is
a term ¢ such that n <% t <% m, and ¢ is an instance (not necessarily flat or ground) of a left-hand side of
a rule of R. This is accomplished by the following proposition.

Proposition 12. If R is any rewrite system and (n,m) is a minimal witness to non-UN~, then there must
be a root rewrite step in any derivation of n <% m.

Proof. If there is a derivation from n to m with no root rewrite step, then there is a k-ary function symbol
f such that n = f(ni,...,n,) and m = f(my,...,mg) and n; <5 m; for each ¢ and there is some j for
which n; # m;. Because n; and m; are both normal forms, (n;,m;) constitutes a witness to non-UN~ that
is smaller than (n,m), contradicting the minimality of (n, m). Thus there must be a root rewrite step in any
derivation of n <% m. [ |

For the rest of this section, let R be a linear flat rewrite system, and let (n,m) be a minimal witness
to non-UN™ of R. In any derivation of n <% m, Proposition 12 says that there is a left-hand side I of a
rule of R and substitution o such that n <%, lo <7 m. Now we shall show that there is a substitution o’
such that lo’ is flat (but not necessarily ground) and n <% lo’ <7} m. Assume that lo is a non-flat term,

so lo = f(s1,..., ) for some k-ary function symbol f and terms sy, ..., si, where at least one s; is not a
height-zero term. Because [ is flat and no left-hand side of a rule is a variable (see the Preliminaries section),
we know that I = f(ly,...,lx) where Iy, ..., I are constants and variables. Also because [ is flat, if s; is

not a height-zero term then /; must be a variable. We shall show how to replace a non height-zero s; with a
height-zero term to create an instance lo’ of | that is flat. Let s; be a non-height-zero term. We exploit the
fact that s; is either equivalent to some height-zero term, or it is not.

First we deal with the case when s; is equivalent to a height-zero term a.

Proposition 13. If s; is equivalent to a height-zero term a, then n <%, lo’ <% m, where o’ is defined by
zo' =aif v =1; and xo' = xo if x £ ;.

Proof. By Proposition 12, we can assume the derivation looks like n <% lo = ro <% m, where [ — 7 € R.
Because s; <}, a, we have both lo <%, lo’ and ro’ <7, ro. By linearity of | — r we get lo’ = ro’.
This yields the claim as shown in Figure 1. In fact, linearity is not required since we can rewrite multiple
occurrences of s; in parallel to multiple occurrences of a. |
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lo" > ro’

Figure 1: Replacing non-height-zero subterms with equivalent height-zero subterms

We can use Proposition 13 to replace any non height-zero s; that is equivalent to a height-zero term a
by a.

Now we deal with the case when s; is not equivalent to any height-zero term. By following what happens
to s; in a particular derivation of n <%} lo <} m, we will see that we can replace s; with a new variable y.
Then we will have a derivation of n <% lo’ <% m (for the same n and m), where ¢’ is defined by zo’ =y

if v =1; and wo’ = xo if © # [;. The key to this result is that for any term s, that is R-equivalent to s;, s/

1
does not have a proper overlap with the pattern of any side of a rule, since sides of rules are flat and s} is

not height-zero.

Definition 14 (The Cousin Relation). Let vy < -+ <> v be a derivation, and let vy = Uplug] for
some context Up[] and term ug. We define cousins of ug in the derivation as follows. First, ug is a cousin of
itself. Second, if v; = Uj[u,], and u; is a cousin of ug, and v;jy1 = Ujy1[u;41], then u;jq is a cousin of vy if
any of the following cases hold:

1. The rewrite occurs at or below the position of u;, in which case U; = Uj41.

2. The rewrite occurs parallel to the position of u;, in which case u; = u;41 and the position of u; in U;
is the same as the position of uj41 in Ujy1.

3. The rewrite occurs above the position of u;, and u; is at position pp,, ¢, and u; 1 is at position pp,,q,
where

(a) p is the position of the rewrite,

)
(b) ps, is the position of an occurrence of a variable x in one side of the rewrite rule,
(¢) pu, is the position of an occurrence of x in the other side of the rewrite rule,

)

(d) g is the position of u; in x7, where 7 is the substitution of the rewrite.

A couple of things are clear about cousins. First, cousins are R-equivalent. Second, since R is linear,
there can be at most one cousin of ug in each term of the derivation.

Proposition 15. Let Ulu] <}, V[v] where v is a cousin of u. Then Ulw] <5 Vw] for any term w.
Proposition 16. Let u = Uy[ug] be a term where ug is not equivalent to a height-zero term, and let v be a
term such that u <% v. If v does not contain a cousin of ug, then Upw] <% v for any term w.

Proof. In a derivation of u <% v there are terms «’ and v’ such that v <% v —g v' <% v where every
term in w <7, «’ has a cousin of uy while no term in v’ <7, v has a cousin of ug. Let v’ = U’[ug] where
uy is the cousin of ug. We know that Upw] <75, U'[w]. We need to show that U’'[w] <> v'. In the rewrite
step U'ug] < g ', the rewrite can occur at, below, parallel to, or above the position of u(. If it occurs at,
below, or parallel to the position of ), then v' would have a cousin of ug. Therefore, the rewrite occurs
above u(. Because u(, is not a height-zero term and R is flat, uj, must lie underneath a variable, say z, in
the substitution part of the rule application. Because u{, does not occur in v’, the other side of the rule does
not contain x. Therefore, combined with the linearity of R, we have U’[w] <5 v'. |

Lemma 17. If s; is not equivalent to any height-zero term, then n <7, lo’ <7, m, where o’ is defined by
l;0' =y for a new variable y and xo' = xo if x # ;.
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Proof. Pick a derivation of n «% lo <% m that is as short as possible. There are three cases to consider.

In the first case neither n nor m contains a cousin of s;. Then by Proposition 16, n <% lo’ <% m.

In the second case, one of the normal forms contains a cousin of s; but the other does not. Without
loss of generality, let n contain no cousin of s; and let m = M[mg] where mg is a cousin of s;. Then
n <% lo’ <% M|y| by Propositions 15 and 16, so (n, M[y]) is a smaller witness to non-UN~ than (n,m)
(note that n # M|y] since y is a new variable). Thus the second case cannot happen.

In the third case, s; has both a cousin ng in n and a cousin mg in m, so that n = N[ng] and m = M[my).
If N[] # M]] then N[y] # M][y]. Since Nly] <% lo’ <% Mly] by Proposition 15, then (Ny], M[y]) is
a smaller witness to non-UN~ than (n,m) (note that ng and mg can not be height-zero because they are
equivalent to s;). If N[] = M][] then ng # mg so (ng, mog) is a witness to non-UN™. It is a smaller witness
to non-UN™ than (n,m), because if (ng,mo) = (n, m) then we have a derivation of n <% s; <} m that is
shorter than the derivation of n <% lo <} m, which we picked to be as short as possible. Thus, the third
case cannot happen either. |

We can use Lemma 17 to replace all non height-zero s; that are not equivalent to height-zero terms by
new variables, since replacing such an s; does not increase the length of the derivation of n <% lo’ <% m.
In fact, we can now assume that [oc does not contain any non height-zero s; that are not equivalent to
height-zero terms.

Thus, we have proved Theorem 18.

Theorem 18. If R is a linear flat TRS that is not UNT, then there is a witness (n,m) to non-UN~ with a
derivation of n <% t <% m, where t is a flat instance of a left-hand side of a rule of R.

4.1 Ground Witnesses

So far, we have shown that if (7, R) is a linear flat TRS that is not UN™, then there is a witness (n,m) to
non-UN™ with a derivation of n <7} t <=5 m, where ¢ is a flat instance of a left-hand side of a rule of R. In
this section we shall show that for any linear flat TRS (7, R), we can add a finite number of constants to
the signature of 7 to get a rewrite system (7', R) that is UNT if and only if (7, R) is UN™, and if they are
not UNT, then (7', R) has a ground witness (n,m) to non-UN~ with a ground derivation n <75 t <% m,
where t is a flat ground instance of a left-hand side of a rule of R.

Proposition 19. Let T be the set of terms over a signature F, and let 1. be the set of terms over the
signature F U {c}, where ¢ is a new constant not in F. A TRS (T, R) is UN™ if and only if (7., R) is UN".

Proof. The < direction is obvious. For the = direction, assume (7, R) is UN™. To show (7., R) is UN™,
pick normal forms n,m € 7. such that n <% m in 7.. In any derivation of n <% m, we can replace all
occurrences of ¢ with a new variable = to get a derivation of 7 <% m in 7. Since n and m are normal forms
of (T, R), we have n = m. This implies n = m. |

Lemma 20. Let (7, R) be a linear flat TRS. Then we can add a finite number of constants to the signature
of T to get a rewrite system (T', R) that is UN™ if and only if (T, R) is UN™, and if they are not UN™,
then (T', R) has a ground witness (n,m) to non-UN~ with a ground derivation n <% t <% m, where t is a
flat ground instance of a left-hand side of a rule of R.

Proof. Let T be the set of terms over the signature F. Let a be the maximum arity of the function symbols
in F. Let 7’ be the set of terms over the signature F U {cy,...,c3q}, where ci,...,c3, are distinct new
constants not in F. Proposition 19 ensures that (7, R) is UNT if and only if (7, R) is UN™.

Assume (7', R) and (7, R) are not UN™. Let (n,m) be a minimal witness to non-UN~ of (7, R). By
Theorem 18, there is an instance lo of a left-hand side I of a rule such that lo is flat and n <} lo <% m.
Pick a derivation of n <% lo <% m. Let x1, ..., x; be the variables that occur in n, lo, and m, and let
Zj41, ---, T be the rest of the variables in the derivation. Note that j < 3o

Define a substitution 7 by z;7 = ¢; if ¢ < j and x;7 is any ground term otherwise. We can apply 7 to
each term in the derivation to get a ground derivation of nt <% loT <7} m7. Then (nr,m7) is a ground
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witness to non-UN~ of (7', R). Note that nt # m7 since different variables in n and m are mapped to
different constants. Additionally, lo7 is flat and ground. |

5 Tree Automata for Reducible Terms

Let R be a left-linear TRS over the set 7 of terms. We want a tree automaton Axp(g) that recognizes the
language of ground normal forms of R over 7. To ensure a polynomial time algorithm for UN™, we need
Anr(r) to be polynomial in the size of R, but we don’t require determinism. It is easier to construct a tree
automaton Agreq(r) that recognizes the complement language—the language of R-reducible terms. Once we
have Agea(r), we can construct Axp(g) as follows. If Ageq(r) is deterministic, then we define Axp(g) to be
like Ageq(ry but with a complemented set of final states. If ARed( R) is nondeterministic, then we may use
[4] to find a deterministic automaton Ag g, such that L(Ag,qpg)) = L(ARrea(r)). Then we could define
Anr(r) to be like AL 4R d(R) but with a complemented set of final states, as before. Unfortunately, Ay d(R)
may be exponential in the size of Areq(r)-

We give two automata that accept the language of R-reducible terms. The first is a simple nondetermin-
istic automaton that is described in Appendix A. The second is a more complicated deterministic automaton
ARed(r) that is polynomial in the size of R provided the maximum arity of the function symbols is bounded
or the signature is fixed.

Comon already does something similar in [3]. This section clarifies some points and provides a complexity
analysis specific for our purposes with linear flat rewrite systems.

5.1 Deterministic Tree Automata for Reducible Terms

The next couple of examples show how to deal with instances and nondeterminism. We give only the
definition of the automata here. That they in fact accept the R-reducible terms is shown by Theorem 26.

Similarly to the nondeterministic case, the examples will have one state ¢; per subterm ¢ of a left-hand
side of a rule that is not an instance of a left-hand side of a rule. To be complete and deterministic, we need
to have for each function symbol f and states ¢1, ..., ¢, exactly one state ¢ such that f(q1,...,q,) — ¢ isa
transition rule. If any of the ¢; equals ¢, then ¢ should be g,. If no ¢; is ¢,, then f(q1,...,qn) = f(qt,s---,q,)
for some terms t1,...,t,. If f(t1,...,t,) is an instance of a left-hand side of a rule, then we want ¢ to be
gr. If f(t1,...,t,) is an instance of a term ¢ for which there is a state ¢;, then we may want ¢ to be ¢;. This
leads to a complete deterministic automaton in some cases, for instance in the next example.

Example 21. Let R = {g(f(z),y) — f(a)}. We shall define a complete deterministic automaton A to
recognize R-reducible terms. Define the set @ of states by Q = {qx, ¢f(), ¢-} and the set Q of final states
by Qf = {g-}. Define the set A of transition rules by

a— g 9(@r,q) = ¢ VYg€Q
faz) = 45 9(¢:qr) = g Vq€Q
far@) = ) 9(@5@)»9) — ¢ YqEQ
flar) — a 9(q1,q2) = ¢z if @1 # qr and g2 # ¢, and q1 # qp(a)
When there are two states ¢; and g such that f(¢1,...,t,) is an instance of ¢ and ¢', then there can be

conflicts. If ¢ is an instance of ¢/, then we want ¢ to be q. We implicitly did this in the last example, since
f(a) is an instance of both f(z) and x, and we chose transition rule f(gz) — qf(»). However, when it is not
the case that one of ¢ and ¢’ is an instance of the other, then we have a problem. The solution is to add a
new state to Q. The next example shows how to do this.

Example 22. Let R = {g(f(a,x)) — g(a), g(f(z,a)) — f(a,x)}. If we try to construct an automaton as
in the previous example, then we will need a transition rule with left-hand side f(qq,qs). Since f(a,a) is
an instance of both f(a,z) and f(x,a), we would end up with two transition rules f(qs,qa) — qf(a,z) and
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f(4asGa) = 4 (,q) since f(a, ) is not an instance of f(z,a) and vice versa. This would make the automaton
nondeterministic. To compensate, we introduce an extra state qf(a,a), Where f(a,a) is the most general
instance of f(a,z) and f(y,a). Then the transition rule is f(qa,qa) — f(a,a) (marked (x) below).

Define the set @ of states by Q = {¢x, ¢a, T (asz) Uf (z,a) Uf (asa)» g} and set Q¢ of final states by Q@ = {g,}.
Define the set A of transition rules by

a = qa
(@2, 42) = Ga F(Gf(a2) 4z) = Ga

f(@z,9a) = Qf(z.0) (5 (a)s qa) = 4f(z,a)
fes af(a2)) = G (45 (a2)> U (a) — Qo
(es 4f(2,0) = G 4f(aw): U (z,0) = Qo
ey 95 (asa) = G (@5, Qfaa))—>qw
f(qas @z) = Qf(a,2) F(@f(a,0):Gz) = G

f(4arda) = Qf(aa) (%) fa5(a,a), qa) = Qf(z,0)
f(Gar 4f(a,2) = Yf(a) f@faa)s Qf(am) = o
f(4as @f(2,0)) = Af(ae) (@) U (zr0) = e
F(Gas Gf(a.a)) = Qf(a,2) F(@ta,0): A (asa) = Qo
F(@f (2,0, 9z) = Ga 9(qz) = @
(qf(xa )—’sza) 9(¢a) = @
[ @,a), U (am) = Ga 9(@f(az) = G
F(@5(,0) U (2,0) = o 9(@f(z.a) = @
f4f(@,a)s Uf(ara) = Qa 9(@faa) = @

plus

flq1,q2) = ¢ if g =qr or g2 =g,
9(qr) — qr .

Now, given a left-linear TRS R, we show how (based on [3]) to construct a deterministic bottom-up tree
automaton Areq(r) that accepts the language of terms reducible by R. Verma [12] covers the case when R
is ground, so here we assume that there is a non-ground left-hand side of a rewrite rule. Also remember
that no left-hand side of a rule of R is a variable. Therefore, some variable occurs as a strict subterm of a
left-hand side of a rewrite rule.

We define a partial operation |} on terms by defining s || ¢ to be a most general instance of s and ' if
s and ¢’ are unifiable, where ¢’ is the term ¢ with variables renamed so that ¢’ does not share any variables
with s. The term s | ¢ is unique up to variable renaming, in the sense that if u = s | ¢ and v = s | t then
u is a renaming of v. If s and ¢ are linear, then s | ¢ is linear (when it exists). If a term w is an instance
of a term ¢; and v is also an instance of another term ¢, then w is an instance of ¢; | t2. Additionally, the
binary operation J} is associative, commutative, and idempotent. That is, for any terms s, t, and u we have
the following properties: sy t=t{ s, (sl t)bu=sl (¢t u), and s | s=s.

Let So(R) be the set of subterms of left-hand sides of rules of R that are not instances of left-hand sides
of R. Note that z € Sy(R). Also, the size of Sp(R) is a polynomial in the size of R. Let Si(R) be the
smallest set containing Sy(R) that is closed under the inference rule

s,t € Sl(R)
s teSi(R) ifsl texists’

For example, there may be a term ¢t € S;(R) that we can write as ¢ = (t1  t2) | ((t3 | t2) U t4) where ¢4,
ta, t3, t4 € So(R). Due to the associativity, commutativity, and idempotency of |}, we can transform this
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into t = (((t1  t2) U t3) I ta). In fact, any term ¢ € S1(R) can be written as t = ¢1 | t2 | --- | ¢, where
t; = t; only if i = j for a set {ti,t2,...,t,} C So(R). Thus there is at most one term in S;(R) for each
subset of Sy(R), which gives us the inequality |S1(R)| < 250U, So in the worst case for a left-linear R, the
size of S1(R) could be exponential in the size of Sy(R). However, if R is additionally shallow, as it is in our
case, then Sy contains only ground terms plus the variable x, since the only subterms of left-hand sides of
rules of R that contain variables are the left-hand sides of rules themselves and the variable x. In this case

S1(R) = So(R).

Proposition 23. For every term u there is a unique term t € S1(R) such that u is an instance of t and for
any s € S1(R), if u is an instance of s then t is an instance of s.

Proof. Let T = {t € So(R) | u is an instance of t}. T is finite and non-empty (since = € T'), so we can write
T asT = {t1,ta,...,tn}t. Let t =t1 J ta | --- { t,. Then u is an instance of ¢ because u is an instance of
each t;. Also for every s € S7(R) such that w is an instance of s we have s || t = ¢, so ¢ is an instance of s.
Finally, to show uniqueness, we note that if there are two terms ¢ and ¢’ that satisfy the statement of the
proposition, then they are instances of each other, so they are equivalent up to variable renaming. |

For a term u, we denote by uf} the term t described by the proposition.

Let S(R) be S1(R) minus the terms that are instances of left-hand sides of rewrite rules. (We must remove
instances of left-hand sides of rewrite rules again because the closure procedure might have generated new
ones.) Note that € S(R) and S(R) contains only linear terms. Also note that if a term w is not an instance
of a left-hand side of a rewrite rule, then uf} is not either, so uft € S(R).

We define the set @ of states of Area(r) by @ = {g,} U{q: |t € S(R)} and the set Qy of final states by
Qs ={¢-}. A term that reaches state ¢, will be one that is reducible. Since x € S(R), there will be a state
gz € Q. A term that reaches state ¢, will be one that is not reducible, and is not part of a reducible term
except below a variable of some left-hand side of a rule of R. The transition rules of Ageq(r) are divided
into three groups:

(Al) f<Qt17‘ --,Qtn) G (bt

if f(t1,...,t,) is not an instance of a left-hand side of a rule of R. (Note that ¢,...,tn, f(t1,...,tn)ft €
S(R) and ¢, # g, for all i.)

(AQ) f(th' . 'aQtn) — qr

if f(t1,...,t,) is an instance of a left-hand side of a rule of R. (Note that ¢1,...,t, € S(R)
and ¢, # ¢, for all i.)

(A3) flqi,--- qn) — @

if there is some 7 with ¢; = g,

The rules used in Examples 21 and 22 can be generated by (Al), (A2), and (A3).
Lemma 24. Agcq(r) is deterministic and complete.

Proof. To show determinism, first note that the transition rules generated by (A7) and (Aj) are disjoint
when i # j. Also, neither (Al) nor (A2) nor (A3) generates more than one transition rule with the same
left-hand side. Thus no two different transition rules share a left-hand side, so Agecq(r) is deterministic.

We show by induction on the structure of terms that Ageq(r) is complete. Let u = f(u1,...,u,) where
for each i, u; reaches a state g;, so that u F* f(q1,...,¢n). We need to show that there is a state g such that
u F* g. If any of the ¢; is ¢ then f(q1,...,qn) F ¢ by (A3), so that u F* g,. So assume that no ¢; is g¢,.
Then for each i there is a term ¢; € S(R) such that g; = q,. We need to show that there is a state ¢ such that
flaey, - -yqe,) g I f(t1,...,t,) is an instance of a left-hand side of a rule of R, then f(qs,,...,q:, ) g so
u " q.. If f(t1,...,t,) is not an instance of a left-hand side of a rule of R, then f(qs,,...,q:,) F @r,..to)n
sO u "y, 0.)4- Thus for every term u, there is a state ¢ such that u F* q. |

.....
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If there are ¢ number of function symbols in the signature, and the greatest arity of a function symbol is
@, then the number of rules in Areq(p) is less than or equal to ¢|Q|*. For linear flat rewrite systems, |Q| is
a polynomial in the size of R, since S(R) C Sp(R). Also, we assume that « is bounded, so « is independent
of the size of R. Therefore, for linear flat systems, the size of Areq(r) is polynomial in the size of R.

Now we show that Ageq(r) accepts the terms that are reducible by R.

Lemma 25. If a term u reaches a state q; of Area(r), then u is an instance of t and for any s € S(R), if
w is an instance of s then t is an instance of s.

Proof. We show this by structural induction. Let w = f(u1,...,u,) where for each i, if u; reaches state g,
then u; is an instance of ¢; and for any s € S(R), if u; is an instance of s then ¢; is an instance of s. Assume
u reaches state ¢;.

First, we show that u is an instance of . By determinism and completeness of Ageq(r), we know that

utF* f(q,--.,q, ) F q for some unique sequence of terms tq, ..., t, € S(R) where f(t1,...,t,) is not an
instance of some left-hand side of a rewrite rule and ¢t = f(t1,...,t,)ft. By the induction hypothesis, w; is
an instance of t; for each i. Let t = f(¢},...,t,). Since f(t1,...,t,) is an instance of ¢, ¢; is an instance of

t, for each i. Thus, for each 4, u; is an instance of ¢;. Then, because ¢ is linear (remember that all terms in
S(R) are linear), u is an instance of t.
Now we pick a term s € S(R) such that u is an instance of s and show that ¢ is an instance of s. If s = x

then ¢ is an instance of s. Otherwise, s = f(s1,...,s,) for some s1, ..., s, € S(R). For each i, u; is an
instance of s;, so by the induction hypothesis ¢; is an instance of s;. Then, because s is linear, f(t1,...,t,)
is an instance of s. Finally, ¢ is an instance of s by Proposition 23. ]

Theorem 26. Arcq(r) accepts the language of terms reducible by R.

Proof. We show by induction on the structure of terms that a term u reaches state ¢, if and only if u is
reducible by R. Let u = f(uq,...,u,) where for each i, u; reaches state g, if and only if u; is reducible.

=: Assume that u reaches state ¢, and show that u is reducible. If u -* f(q1,...,q,) F ¢ where ¢; = g,
for some i, then wu; is reducible so u is reducible. Otherwise u F* f(qt,,...,q:,) F g, for some terms tq, ...,
t, € S(R), where f(t1,...,t,) is an instance of some left-hand side f(I1,...,[,) of a rule of R. For all 4,
u; is an instance of ¢; by Lemma 25, and ¢; is an instance of [;, so u; is an instance of [;. Then, because
f(li,..., 1) is linear, u is an instance of f(l1,...,l,). Thus u is reducible.

<: Assume u is reducible and show that u reaches g,. If u; is reducible for some 4, then u; reaches g,
so u reaches ¢, by (A3). So assume for each ¢ that w; is not reducible. Then u must be an instance of a
left-hand side f(ly,...,l,) of a rule of R and v +* f(qy,...,q,, ) for some terms t1, ..., t, € S(R). We will
show that f(t1,...,t,) is an instance of f(l1,...,l,) so that there is a transition rule f(gs,..., ¢, ) — ¢r
by (A2). For each ¢ we know that u; is an instance of I;. Also it must be the case that I; € S(R). For, if
l; ¢ S(R), then [; would be an instance of a left-hand side of a rule of R, which would make u; reducible.

Now Lemma 25 implies that ¢; is an instance of l;, since u; reaches state ¢;,. Then, because f(ly,...,1,) is
linear, f(t1,...,t,) is an instance of f(l1,...,l,). Thus the transition rule f(q,,...,q:,) — ¢ exists, so u
reaches g, |

Corollary 27. For a left-linear flat TRS R and a ground term t, we can decide in polynomial time if t is a
normal form of R.

Proof. By [4], membership of ¢ in Agcq(ry can be decided in linear time. |

6 Tree Automata for Reachable Terms

Given a ground term ¢, we want a tree automaton that can recognize ground terms R-equivalent to t by
ground derivations, where R is our linear flat rewrite system. Equivalently, we we want a tree automaton
that can recognize terms reachable via RU R~ from ¢. Note that RU R~ is also a linear flat rewrite system.
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While we have assumed that R has no variable left-hand sides of rules, we must take into account that
R U R~ may have variables as left-hand sides of rules.

We can use Lemma 25 from [3] to get this result. Comon shows there that linear shallow term rewrite
systems preserve regularity. A term rewrite system R’ preserves regularity if for any recognizable subset L of
T(F,X), theset {s € T(F,X) | s —} ufor some u € L} is recognizable. For our purposes, L = {t}, which
is recognizable. Also, for any term s, s —}, - t if and only if t =%, .~ s. Thus the set {s € T(F,X) |
t —%, s} is recognizable, i.e. there is a tree automaton that recognizes the terms reachable via RUR™ from ¢.
Therefore, there is a tree automaton that recognizes the ground terms that are R-equivalent to ¢ by ground
derivations.

To keep this paper self-contained, we include a direct construction of a version of the Comon result.
Our construction is more limited than [3] because the source is one term ¢ rather than any recognizable
set of terms. However, this construction actually does allow rewrite systems with rules having variables as
left-hand sides, which are mentioned in but omitted from Comon’s proof.

Note that tree automata operate on ground terms of a fixed signature.

Let R be a linear shallow rewrite system. R need not be flat and may have variables as left-hand sides
of rules. Let S be the set containing the subterms of ¢t and the ground subterms of the left- and right-hand
sides of the rules of R. (Note that S contains only ground terms since ¢ is ground.) We first define a
nondeterministic automaton By for which the set Q) of states is defined by Q = {¢s | s € S} U{q.}, and the
set @ of final states is defined by Qr = {¢:}, and the set A¢ of transition rules is defined by

A0 = {f(qsla e 7an) - qf(sl,...,sn) | S1y. .- 7Snaf(817 e usn) S S}

U{f((havqn) — qx | qi;---,4n €Q}

At this point, By accepts only t. Every term reaches g,, so By is complete.
We construct B by keeping the states and final states of By, and letting the set A of transition rules be
the smallest set of transition rules that contains Ag and is closed under the inference rules
fly, .. 0) = g(ry,...,rm) €ER flgr, - qn) > g€ A
9(q1, - dm) > g €A

if the following requirements are met:

(B1)

1. For each ¢, if I; is ground then [; F* ¢;.
2. ¢ is defined by

qr; if rj is ground
/

q; =4 ¢ ifr;is avariable and r; = ;
¢, if r; is a variable that does not appear in f(ly,...,1,)
Note that if r; is a variable and there is an i such that r; = [;, then that i is unique because f(ly,...,1[,
J J

is linear.)

fly,....l,) =z €R flar, o yqn) — g€ A
9(ar, -, ) — g €A
if the following requirements are met:

(B2)

1. For each ¢, if I; is ground then [; H* ¢;.
2. If x = l; then there is already a transition rule g(qi,...,q,) — ¢ € A.

(If « does not appear in f(l1,...,l,) then the function symbol g and states ¢}, ..., q,, are completely
free.)
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x—g(ri,...,rm) €R qE€Q
9(ds,-- - a,) g €A
if ¢; is defined by

(B3)

qr; if rj is ground
’ . s . .
q; =144 if r; is a variable and r; = 2

gz if r; is a variable and r; # x.

We add only rules and not states, so there are only a finite number of rules that can be added to Ag.
Thus, we can view the construction of B as a terminating process of adding one transition rule after another
for a finite number of iterations. If there are ¢ number of function symbols in the signature, and the largest
arity of a function symbol is a, then the number of rules in B is less than or equal to ¢|Q|*T!. |Q| is a
polynomial in size of R. Also, we assume that « is bounded, so « is independent of the size of R. Therefore,
the size of B is a polynomial in size of R.

We will show that the language accepted by automaton B is the set of terms that are reachable from ¢
by R. This is a simple consequence of the following lemmas which state that for any term » and any term
s€S5,s —xuif and only if u F5 ¢s.

Lemma 28. For any term u and any term s € S, if s =5 u then u b} gs.

Proof. We induct on the length k of s =% u. For £ = 0 we need to show that for all v, v 3 ¢,. This
requires only a simple structural induction on u. Now we assume for a particular k£ that for any term v and
any term s € S, if s =% u then u I g5, and we want to show that for any term u and any term s € 9, if
’If—fl u then u F} ¢s. So, we pick a term v and a term s € S such that s —>1§+1 u. We have s —>’j% V—=RU
for some term v. Thus v 5 ¢s by the induction hypothesis. There are three cases.

Case 1: There is a rewrite rule of the form f(l1,...,1,) — g(r1,...,mm) in Rand v = C[f(l1,...,1l)0]
and u = C[g(r1,...,7rm)0] for some context C[] and substitution ¢. Then, since v F} ¢s, there must be
states q1, ..., ¢, and a state g such that

v=Clf(l;..,ln)o] Fp Clf(qr,- - qn)l FB Clal Fg gs -

This implies that l;0 F} ¢; for each 4, and that there must be a transition rule f(qi,...,¢q,) — ¢q of B. For
each [; that is ground, I; 5 ¢; since l;0 = [;. We also know that

u=Clg(r1,...,r)ol b Cly(ar,- -, ;)]

when the states ¢i, ..., ¢, are defined by

S —

qr; if rj is ground
q} =4¢; ifr;is a variable and r; = ; (Remember l;o F5 ¢;)

g if r; is a variable that does not appear in f(l1,...,0).

By (B1), we must have added the transition rule g(q},...,q),) — ¢ to B. Thus we have the result u =
Clyg(ri,...,mn)o] b5 Clyldl, .-, 4,)] FB Clg) F5 gs- Thus u b3 gs.

Case 2: There is a rewrite rule of the form f(l1,...,1,) = zin Rand v = C[f(l4,...,l,)o] and u = Czo]
for some context C[] and substitution . Note that zo will be a term of the form g(w1,...,wy,). Then,
since v -5 ¢s, there must be states qi, ..., ¢, and state ¢ such that

v=C[f(l,.. )0l =5 Clf(qrs - an)) FB Clal Fy gs -

This implies that ;0 % ¢; for each ¢, and that there must be a transition rule f(qi,...,¢,) — g of B. For each
l; that is ground, I; 5 ¢; since l;0 = [;. Now we have to treat two subcases. First, if # = [; for some (unique)
i, then xo % ¢, so zo b5 g(dl, - ... q,,) FB ¢ for some states ¢, ..., ¢},. By (B2), we must have added the
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transition rule g(qi, . .., q,,) — ¢ to B. Thus we have the result u = Clzo]| F5 Clg(q},---,¢)] FB Clg) Fy ¢s-
Second, if x does not appear in f(l4,...,1,), then zo = g(ws,...,wn) F5 9(di, ..., q,) for some states ¢},
.+y ¢,. By (B2), we must have added the transition rule ¢g(¢},...,q,,) — ¢ to B. Thus we have the result
u=Clro] b5 Clg(dt, - -, 4n)] B Clg) g g5 Thus u by gs.
Case 3: There is a rewrite rule of the form z — g(r1,...,7n) in Rand v = Clzo] and u = Clg(ry, ..., rm)0]
for some context C[] and substitution o. Then, since v F ¢s, there must be a state ¢ such that

v=_Clzo]Fp Clg] Fj gs -
We know that

u=Clg(ri,...,mn)o] F5 Cly(ay, -, q,)]

when the states ¢}, ..., ¢, are defined by

qr; if rj is ground
q; =<¢q if r; is a variable and r; =  (Remember zo F} q)

g, if r; is a variable that does not appear in g(rq,...,7pn) .

By (B3), we must have added the transition rule g(q},...,q,,) — ¢ to B. Thus we have the result u =
Clg(ri,...,m)o) By Clg(ql,---,4,)] FB Cld) F5 gs- Thus u 5 gs. [ ]

Now we prove the converse:
Lemma 29. For any term u and any term s € S, if ukp gs then s =5 u.

Proof. We induct on the number of inference rule applications in u F}5 ¢s. Let By be the automaton
generated after IV inference rule applications. For the base case we need to show that if u F3  ¢s then
s —% u. An easy structural induction on u shows that, in fact, we can prove that s = u. Now we assume
for a particular N that for any term w and any term s € S, if u F3 ¢s then s —% u, and we want to
show that for any term u and any term s € S, if u l—*BN+1 gs then s =% u. Let p be the transition rule
9(ql,...,4q,,) — q that we added to By to get Byy1. We induct on the number M of p-applications in
U I—ENH qs- For M = 0, if we pick a term v and a term s € S such that u }—*BNH qs with M applications
of transition rule p, then u F% = ¢s, so s —% u by the induction hypothesis on N. Now we assume for a
particular M that for any term u and any term s € S, if u l—*BN+1 qs with M applications of transition rule
p, then s —% u. We want to show that for any term u and any term s € S, if u HBNH qs with M + 1
applications of transition rule p then s —% u. So, we pick a term u and a term s € S such that u '_*BN+1 qs

with M + 1 applications of transition rule p. Then we have u I—EN vy Fp v I—ENH qs for some vy and vo

where there are M applications of p in vy l—};N+1 gs- Because of the application of transition rule p, we must
have v1 = Clyg(q,. .., q,)] and va = Clg] for some context C[]. Consequently, u = C'[g(u1,...,um)] for
some ui, ..., Uy, where C'[|Fp = C[] and u; 5 ¢} for every j. To recap, the situation is

u=C"lg(ur, ..., um)] Py, Clo(ais - qm)] Fp Clal Fhy ., -

Now there are three cases to consider.

Case 1: Transition rule p was added by (B1). Then there is a rewrite rule f(l1,...,l,) — g(r1,...,™m) €
R, and there are states q1, ..., g, such that if [; is ground then [; -5 = ¢; for each i, and flar, . yan) — ¢
is a transition rule of By, and we know about each q; that

qr; if rj is ground
q;» =<¢q if rj is a variable and 7; = [;

g if 7 is a variable that does not appear in f(l1,...,0,).
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We define a new term v by v = C’'[f(l1,...,l,)o], where the substitution o is defined by

u; ify=r;
ag =
Y w; if y =1; and l; does not appear in g(r1,...,7m),

where w; is any term that reaches state ¢;. (We can always find such a w;. If ¢; = q» where s’ € S, then we
can let w; = §'. If ¢; = ¢, then any term will do.) For this v, we have the result

v = Cl[f(ll, R ln)o—} |_*BN C[f(qla ) qn)] }_BN C[q] >kBN_H qs

where the entire derivation contains M applications of p. The justification for this is as follows. First, if [;
is ground then [; I—EN q; and l;o0 = 1;, so l;o H‘BN gi- Second, if I; is a variable and I; = r; then l;0 = u; and
q;- = ¢;. Also remember that u; Fp qé, which gives us that ;o 3 ¢;. Third, if [; is a variable that does
not occur in g(rq,...,7m), then l;0 = w;. Since w; reaches state g;, we again have l;o F5y ¢i- Finally, the
presence of the transition rule f(q1,...,¢n) — ¢ gives us the result.

Since v '_*BN+1 gs with M applications of p, by the induction hypothesis on M we know that s —% v. It
remains to show that v —% u. We know that

v="C'[f(ly,...,l,)o] —=r C'lg(r1, ..., 7m)0],
so we just need to show that

C'lg(r1,...,rm)o] =5 C'lg(ur, ..., um)] = u.
If r; is a variable, then rjo = uj, so rjo —% u;. If r; is ground, then rjo = r; and qé. = qr;. Remember
that u; Fp q}, so u; g, ¢r;- By the induction hypothesis on N, we have r; —% u;, and thus rjo =3 u;.
Therefore s =7 u.

Case 2: Transition rule p was added by (B2). Then there is a rewrite rule f(l,...,l,) — = € R, and

there are states qi, ..., ¢, such that if [; is ground then [; 5 = ¢; for each 4, and f(q1,...,qn) — ¢ is a

transition rule of By, and if z = I; then there is also a transition rule g(qj,...,q,,) — ¢ in By.
We define a new term v by v = C’'[f(l1,...,l,)0], where the substitution o is defined by

g(ula"'vum) lfy:(ﬂ
Yyo = .
w; ify=1; and [; # x,

where w; is any term that reaches state ¢;. (We can always find such a w;. If ¢; = q» where s’ € S, then we
can let w; = §'. If ¢; = ¢, then any term will do.) For this v, we have the result

v=Cf(l, . )] Py Clf(qrs- - a0)] Py Cld Fhy,, s

where the entire derivation contains M applications of p. The justification for this is as follows. First,
if I; is ground then [; F*BN q; and l;o = [;, so l;o F*BN q;- Second, if [; is a variable and [; # x, then
lijoc = w;. Since w; reaches state ¢;, we again have [;o I—*BN q;- Third, if [; is a variable and [; = z, then
lic=g(u1,...,um) Fi, 9(q1,- -, 4,) FBy @ since by (B2) there must be a transition rule g(q3, - - -, q,,) — ¢
of BN-

Since v '_*BN+1 gs with M applications of p, by the induction hypothesis on M we know that s —% v. It
remains to show that v —7% u, which holds because

v="C'[f(ly,...,ln)0] =r C'[zc] = C'[g(u1, ..., um)] = u.

Case 8: Transition rule p was added by (B3). Then there is a rewrite rule x — g(r1,...,7n) € R, a state
q € @, and we know about each q;- that

qr; if rj is ground
!’ . B . -
q; =144 if r; is a variable and r; = x

¢» if r; is a variable and r; # = .
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We define a new term v by v = C’[z0], where the substitution ¢ is defined by

yo — u; ify=r;
w if y =z and x does not appear in g(r1,...,7m),

where w is any term that reaches state g. (We can always find such a w. If ¢ = g5 where s’ € S, then we
can let w = ¢'. If ¢ = ¢, then any term will do.) For this v, we have the result

v =C"zo] b, Cld] By s

where the entire derivation contains M applications of p. The justification for this is as follows. First, if
x = rj then zo = r;jo = u; and q;- = ¢. Also remember that u; F5 q;-, which gives us that zo F3 ¢
Second, if z does not occur in g(r1,...,7.,), then zo = w. Since w reaches state g, we again have zo F3 _ q.

Since v I—ENH gs with M applications of p, by the induction hypothesis on M we know that s =% v. It
remains to show that v —% u. We know that

v = C,[:CJ] —R C,[g(rla s ,’f’m)o_} ’
so we just need to show that
C'lg(r1,...,rm)o] =5 C'lg(ur, ..., um)] = u.

If r; is a variable, then rjo = u;, so rjo —% u;. If r; is ground, then rjo = r; and ¢j = ¢,;. Remember
that u; F5 q;«, so u; g, ;- By the induction hypothesis on N, we have r; —% u;, and thus rjo =% u;.
Therefore s —% u. ]

Theorem 30. Automaton B accepts the terms reachable from t.

Proof. We need to show that for any term u, v -} ¢ if and only if ¢ —7% u. This is a direct consequence of
the previous two lemmas. |

Corollary 31. For a linear, shallow TRS R and two ground terms s and t, we can decide in polynomial
time if there is a ground derivation of s <% t.

Proof. For term t we create the automaton B. By [4], membership of s in B can be decided in time
proportional to the size of B plus the size of s. |

7 Conclusion and Further Work

This paper has provided a polynomial time algorithm that solves the UN™ problem for linear shallow term
rewrite systems.

The exact boundary between decidability and undecidability for this property is an interesting direction
for future research. Recently, it was proved in [11] that the UN™ problem is undecidable for linear rewrite
systems in which the height of both sides of every rule is restricted to at most two. Moreover, it has been
shown in [12] that the UN™ problem is undecidable for right-ground systems. Since right-ground systems
can be flattened as describe here so that the right-hand sides are flat terms, the problem is undecidable
also for right-flat systems. Thus, the undecidability frontier is not far when the height of sides and linearity
restrictions are of interest.
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A  Nondeterministic Tree Automata for Reducible Terms

We shall define a nondeterministic tree automaton that accepts R-reducible terms. Let L be the set of
left-hand sides of rules and let S(L) be the set of non-variable subterms of terms in L. We define the set
Q of states by Q = {¢r, ¢} U{q: | t € S(L) — L}, and set Qy of final states by Q¢ = {¢,}. The transition
rules of our automaton will be such that reducible terms will reach g, all terms will reach ¢,, and instances
of a term ¢t € S(L) — L will reach ¢;. For each ¢t = f(t1,...,t,) in S(L) — L we have a transition rule
f(aqeys- -y qt,) — qi, where g, is understood to be g, if t; is a variable. For each left-hand side f(ly,...,1,)

of a rewrite rule, we have a transition rule f(q,,...,q,) — ¢r, where ¢, is understood to be ¢, if I; is a
variable. Finally, we have the transition rules f(qi,...,q,) — g, if there is an i such that ¢; = ¢,, and
f(@zy--.,qz) — gz A simple structural induction shows that every term reaches g,.

Proposition 32. For a term t € S(L) — L and a term u, u reaches q; if and only if u is an instance of t.
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Proof. =: By structural induction. Let u = f(uy,...,u,) where for each i and any term ¢ € S(L) — L, if u;
reaches ¢; then u; is an instance of t. Now we pick a term ¢ € S(L) — L such that u reaches state ¢; and show
that v is an instance of ¢. The only way that w can reach ¢; is if t = f(t1,...,t,) and u F* f(qe,, ..., qs,)-
Then we know that w; is an instance of ¢; for each ¢. Because of the linearity of ¢, we get that u is an instance
of t.

<: By structural induction. Let u = f(uq, ..., u,) where for each ¢ and any term t € S(L)— L, if u; is an
instance of ¢ then w; reaches ¢;. Now we pick a term ¢t € S(L) — L such that u is an instance of ¢ and show
that u reaches state ¢;. Each w; is an instance of ¢;, so each u; reaches state g,. Thus u F* f(qe,, ..., ¢, )-
There is a transition rule f(g¢,,-..,q, ) — ¢, so u reaches state g;. [ |

Lemma 33 ([3]). The set of terms reducible by a left-linear TRS R is recognizable by a non-deterministic
bottom-up tree automaton.

Proof. We show that a term u reaches state ¢, if and only if w is reducible by R. Let u = f(ug,...,un)
where for each i, u; reaches state ¢, if and only if u; is reducible by R.

=: Assume that u reaches state ¢, and show that u is reducible. If u F* f(qy, ..., Gz Grs @y qz) F Gy
then there is an i such that u; reaches ¢.. Then by the induction hypothesis, u; is reducible, and thus u
is reducible. Otherwise u F* f(q,,-..,q, ) F ¢ for some left-hand side f(I1,...,1,) of a rule of R. By the
claim above, u; is an instance of [; for each i. Because f(l,...,1,) is linear, w is an instance of f(l1,...,1,).
Thus u is reducible.

<: Assume u is reducible and show that w reaches q,. If u; is reducible for some 4, then w; reaches
qr, and thus u reaches ¢,.. So assume for each i that u; is not reducible. Then u must be an instance of a
left-hand side f(l1,...,l,) of a rule of R. By Proposition 32, u -* f(q,...,q, ), and thus u F* ¢,. [ ]
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