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Abstract—In this paper, we first offer an overview of advances
in the field of distance metric learning. Then, we empirically
compare selected methods using a common experimental proto-
col. The number of distance metric learning algorithms proposed
keeps growing due to their effectiveness and wide application.
However, existing surveys are either outdated or they focus only
on a few methods. As a result, there is an increasing need to
summarize the obtained knowledge in a concise, yet informative
manner. Moreover, existing surveys do not conduct comprehen-
sive experimental comparisons. On the other hand, individual
distance metric learning papers compare the performance of
the proposed approach with only a few related methods and
under different settings. This highlights the need for an experi-
mental evaluation using a common and challenging protocol. To
this end, we conduct face verification experiments, as this task
poses significant challenges due to varying conditions during data
acquisition. In addition, face verification is a natural application
for distance metric learning because the encountered challenge
is to define a distance function that: 1) accurately expresses the
notion of similarity for verification; 2) is robust to noisy data;
3) generalizes well to unseen subjects; and 4) scales well with
the dimensionality and number of training samples. In partic-
ular, we utilize well-tested features to assess the performance
of selected methods following the experimental protocol of the
state-of-the-art database labeled faces in the wild. A summary
of the results is presented along with a discussion of the insights
obtained and lessons learned by employing the corresponding
algorithms.

Index Terms—Dimensionality reduction, distance metric learn-
ing, face recognition, face verification, similarity learning.

I. INTRODUCTION

D ISTANCE metric learning has been an active area of
research for many years, motivated by the need to prop-

erly define dissimilarity (or equivalently similarity) measures.
An illustrative example is provided in Fig. 1. As demonstrated,
there are different notions of similarity for face recogni-
tion applications [e.g., gender, pose, race, and identity (ID)].
Distance metric learning approaches are thus used to define
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Fig. 1. Depiction of face images from the LFW database [2]. As
demonstrated, the notion of similarity varies (e.g., gender, pose, race, and ID).

a suitable distance metric that reflects what is considered to
be “similar” or “dissimilar” in each case. In this paper, we
use face verification as a case study because it poses signifi-
cant challenges. Specifically, face verification is the problem
of comparing two face images and determining whether or
not they depict the same subject. Face data are character-
ized by large intrapersonal and interpersonal variations due
to differences in various attributes such as age, illumination,
expression, and ethnicity. As a result, the features used as
input to the matchers are usually of low quality for the pur-
pose of face verification. Distance metric learning approaches
offer a natural solution to this problem as: 1) they can be
trained to accurately reflect the notion of similarity for the
task at hand; 2) they are robust to noisy data; 3) they have
the potential to generalize well to unseen classes without
any retraining or adaptation; 4) they offer capabilities of
dimensionality reduction; 5) they can be combined naturally
with nonlinear classifiers such as the nearest neighbor (kNN)
rule [1]; 6) they are suitable for multiclass problems; 7) they
can accommodate problems with few samples per class; 8)
they can be used effectively for datasets with multimodal
classes; and 9) they can be trained using weak types of con-
straints. Traditional classification methods such as support
vector machines (SVMs), neural networks (NNs), and decision
trees (DTs) are limited in at least one of these aspects.

Due to the aforementioned advantages, distance metric
learning approaches have been receiving increasing attention
over the past few years. An illustration of this trend is depicted
in Fig. 2. Yang [3] offered a comprehensive literature review
to summarize the advances in this field. The methods in that
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TABLE I
CONFERENCES AND JOURNALS USED FOR IDENTIFYING DISTANCE METRIC LEARNING METHODS. PAPERS THAT INCLUDE

AT LEAST ONE OF THE KEYWORDS IN THEIR TITLE WERE CONSIDERED IN OUR SEARCH

Fig. 2. Depiction of the number of papers published during the years
2003–2013 that include “metric learning” in their title according to the search
engine Google Scholar.

technical report were organized in four groups: 1) supervised;
2) unsupervised; 3) SVM-based; and 4) kernel-based. One year
later, Yang [4] offered an updated summarization of the super-
vised and unsupervised categories to include the most recent
papers. The papers in these two reviews are now outdated,
as the most recent reference dates back to 2007. In another
taxonomy, Ramanan and Baker [5] focused on local distance
functions that can be considered approximations of geodesic
distances defined by a metric tensor. They categorized these
approaches according to three criteria: 1) how; 2) where; and
3) when the distance metrics estimate the metric tensor. Even
though their work provides valuable insights accompanied by
interesting experimental results, its breadth is very limited.
In particular, it focuses on only a few distance metric learn-
ing methods. The most recent is the journal version of the
large margin nearest neighbor (LMNN) method published in
2009 [6]. Kulis [7] proposed a unified framework that can be
used to describe large classes of metric learning approaches.
Even though, this paper offers an analysis of various aspects
of distance metric learning and is a great introduction for
new researchers in this area, it does not provide a compre-
hensive overview of the literature. In particular, the most
recent reference that directly relates to distance metric learning
dates back to 2011. Finally, Bellet et al. [8] offered a survey
that compares related methods according to various criteria

(e.g., scalability, form of metric, etc.). A distinguishing fea-
ture of this technical report is that it reviews recent trends and
extensions of distance metric learning approaches to domains
such as semi-supervised, multitask, and structured data metric
learning. However, it neglects many of the recent advances
for the traditional task of single-domain supervised learning.
Moreover, the conclusions drawn rely on evidence provided
by the original papers without any empirical validation. In
summary, the existing surveys are outdated [3], [4], too nar-
row [5], or they do not provide experimental evidence [7], [8].
To address these limitations, we first offer an overview of
recent advances in the context of distance metric learning.
Then, we assess the performance of selected methods using
a common experimental protocol. For the first part, we con-
ducted a systematic search of the literature that covered the
years 2011–2013. To make our search tractable we restricted
ourselves to selected conferences and journals. Even though
we are familiar with related papers published in other venues,
a selection had to be made. The venues and keywords used are
listed in Table I. Papers that include at least one of the key-
words in their title were reviewed in more detail to determine
their relevance. The venues were selected based on our expe-
rience in the field and considering the case study at hand (i.e.,
face recognition). To narrow down the scope of our search
even further, we focused on methods that seek a single dis-
tance metric for supervised classification. Our objective is not
to provide an in-depth analysis of each method nor to define
a unified framework. Instead, we focus on covering as many
papers as possible, since interested readers can read the cor-
responding papers themselves. That is, this paper should be
viewed as complementary to the existing literature. In addition,
we propose a taxonomy that classifies each method according
to its main contribution or distinguishing feature. The proposed
taxonomy comprises five categories: 1) ensemble; 2) nonlin-
ear; 3) regularized; 4) probabilistic; and 5) cost-variant. In
particular, a brief description is provided for each category
and each approach. This contribution can assist researchers to
place their work in the correct context within the literature and
thus compare to appropriate methods. Moreover, a compara-
tive summary of the methods under consideration is offered
according to various criteria including dimensionality reduc-
tion and type of constraints used. Finally, we refer the reader
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to notable contributions that relate to distance metric learn-
ing but fall outside the scope of this paper. As mentioned, the
existing literature lacks a comprehensive empirical evaluation
of distance metric learning methods. To highlight this prob-
lem, we summarize the results reported in the literature for the
state-of-the-art dataset labeled faces in the wild (LFW) [2].
As demonstrated, several results are reported under different
settings and different performance measures. This motivates
the need for a comparative study that uses a common experi-
mental protocol. In the second part of this paper, we address
this problem by utilizing publicly available code to per-
form face recognition experiments using well-known, publicly
available features for LFW. We follow the LFW protocols
to directly compare the performance of selected methods.
Furthermore, we investigate the effect of different factors
such as feature length, type of constraints, and generaliza-
tion capabilities. In addition to presenting and analyzing the
obtained results, we also offer a discussion with the insights
we gained by employing the various distance metric learning
algorithms.

The rest of this paper is organized as follows. In Section II,
we discuss preliminaries. In Section III, we present the pro-
posed taxonomy and discuss key aspects of each category and
each method. In Section IV, we present and analyze the exper-
imental results; and in Section V, we offer a summary of our
findings.

II. PRELIMINARIES

In this section, we review basic concepts for readers who
are not familiar with the distance metric learning domain. The
advantages over other classification methods are also detailed.
However, this section does not offer a thorough analysis of
the field. For an in-depth understanding, we refer interested
readers to [7]. In addition to offering a brief description of
main principles of distance metric learning, this section also
serves as a guide for the terminology to be used through-
out this paper. In particular, each sample is denoted by an
nth dimensional vector xiεIRn, where i corresponds to the
sample index. Given two samples xi and xj, the Euclidean

distance is defined as dE(xi, xj) =
√

(xi − xj)
�(xi − xj) or

equivalently as the �2-norm, dE(xi, xj) = ||xi − xj||2. This
formula considers the square root of the inner product of
the difference of two vectors. As a result, it is sensitive
to the scaling and dimensionality of the features. More
importantly, it does not utilize side-information and there-
fore it cannot accurately reflect what is considered to be
similar for the task at hand. To address these limitations,
most distance metric learning methods propose different ways
of learning a Mahalanobis distance [30], which is defined
as follows:

dM
(
xi − xj

) =
√(

xi − xj
)�A−1(xi − xj

)
. (1)

The matrix AεIRn×n in this formula is the Mahalanobis matrix
that parameterizes the distance. It scales the features and uti-
lizes their correlations to compute distances for ellipsoidally
distributed data more effectively. When A is the ID matrix
dM reduces to dE. Distance metric learning approaches learn

A with the goal of minimizing a cost function subject to
constraints defined by the data. The constraints can be rep-
resented in the form of: 1) labels; 2) pairwise relationships;
and 3) proximity relation triplets. The labels can be used
to derive the pairwise relationships, and the pairwise rela-
tionships to derive proximity relation triplets. In that sense,
labels are the strongest form of constraints representation and
proximity relation triplets the weakest. However, most dis-
tance metric learning algorithms work either with pairwise
relationships or with proximity relation triplets derived from
labels. There are a few methods that use quadruplet constraints
(see [24], [31]). Since this is not very usual we omit this part
and refer interested readers to the corresponding papers. The
labels are usually given in the form of yiε{1, . . . , c}, where yi

denotes the class label and c the number of classes. Pairwise
relationships are defined in terms of pairs of samples that
should be similar or dissimilar

S = {
(xi, xj) : xi and xj should be similar

}

D = {(xi, xl) : xi and xl should be dissimilar}.
Proximity relation triplets are relative in the sense that specify
the points that should be more similar than others

R = {
(xi, xj, xl) : xi more similar to xj than xl

}
.

Most methods share the same goal expressed in different ways.
That is, most approaches seek a distance that brings sim-
ilar samples (samples of the same class) “closer,” while it
“pushes away” dissimilar ones (samples of different classes).
This problem, though, is formulated in various ways using
different objective functions. To ensure that dM satisfies the
properties of a distance, A is usually restricted to be sym-
metric positive semi-definite. In some cases, this restriction is
relaxed to non-negativity and dM reduces to a pseudo-metric.
In other cases this restriction is completely dropped. To make
computations easier the squared dM formula is sometimes used
instead

d2
M

(
xi − xj

) = (
xi − xj

)�A−1(xi − xj
)
. (2)

Since d2
M does not satisfy the triangle inequality, it is neither

a metric nor a pseudo-metric. Some methods decompose the
Mahalanobis matrix to A = L�L. In this case, the distance is
defined as

dM
(
xi − xj

) = ∣∣∣∣L(
xi − xj

)∣∣∣∣
2. (3)

That is, the data are projected to another space by L
and the Euclidean distance is computed using the projected
data. By learning L ε IRn×d, where d < n the data are
projected to a lower-dimensional space IRd. This strategy
performs dimensionality reduction but breaks the convexity
of (1). Nevertheless, computational and storage efficiency is
obtained [8], [13], and the optimization problem usually con-
verges stably to a local minimum [13], [32]. Finally, it has been
observed that learning a similarity measure s(xi − xj) = xiAxj

can sometimes be more effective [33].
Distance metric learning methods offer a natural solution to

the problem of face verification. By utilizing labels or pairwise
relationships, such methods can learn a distance function that
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TABLE II
PAPERS INCLUDED IN THE TAXONOMY. THE CONSTRAINTS COLUMN REFLECTS THE TYPE OF CONSTRAINTS UTILIZED ON THE OBJECTIVE FUNCTION

OF THE RESPECTIVE METHODS. THE POSSIBLE ENTRIES FOR THE PROJECTION COLUMN ARE: 1) LINEAR; 2) NONLINEAR; AND 3) KERNEL. THE

NONLINEAR TERM DENOTES METHODS THAT DIRECTLY OPTIMIZE THE OBJECTIVE FUNCTION IN A NONLINEAR SPACE, WHILE THE

KERNEL TERM DENOTES PAPERS THAT PRESENT KERNELIZED VERSIONS OF THE CORRESPONDING METHODS. THE OPTIMUM

COLUMN CAN BE GLOBAL OR LOCAL DEPENDING ON THE CONVEXITY OR NONCONVEXITY OF THE OBJECTIVE FUNCTION,
RESPECTIVELY. THE COLUMN DIM. RED. DENOTES THAT THE CORRESPONDING PAPER CLEARLY INDICATES THAT

THE ALGORITHM DEVELOPED CAN REDUCE THE DIMENSIONALITY OF THE INPUT. THE ONLINE CODE COLUMN

INDICATES WHETHER SOURCE CODE IS PROVIDED ON THE WEBSITE OF AT LEAST ONE OF THE AUTHORS

yields “small” values for pairs of images obtained from the
same subject and “larger” values for pairs of images obtained
from different subjects. That is, they can accurately reflect
the notion of similarity for the task at hand. As a result,
they offer numerous advantages over traditional classification
methods. In particular, some of the most popular classifica-
tion methods (e.g., SVMs, NNs, and DTs) rely only on the
labels. Their objective is to utilize statistical properties in the
data to model each class individually. As a result, they require
many samples per class and they are not as effective for prob-
lems with multimodal classes. Moreover, they can classify
single samples but they cannot measure the degree of sim-
ilarity when a pair of samples is given as input. This also
implies that they need to be retrained or adapted in order to
be able to generalize to unseen classes. Hence, they do not
scale well with the number of classes. Distance metric learning
methods address all of these limitations, which are very impor-
tant for the task of face verification. Two other challenges of
face verification addressed by distance metric learning algo-
rithms are the high dimensionality of the features and the
noisy nature of the data due to the varying conditions during
data acquisition. To address the first challenge, such methods
learn a projection to a lower-dimensional space. For the lat-
ter, they incorporate appropriate regularization terms in their
objective function. Finally, they can naturally be coupled with
other classifiers (e.g., SVMs and kNN) for different kinds of
problems.

III. TAXONOMY

In this section, we first offer an overview of selected papers
published during the years 2011–2013. Then, we refer the
reader to related approaches that we came across in our search.
Most papers focus on a single challenge (e.g., intraclass varia-
tions) and adopt a principal approach to address it. We propose
a clustering of the presented papers according their most
prominent feature to: 1) help the reader focus on the main
novelty introduced by each paper and 2) provide some form
of structure of the existing literature. Specifically, we propose
a taxonomy of selected papers in five categories: 1) ensemble
approaches that learn many weak distance metrics (similar to
weak classifiers), which are then combined into a single met-
ric distance; 2) nonlinear methods that optimize the objective
function directly in a nonlinear space; 3) regularized tech-
niques that include a regularization term to meet the learning
objectives; 4) probabilistic models that optimize likelihood cri-
teria; and 5) cost-variant algorithms that propose improved
cost functions for the task at hand. Papers that fit in more
than one category are classified according to their most dis-
tinguishing feature according to our understanding. To select
the papers included in this paper we employed criteria such as
applicability to the case study at hand and relevance according
to our own subjective judgment. Due to space constraints we
omit part of the literature. A summary of different attributes
for the approaches in this survey is provided in Table II. From
the papers included in our overview, nine are not cited by the
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existing surveys, while 13 are only cited but not discussed,
and 17 are treated superficially.

A. Ensemble

Approaches in this category attempt to convey the benefits
of ensemble-based approaches such as boosting [34], boot-
strap Aggregating (bagging) [35], and AdaBoost [36] in the
domain of DISTANCE metric learning. By combining many
weak learners, increased robustness to noise and reduced time
complexity can be achieved. Chang [9] proposed a boosting
Mahalanobis distance metric (BoostMDM) method. It iter-
atively employs a base-learner to update a base matrix. A
framework to combine base matrices is developed in this paper,
along with a base learner algorithm specific to it. The cost
function minimizes the hypothesis margin, which is a lower
bound of the sample margin used in methods such as SVMs.
Since it is computed using the nearest hit and nearest miss of
each sample it implicitly relies on proximity relation triples,
which are updated on each iteration. Two extensions are pro-
posed (i.e., BoostMDM-K and BoostMDM-G) to increase
the stability of the algorithm and a regularization is intro-
duced to keep the rank of the Mahalanobis matrix as small
as possible. Convergence and an error bound are guaranteed
only under certain assumptions. Shen et al. [10] proposed a
boosting-based metric learning (BoostMetric) method. Their
approach is based on the observation that any positive semi-
definite matrix can be decomposed into a linear combination
of trace-one rank-one matrices. Thus, many weak learners
are learned and combined. The different algorithms devel-
oped in this paper rely on hinge loss, exponential loss, and
logistic loss functions. To enhance performance, a multipass
learning approach is investigated that updates the proximity
relation triplets according to the projected data. A theorem
is shown that demonstrates global convergence in the limit.
Bi et al. [11] adapted the AdaBoost algorithm for Mahalanobis
distance metric (MetriBoost). It combines many rank-one pos-
itive semi-definite matrices (i.e., weak learners) to learn a
Mahalanobis matrix. Even though the algorithm is devel-
oped using proximity relation triplets, a bipartite strategy is
employed to decompose the proximity relation triplets into
pairwise relationships. The framework presented can be imple-
mented using different weak metrics and weight parameters.
Kozakaya et al. [12] proposed a random ensemble metric
learning (REMetric) method. The proposed approach itera-
tively subsamples the training data to extract two groups
of samples using label information and learns a correspond-
ing linear SVM each time. The grouping of the data can
also be determined using pairwise relationships. The projec-
tions learned are integrated to form a Mahalanobis matrix.
This approach can perform dimensionality reduction by reduc-
ing the number of projection vectors used to define the
Mahalanobis matrix. As demonstrated, the projection matrix
has the property of decorrelating the features.

B. Nonlinear

The objective of nonlinear methods is to learn more flexible
metrics that can fit the data in a better way. Kedem et al. [13]

proposed two nonlinear extensions of the LMNN method [13]
[i.e., χ2-LMNN and gradient-boosting LMNN (GB-LMNN)].
The χ2-LMNN learns a linear mapping but optimizes the
objective function according to the nonlinear χ2 distance.
The GB-LMNN learns a nonlinear mapping directly in the
function space by employing gradient-boosted regression
trees. Both methods can perform dimensionality reduction.
Norouzi et al. [14] proposed a hamming distance metric learn-
ing (HDML) approach. The proposed framework learns a
discrete mapping of the input to binary codes with discrim-
inative properties. It can be employed in conjunction with
different families of hash functions and two types of losses:
1) pairwise hinge and 2) triplet ranking. Its main advantage
is that the binary codes are storage efficient and allow for
sublinear kNN search. The nonconvexity of the method is
mitigated by constructing a continuous upper bound on the
empirical loss. Jain et al. [15] established a theoretical con-
nection between metric and kernel learning. They show that
for the class of spectral functions, learning an optimal kernel
(metric) can be used to compute the corresponding optimal
metric (kernel). Therefore, many distance metric learning tech-
niques can be efficiently kernelized. They also show that this
result can be used to compute distances of unseen samples
to the kernel space, alleviating the need to retrain the algo-
rithm. However, the LogDet algorithm that they propose scales
badly with the number of parameters. To address this prob-
lem, a parameter reduction approach is introduced, which is
called high-dimensional ID plus low-rank (IPLR) metric learn-
ing. Bellet et al. [16] proposed a similarity learning for linear
classification (SLLC) approach. Balcan et al. [37] exploited
results on good similarities to seek a similarity function opti-
mized in a nonlinear space. The matrix learned is not required
to be positive semi-definite, which reduces the time complex-
ity of the proposed solution. The function learned is used
to define a global linear classifier. An upper bound for the
generalization error is shown based on the method’s uniform
stability. This approach satisfies all the necessary requirements
needed to invoke the kernel principal component analysis
(PCA) trick [38]. As shown in this paper, the generalization
bound is independent of the size of the projection space.

C. Regularized

By using appropriate regularization terms, distance metric
learning approaches have the potential to become more robust
to noise and generalize better. Liu and Vemuri [17] proposed a
doubly regularized metric (DRMetric) approach. Their objec-
tive is to increase the efficacy of the learned weak distance
metrics for boosting-based approaches. To this end, two regu-
larization terms are used: 1) a total Kullbak–Leibler divergence
regularization is applied on the weight of the training exam-
ples to smooth the changes of the weights and address the
negative effect of outliers and 2) a second regularization is
applied to the rank-one matrices to be combined, which makes
them less redundant and reduces the number of rank-one matri-
ces needed. Lim et al. [18] proposed a robust metric learning
to rank (R-MLR) approach that extends the metric learning
to rank [39] algorithm. The proposed extension enforces a
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group sparsity penalty on the learned transformation to pro-
mote sparsity of the input features. This results in detection
and suppression of irrelevant features. At the same time a
trace penalty is imposed to promote sparsity of the output
projections. Consequently, the matrix learned is promoted to
have low-rank, which simplifies the model complexity and
improves robustness. Even though this scheme is based on
a ranking approach it can be applied to classification tasks
as well. Jiang et al. [19] proposed a sparsity-regularized met-
ric learning (SRML) approach, motivated by the problem of
determining the optimal dimensionality for the learned dis-
criminative projection. To this end, a regularization is imposed
that maximizes the number of all-zero rows in the projec-
tion matrix. These rows are then removed from the projection
matrix. As illustrated, this regularization is applicable to differ-
ent approaches. Besides benefits in terms of accuracy, reducing
the dimensionality also reduces the number of parameters to
be estimated. Cao et al. [20] proposed a novel regularization
framework for similarity metric learning over the intrapersonal
subspace (sub-SML) approach. This method is optimized for
the task of face verification. Its main objectives are robust-
ness to noise from intrapersonal variations and class-separation
based on ID. The first objective is met by mapping the eigen-
faces [40] to the intrapersonal subspace. The second objective
is met by learning a generalized similarity metric, which is
simultaneously parameterized by a Mahalanobis distance and
a similarity metric.

D. Probabilistic

By approaching the problem from a probabilistic point of
view, methods in this category can reduce the time complexity
and avoid over-fitting the data. Köstinger et al. [21] proposed a
keep it simple and straightforward metric learning (KISSME)
method. Their approach relies on pairwise relationships and
considers two independent processes that generate similar and
dissimilar points. By further assuming a Gaussian data dis-
tribution, a Mahalanobis distance is learned by optimizing a
likelihood ratio test. This approach relies upon closed-form
solutions derived by known maximum likelihood estimators
and thus has a low computational cost. Mensink et al. [22]
proposed a nearest class mean metric learning (NCMML)
approach. Unlike most methods that focus on NN classifica-
tion, their algorithm learns a Mahanalobis distance suitable
for nearest class mean (NCM) [41] classification. In partic-
ular, the Mahalanobis matrix is learned by computing the
maximum likelihood of a probabilistic model based on mul-
ticlass logistic regression. The key idea is to separate the
classes that are nearby in the projected space to ensure correct
predictions. In addition, a nonlinear NCM extension is pre-
sented, which represents each class using multiple centroids.
Mignon and Jurie [23] proposed the pairwise constrained com-
ponent analysis (PCCA). The problem addressed is distance
metric learning when only sparse pairwise relationships are
available. The proposed algorithm uses a generalized logis-
tic loss function to penalize distances of similar points that
are larger than a given threshold and distances of dissimilar
points that are smaller than the same threshold. The method

can perform dimensionality reduction and a kernelized ver-
sion is also presented. Zheng et al. [24] proposed the relative
distance comparison (RDC) learning approach, motivated by
the reidentification problem for which large variations exist
within the samples of each class. To capture this information,
while avoiding over-fitting issues, they propose a probabilistic
approach that maximizes the probability of correct classifica-
tions. To increase the robustness for under-sampled training
data, their model optimizes individual comparisons between
any two data points.

E. Cost-Variant

Methods in this category propose new formulations of the
cost function to meet different objectives. Ying and Li [25]
proposed eigenvalue metric learning. They presented a refor-
mulation of two popular methods. In the first case, the
objective of maximizing the sum of distances between dissimi-
lar pairs is replaced by that of maximizing the minimal squared
distances of dissimilar pairs. They call this approach distance
metric learning with eigenvalue optimization (DML-eig). In
the second case, a min–max formulation is presented that
extends LMNN, thus named LMNN-eig. These two modi-
fications allow for the development of first-order algorithms
that depend on the computation of the largest eigenvector on
each iteration. As a result, significant gains are obtained in
terms of time complexity. Kostinger et al. [26] proposed a
discriminative metric and prototype learning (DMPL) algo-
rithm. The proposed method jointly learns the positioning of
prototypes and a corresponding Mahalanobis distance metric
to reduce the time complexity during testing. The obtained
results indicate that not only a reduced time complexity is
achieved, but the generalization performance is also improved.
Li and Shan [27] proposed a margin emphasized metric learn-
ing approach. They presented a new objective function that
adds more weight to pairs of samples that are close to the
decision boundary. To this end, points are reweighted at each
iteration. The choice of the reweighting functions is empiri-
cally determined. Yu et al. [28] proposed a minimal distance
maximization approach. They seek to address the robustness
issues of dimensionality reduction methods, such as PCA and
linear discriminant analysis [42]. To this end, they proposed
a minimal distance maximization algorithm that maximizes
the minimal between-class distances in the projected space.
Since this nonconvex model makes parametric assumptions,
the authors also developed a nonparametric extension and a
convex approximation model called aSMM. Lu et al. [29]
proposed a neighborhood repulsed metric learning (NRML)
approach. Their approach seeks a distance metric that brings
samples from the same class closer, while it pushes samples
from different classes as far as possible. The cost is com-
puted locally and the learning process emphasizes more on
the latter goal. A version of the method that exploits multi-
ple feature descriptors is also developed that is called multiple
neighborhood repulsed metric learning.

Finally, we cite recent advances for research problems
within or closely related to the context of distance metric learn-
ing. The provided bibliography is not an exhaustive list of the
literature. In the process of searching papers for this paper, we
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Fig. 3. Depiction of ROC curves for the restricted setting of LFW.

came across approaches for adaptive [43], [44], multitask [45],
online [46], semi-supervised [47]–[50], unsupervised [51],
and transfer [52], [53] learning. In addition, we found many
papers that take into consideration special forms of data,
including time series [54], structured [31], [55]–[59], multi-
label, multiview, and bags [60]–[65]. Other papers address
the problem of heterogeneous domains [66], [67], regres-
sion [68], [69], point to set classification [70]–[75], and
manifold learning [76]–[78]. Finally, latent models [79]–[82],
theoretical results [83], [84], and other papers related to
kNN classification and distance metric learning [85]–[90] have
recently been published.

IV. EXPERIMENTAL EVALUATION

In this section, we first utilize results from the litera-
ture to highlight the need for a broad empirical evaluation
using a common experimental protocol. Then, we describe the
dataset used in our experiments and discuss the correspond-
ing implementation details. Finally, we present the obtained
results.

In particular, we present a summary of the existing results
found in the literature for LFW. This dataset was selected
because it is the most frequently used among the papers listed
in Table II. In these papers, several results are reported under
different settings. In Table III and Fig. 3, we offer an overview
of the results found in the literature when the same feature
extraction method and the same experimental protocol were
used. Nevertheless, as demonstrated by Table III, the dimen-
sionality of the input features is still different because different
post-processing methods are used in each case. In addition,
some of the corresponding papers omit some performance
measures (e.g., accuracy). Hence, the existing results are not
comparable and a broad empirical evaluation using the same
experimental protocol is needed. To address this limitation,
we conducted experiments using methods from Table II that
provide online MATLAB code.

TABLE III
SUMMARY OF RESULTS FOUND IN THE LITERATURE FOR THE

RESTRICTED SETTING OF LFW. THE ACCURACY IS IN

THE FORMAT OF MEAN (STANDARD DEVIATION).
THE DIM. DENOTES THE INPUT FEATURE

DIMENSIONALITY

A. Dataset

The LFW dataset [2] was designed to facilitate research in
unconstrained face recognition (i.e., face images acquired in
uncontrolled environments). It comprises 13 223 face images
captured from 5749 different subjects. The number of images
per subject ranges from 1 to 530. For 1680 of the subjects, two
or more images are available. LFW facilitates the comparison
of different distance metrics for many reasons. First, images
in this dataset were collected from news articles online. As a
result, they exhibit natural variation in terms of focus, reso-
lution, illumination, background, pose, facial expression, age,
race, gender, accessories, makeup, and photographic quality.
This makes LFW suitable to assess the robustness of different
distance metrics. Second, the provided training-testing splits
are mutually exclusive. That is, subjects in the testing set are
not part of the training set. Hence, the generalization per-
formance of the distance metric methods under consideration
can be effectively assessed. Finally, the LFW database defines
a detailed experimental protocol that researchers should fol-
low. Therefore, the results obtained are directly comparable.
Specifically, two views and two paradigms are provided. View
1 consists of two subsets of images: 1) the training subset con-
tains 1100 similar pairs and 1100 dissimilar pairs and 2) the
testing subset contains 700 similar pairs and 700 dissimilar
pairs. This view is not designed to evaluate the performance
of the proposed methods. Instead, it should be used for algo-
rithm development (e.g., parameters selection). View 2, on the
other hand, is designed to assess the performance of the algo-
rithms developed in view 1. This way, inappropriately fitting a
distance metric to the test data is avoided. In particular, a ten-
fold cross validation scheme is employed for view 2. That is,
images are divided into tenfolds, where 300 similar pairs and
300 dissimilar pairs are provided in each fold. The subjects
are mutually exclusive across the folds. Each time, images
that correspond to nine of the tenfolds are used for training
and images that correspond to the remaining one are used
for testing. The unrestricted paradigm provides the subject’s
ID for each image. As a result, labels, pairwise relationships,
and proximity relation triplets can easily be generated. On the
contrary, the restricted paradigm does not allow researchers
to access the IDs of the images. Instead, a set of similar
and dissimilar pairs of images is provided. Algorithms that
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rely on labels and proximity relation triplets should infer this
information utilizing the similar and dissimilar pairs.

B. General Implementation Details

Distance metric learning algorithms usually require two
inputs: 1) features and 2) constraints. The following steps
ensure that both have the appropriate form: 1) feature extrac-
tion; 2) post-processing; and 3) constraint generation. The fea-
ture extraction and post-processing steps were used to reduce
the dimensionality of the features, while retaining and/or
enhancing their discriminative properties. A constraint gen-
eration step was also performed to ensure that the constraints
at hand meet the minimum requirements of the distance metric
learning algorithms employed.

1) Feature Extraction: The scale-invariant feature
transform (SIFT) features were used, as extracted by
Guillaumin et al. [91] using the LFW funneled registered
images [92]. These features have been used by many papers
in [12], [17], [25], [91], and [93] and they have been
found to have good discriminative properties. In particular,
Guillaumin et al. [91] computed SIFT descriptors at nine
fixed points of the face (i.e., corners of mouth, eyes, and
nose), detected by a landmark detector [94]. For each point,
128 dimensional SIFT descriptors were computed at three
different scales. Hence, each image is represented by a
9 × 128 × 3 = 3456 dimensional vector. However, the
performance that these features yield is degraded for many
reasons. For example, the landmark detection is not always
accurate. This results in noisy features as they encompass
nondiscriminative information. Moreover, they are high
dimensional, which increases the computational time and
space cost. In addition, the performance of these features is
affected by large intrasubject variations such as pose and
illumination conditions. Therefore, performing an appropriate
post-processing step is necessary.

2) Post-Processing: PCA [95] is the most commonly used
method to reduce the dimensionality of the features and reduce
noise. Specifically, it computes the eigenvalue decomposition
of the covariance matrix defined as C = ∑

xi∈Tr(xi − µ)

(xi − µ)T , where Tr is the set of training feature vectors and
µ is the mean vector of all the training samples. The LFW
protocol prohibits the use of the test set to estimate model
parameters of any form. To this end, the features of the test
set were projected to a low dimensional space by using the
same principal components learned from the training set. In
our experience, setting the dimensionality of the SIFT fea-
tures between 100 and 500 provides a good tradeoff between
efficiency and effectiveness. This is in line with the findings
of [20] and [25]. To reduce large variations across different
subjects, the norm of each feature vector was normalized to 1.

3) Constraint Generation: The distance metric learning
algorithms considered in our experiments rely either on labels
or pairwise relationships. That is, even though the correspond-
ing methods may sometimes accommodate weaker forms of
constraints, the implementations provided by the authors use
labels or pairs of similar/dissimilar samples. In the restricted
paradigm, the pairwise relationships are directly provided by

the dataset. To infer the label information the similar pairs
were first parsed seeking relationships of hard transitivity.
Samples that satisfied this relationship were assigned the same
label. That is, if (xi, xj)εS, and (xj, xl)εS, then yi = yj = yl. In
the unconstrained paradigm, the labels are implicitly provided
by the dataset in the form of IDs. Using this information it
is possible to generate more pairwise relationships compared
to the ones provided in the restricted paradigm. To gener-
ate similarity relationships, two images for each subject were
randomly selected from the training set. That is, if yi = yj,
then (xi, xj) ε S. To generate dissimilarity relationships, two
images were randomly selected, each one from a different
subject. That is, if yi �= yj, then (xi, xj) ε D. Considering
that imbalanced numbers of similar and dissimilar pairs may
lead to unfair evaluation of the distance metric algorithms,
the same number of similar and dissimilar pairs was gener-
ated. Restricted by the maximum number of similar pairs,
500, 600, and 700 similar and dissimilar pairs were gener-
ated for each fold, respectively. Finally, we provide general
information concerning the training and testing parts of our
experimental evaluation. Following the LFW protocol, nine of
the tenfolds were used for training the distance metric learning
algorithms. The learned projections were used to project both
training and testing data to the new space and the Euclidean
distance between all pairs was computed. To assess the perfor-
mance of the distance metric learning methods employed, the
following measures are used: accuracy (ACC), verification rate
(VR), area under curve (AUC) for the corresponding receiver
operating characteristic curve (ROC), and computational train-
ing time (T). In particular, T denotes the time used to calculate
the projection matrix. To assess the generalization properties
of each method the corresponding training accuracy (ACCT ),
training VR (VRT ) and AUC in the training set (AUCT ) are
recorded. The threshold that maximizes the accuracy on the
training set was used to compute both accuracy and VR values.

C. Experimental Results

Experiment 1: The objectives of this experiment are to
assess the impact on the verification performance when
selected distance metric learning methods are employed under
the: 1) restricted paradigm and 2) unrestricted paradigm. For
this experiment, the dimensionality of the input features was
set to 100. In the restricted paradigm, the pairwise relation-
ships were used to generate labels following the procedure
described in Section IV-B. In the unrestricted paradigm, 500
similar pairs and 500 dissimilar pairs were generated for
each fold. The obtained results are summarized in Table IV
and partial results are depicted in Fig. 4. To meet the first
objective, the top part of Table IV reports the absolute and
relative performance obtained under the restricted paradigm.
To meet the second objective, the bottom part of Table IV
reports the corresponding results obtained for the unrestricted
paradigm. In both cases, the relative performance is computed
in relation to the baseline. For example, �ACC is defined as
(ACCm − ACCb)/ACCb, where ACCm is the mean accuracy
achieved by distance metric learning method m, and ACCb is
the mean accuracy of the baseline. Herein, the term baseline
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TABLE IV
SUMMARY OF RESULTS FOR EXPERIMENT 1. THE VALUES OF ACCURACY (ACC), VR, AUC, AND TRAINING TIME (T) ARE GIVEN IN THE FORMAT

MEAN (STANDARD DEVIATION). THE TOP PART OF THE TABLE REFERS TO THE RESTRICTED PARADIGM, AND THE BOTTOM PART TO THE

UNRESTRICTED ONE. THE �ACC, �VR, AND �AUC DENOTE THE RELATIVE CHANGES OBTAINED FOR EACH METHOD

is used to denote the performance obtained using the pro-
cessed features as explained in Section IV-B. That is, the
Euclidean distance is computed using the processed features
without employing any distance metric learning method. The
term Dim. is used to denote the dimensionality of the output
feature space. Since the training time for HDML exceeds 60 h,
the corresponding results are not reported. In both paradigms,
Sub-SML yields the best verification performance. In our
experience, this is due to its intrasubspace projection in con-
junction with the effectiveness of the regularization proposed
by the authors. The verification performance of KISSME ranks
second in most cases. However, it is much faster than the
other methods. In particular, its average training time is only
0.3 s as it relies to closed-form formulas. RDC starts with
an empty projection matrix and in each iteration it adds one
column with the goal of improving the verification perfor-
mance. It converges when adding more columns does not yield
further improvements. That is, its output is the most discrim-
inative feature space it can achieve at the lowest dimension
possible. Compared with other methods it does not appear to
produce significant improvements in verification performance.
However, it reduces the feature dimensionality by more than
half in both paradigms, while outperforming the baseline. The
high time cost reported in Table IV for RDC is mostly due
to the fact that it minimizes the cost by considering all possi-
ble combinations of similar and dissimilar pairs. The authors
have proposed a version of the algorithm that relies on ensem-
ble learning to reduce the time cost. This version of the code,
though, is not publicly available. Overall, methods that rely on
pairwise relationships produce significant improvements in the
restricted paradigm. This indicates that the information pro-
vided by pairwise relationships can be sufficient for distance
metric learning methods to capture the semantics of what is
considered to be similar or dissimilar. In fact, they seem to

Fig. 4. ROC curves for the unrestricted setting of Experiment 1.

outperform methods that rely on labels. However, this per-
formance gap is reduced when we move to the unrestricted
paradigm. Hence, we conclude that the pairwise informa-
tion provided in the restricted scenario is not sufficient to
estimate the label information. To ensure that sufficient infor-
mation is available for training the algorithms, the subsequent
experiments are conducted using the unrestricted paradigm.

Experiment 2: The objective of this experiment is to assess
the impact of the feature dimensionality on the verifica-
tion performance and time cost for training the algorithms
under evaluation. Specifically, the feature dimensionality was
increased to 200, 300, 400, and 500, respectively, while all of
the other settings remained the same with the unrestricted con-
figuration of Experiment 1. In Fig. 5, the mean AUC values
obtained for all the algorithms are depicted to demonstrate the
effect of the feature dimensionality. Detailed results about the
verification performance and time cost at feature lengths 300
and 500 are reported in Table V. The term δACC denotes the
relative performance obtained when the input dimensionality
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TABLE V
SUMMARY OF RESULTS FOR EXPERIMENT 2. THE VALUES OF ACCURACY (ACC), VR, AUC, AND TRAINING TIME (T) ARE GIVEN IN THE FORMAT

MEAN ABSOLUTE VALUE (RELATIVE IMPROVEMENT). THE δACC, δVR, AND δAUC DENOTE THE PERFORMANCE IMPROVEMENTS

OBTAINED BY INCREASING THE FEATURE DIMENSIONALITY FROM 100 TO 300 AND 500, RESPECTIVELY

Fig. 5. Depiction of the mean AUC values obtained for input features with
varying dimensionality obtained for Experiment 2.

was increased from 100 to 300 and 500, respectively. For
example, δACC is defined as (ACC2 − ACC1)/ACC1, where
ACC2 is the mean accuracy for a given method achieved using
300 (500) dimensional features, and ACC1 is the mean accu-
racy achieved by the same method using 100 dimensional
features. As demonstrated, the verification performance of
the baseline appears to increase as the feature dimensionality
increases. This is an indication that higher dimensional fea-
tures contain more discriminative information. The ACC and
AUC of algorithms that rely on labels appear to increase with
the feature dimensionality. The most significant improvements
are obtained for GB-LMNN. Its ACC ranks second for feature
dimentionality of 500. However, this is not the case for algo-
rithms that rely on pairwise relationships. In particular, the
verification performance of KISSME appears to decrease sig-
nificantly when the feature dimensionality increases. The ACC
and AUC performance for Sub-SML and DML-eig increases
when the feature length is set to 300. However, the ACC
and AUC performance decreases when the feature length is
further increased to 500. Even though the verification per-
formance of Sub-SML appears to decrease when the feature

length is more than 200, it still achieves the best verification
performance. Increasing the dimensionality of the input fea-
ture may have several impacts on the task of distance metric
learning: 1) the signal to noise ratio of the PCA processed
features might decrease; 2) the numbers of parameters learned
increases quadratically; and 3) the learned metrics may over-fit
the training data. In our experience, distance metric learning
methods that rely on pairwise relationships appear to be better
suited for face verification. The reason is that the correspond-
ing evaluation protocol relies on one-to-one (i.e., pairwise)
comparisons. The experimental results indicate that algorithms
that rely on labels seem to be able to utilize the richer informa-
tion provided by high dimensional features. However, they do
not seem to be able to outperform the performance of meth-
ods developed using pairwise relationships (i.e., Sub-SML).
On the other hand, algorithms that rely on pairwise relation-
ships cannot reap the richer information of higher dimensional
spaces. Specifically, increasing the feature length results in
significantly degraded performance (i.e., KISSME). Another
observation is that the average training time increases at a
fast rate with the feature dimensionality. This is not the case
for R-MLR and RDC. The training time for RDC depends
partially on the output feature dimensionality, which does not
increase linearly with the input feature length.

Experiment 3: In this experiment, we focus on distance
metric learning algorithms that rely on pairwise relationships.
Specifically, our goal is to assess the impact that the number
of training pairs has on the verification performance and the
training time cost. The dimensionality of the features was set
to 100. The number of similar pairs generated was set to 600
and 700 per fold. In each case, the same number of dissimi-
lar pairs was generated, respectively. The obtained results are
summarized in Table VI. To analyze the impact of the number
of pairwise relationships used for training we report the rel-
ative improvements obtained compared to Experiment 1. For
example, σACC is defined as (ACC3 − ACC1)/ACC1, where
ACC3 is the mean accuracy achieved by a given method under
the settings of Experiment 3 (i.e., 600 or 700 pairs), and ACC1
is the mean accuracy achieved by the same method under the
settings of Experiment 1 (i.e., 500 pairs). In general, the impact
of the number of training pairs on the verification perfor-
mance results in minor changes. For the baseline, using more
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TABLE VI
SUMMARY OF RESULTS FOR EXPERIMENT 3. THE σ ACC, σ VR, AND σ AUC DENOTE THE PERFORMANCE IMPROVEMENTS

OBTAINED BY INCREASING THE NUMBER OF PAIRWISE CONSTRAINTS USED FOR TRAINING

TABLE VII
SUMMARY OF RESULTS FOR EXPERIMENT 4. THE TOP PART OF THE TABLE CONTAINS THE ABSOLUTE VALUES OBTAINED FOR THE TRAINING PHASE

(ACCT , VRT , AND AUCT ), WHILE THE BOTTOM PART CONTAINS THE RELATIVE CHANGES OBTAINED FOR THE TESTING PHASE (rACC, rVR, AND

rAUC). DIM. DENOTES THE INPUT FEATURE LENGTH AND NSPF DENOTES THE NUMBER OF SIMILAR/DISSIMILAR PAIRS PER FOLD

training pairs yields a slightly worse estimation of the thresh-
old. Consequently, the testing accuracy appears to drop. Since
the testing set is not changed, the AUC remains the same. The
ACC and AUC for DML-eig appear to benefit the most. This
consistency is observed only for AUC when it comes to the
other algorithms. That is, the class separation of the projected
data appears to increase when the number of training pairs is
increased for all methods. The results for ACC and VR are
influenced by the estimation of the threshold. In summary, by
increasing the number of training pairs a distance metric with
better discriminative properties may be obtained. However, the
experimental results do not provide sufficient evidence to draw
definite conclusions.

Experiment 4: The objective of this experiment is to assess
the generalization performance of the algorithms under evalua-
tion. To this end, we report the training and testing verification
performance under different settings (i.e., different feature
dimensionality and different number of pairwise relation-
ships used for training). Specifically, the base configuration is
defined as the unrestricted paradigm of Experiment 1. That
is, the input dimensionality is set to 100 and the number
of similar/dissimilar pairs is set to 500 for each fold. The
results obtained for the base configuration are used as base-
line to assess the relative impact of the feature dimensionality

and the number of pairwise relationships. We define as fea-
ture length configuration the setting where the dimensionality
of the features is increased to 500, while keeping the num-
ber of similar/dissimilar pairs at 500. Finally, we define as
pairs size configuration the setting where the number of
similar/dissimilar pairs is increased to 700 for each fold, while
the dimensionality of features is kept at 100. A summary of
the results obtained is offered in Table VII. The top part of the
table reports the verification performance of the training phase
in absolute values. Specifically, the subscript T is used to
denote the results that correspond to the training phase. For
example, ACCT denotes the mean accuracy obtained for the
training set. The bottom part of the table reports the verifi-
cation performance of the testing phase in relative values. In
particular, the prefix r is used to denote that the relative val-
ues correspond to the testing phase. For example, rACC is
defined as (ACC − ACCT)/ACCT , where ACC is the accu-
racy obtained in testing, and ACCT is the accuracy obtained
in training. The testing verification performance for the base-
line appears to be better than the training one. However, when
distance metric learning methods are employed the testing ver-
ification performance is degraded in all cases. For the base
configuration, NCMML appears to generalize well as the gap
between training and testing is the smallest. Nevertheless, its
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verification performance is the lowest in terms of absolute
values (i.e., 80.61% accuracy in the training phase). When
comparing the base and feature length configurations, we
observe that the training verification for all the algorithms
is increased. However, with the exception of GB-LMNN, the
gap of the verification performance between the training and
testing phases increases as well. For instance, the AACT for
KISSME is close to 100% but the corresponding testing AUC
is 85%. This provides us with strong evidence that KISSME
over-fits the training data and explains why the verification
performance observed in Experiment 2 is degraded. We also
observe that the performance gap seems to be smaller for algo-
rithms that rely on labels. This seems to be one of the reasons
why they can effectively utilize the richer discriminative infor-
mation provided by high-dimensional input features. When
moving from the base configuration to the pairs size config-
uration, we observe that the training verification performance
drops but the gap between the training and testing performance
is reduced. That is, when the number of training samples is
increased, the corresponding algorithms fail to classify cor-
rectly each and every pair of the training samples. However,
using an enhanced training set results in models that capture
the statistical properties of the data in a better way, yielding
better generalization performance. That is, the distance metric
learning algorithms appear to capture the semantic context of
similar/dissimilar human faces without over-fitting the data.

V. CONCLUSION

In this paper, we offered an overview of selected papers
published during the years 2011–2013. Moreover, we proposed
a taxonomy that organizes distance metric learning methods
into five categories: 1) ensemble; 2) nonlinear; 3) regularized;
4) probabilistic; and 5) cost-variant. This way, we shed light
on recently proposed approaches. More importantly, the pro-
posed taxonomy can be used as a guide for future papers.
That is, researchers can use the proposed categories to place
their work in the right context and compare to the appropriate
methods. Moreover, an empirical evaluation was conducted to
analyze the performance of selected methods under the stan-
dard LFW protocols. Different settings were used to access:
1) the effect of the constraints used (i.e., pairwise versus
labels); 2) the impact of the feature length and the number
of training samples; and 3) the generalization capabilities for
the methods under evaluation. When sufficient information is
provided for training, methods that rely on pairwise relation-
ships yield comparable verification performance with methods
that rely on labels. However, methods in the first category
seem to be more efficient. Most of the distance metric learn-
ing algorithms fit the training data in a better way when the
feature dimensionality is increased. Nevertheless, they fail to
generalize equally well to the test set, which prevents them
from fully utilizing the information contained in the high-
dimensional features. This problem appears to be addressed
by increasing the number of training samples. However, the
number of similar pairwise relationships that LFW can yield
is relatively small. Hence, the impact of the number of con-
straints on the verification performance is not as pronounced

as the impact of the feature dimensionality. Distance met-
ric learning methods could be improved in the future by
utilizing the information of high-dimensional features more
effectively.
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